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PREFACE TO THE FIRST EDITION 


Although we are indebted to the late Professor Willard Gibbs for 
the first enunciation of the Phase Rule, it was not till 1887 that 
its practical applicability to the study of Chemical Equilibria 
was made apparent. In that year Roozeboom disclosed the great 
generalisation, which for upwards of ten years had remained hidden 
and unknown save to a very few, by stripping from it the garb of 
abstract Mathematics in which it had been clothed by its first dis- 
coverer. The Phase Rule was thus made generally accessible; 
and its adoption by Roozeboom as the basis of classification of the 
different cases of chemical equilibrium then known established its 
value, not only as a means of co-ordinating the large number of 
isolated cases of equilibrium and of giving a deeper insight into 
the relationships existing between the different systems, but also 
as a guide in the investigation of unknown systems. 

While the revelation of the principle embedded in the Phase 
Rule is primarily due to Roozeboom, it should not be forgotten 
that, some years previously, van’t Hoff, in ignorance of the work 
of Willard Gibbs, had enunciated his ‘‘law of the incompatibility 
of condensed systems,’ which in some respects coincides with the 
Phase Rule; and it is only owing to the more general applicability 
of the latter that the very important generalisation of van’t Hoff 
has been somewhat lost sight of. 

The exposition of the Phase Rule and its applications given 
in the following pages has been made entirely non-mathematical, 
the desire having been to explain as clearly as possible the 
principles underlying the Phase Rule, and to illustrate their ap- 
plication to the classification and investigation of equilibria, by 
means of a number of cases actually studied. While it has been 
sought to make the treatment sufficiently elementary to be under- 
stood by the student just commencing the study of chemical equili- 
bria, an attempt has been made to advance his knowledge to such 
a stage as to enable him to study with profit the larger works on the 


subject, and to follow with intelligence the course of investigation 
in this department of Physical Chemisty. It is also hoped that the 
volume may be of use, not only to the student of Physical Chemis- 
try, or of the other branches of that science, but also to the student 
of Metallurgy and of Geology, for whom an acquaintance with at 
least the principles of the Phase Rule is becoming increasingly 
important. 

In writing the following account of the Phase Rule, it is scarce- 
ly necessary to say that I have been greatly indebted to the larger 
works on Chemical Equilibria by Ostwald (Lehrbuch) Roozeboom 
(Die Heterogenen Gleichgewichte), and Bancroft (The Phase Rule); 
and in the case of the firstenamed, to the inspiration also of 
personal teaching. My indebtedness to these and other authors [| 
have indicated in the following pages. 

In conclusion, I would express my thanks to Sir William Ram- 
say, whose guidance and counsel have been constantly at my dis- 
posal; and to my colleagues, Dr. T. Slater Price and Dr. A. 
McKenzie, for their friendly criticism and advice. To Messrs. J.N. 
Friend, M.Sc., and W. E. S. Turner, B.Sc., I am also indebted for 


their assistance in reading the proof-sheets. 


A.F. 


November, 1903. 


PREFACE TO THE NINTH EDITION 


For this edition Professor Findlay’s ‘‘The Phase Rule and its 
Applications’’ has been largely rewritten by the present authors. 
Such imperfections as may be found are therefore their sole re- 
sponsibility. One criticism we anticipate is that the book has lost 
its former delightful simplicity and become something of a work of 
reference. While we hope that this criticism is not entirely justi- 
fied it is admitted that the design of the book has been changed. 
We have felt in teaching this subject that while ‘‘Phase Rule’’ 
made many things abundantly clear it left some important subjects 
untouched, presumably because it was felt that these subjects 
were too difficult for the undergraduate reader. In short, the book 
lacked, to some extent, continuity and systematic treatment. These 
defects, if they are such, we have endeavoured to rectify. We have 
constantly had in mind, when doing this, the systematic treatment 
of Roozeboom (and Schreinemakers) in his famous ‘‘Heterogene 
Gleichgewichte’’. Schreinemakers, indeed, in his treatment of the 
problem of liquid—vapour equilibrium has carried systematisation 
to a wearisome limit and we have endeavoured to avoid such an 
insistence on every possible variant. 

The subject of heterogeneous equilibria is receiving ever in- 
creasing attention in undergraduate courses, and this is reflected 
in the space devoted to the subject in the ordinary undergraduate 
text-book of physical chemistry. In most modern text-books the 
subject is very well treated, within the limits of a general text. 
'e therefore feel that the function of a special book devoted to 
Phase Rule is rather to serve the needs of graduate students and 
those engaged in research in the subject, while still remaining es- 
sentially a text-book and not a work of reference. 

From this edition we have removed most of the data which can 
readily be found in works of reference, for instance, about a page 
of tables giving the vapour pressures of water and of ice. In 
addition, we have eliminated extensive reference to intensive dry- 
ing and to Smits’ theory of allotopy, which, if it was not founded 


on the effects, real or supposed, of intensive drying, at least 
received considerable support from these effects. Intensive drying 
aroused great interest some twenty-five years ago, but the general 
opinion now seems to be that if these effects, such as Brereton 
Baker’s observation of an abnormal boiling-point for very dry ben- 
zene, are real,they are due to such secondary causes as super- 
heating, and do not represent fundamental phenomena. Repetitive 
experimental studies of the same type of equilibrium have for the 
the most part been removed. In some cases, where the experimental 
studies were old and had not recently been repeated, the examples 
have been replaced by more modern ones. Some errors of long 
standing have been removed but new ones will inevitably have 
crept in, and for the notification of such errors the authors will be 
obliged. 

Several new sections have been added, for example, one dealing 
with the experimental determination of the liquidus. This is written 
almost entirely from the practical experience of one author, extend- 
ing over twenty years, and, while it may be incomplete, it is sound 
as far as it goes. Another section deals with the graphical thermo- 
dynamic deduction of some well-known equilibrium diagrams; this 
is chiefly an effort to show the reader that it is a matter of no great 
difficultyto arrive at those t,x diagrams which are usually produced 
in text-books without a word as to their deduction. The treatment 
of binary and ternary liquid-vapour equilibria is entirely new, as is 
that of solid solution in ternary systems. In the treatment of ternary 
equilibria, we have been sparing in our use of rectangular coordin- 


ates, preferring usually the equilateral triangle. Much more 
space has been devoted to the consideration of the solid model re- 
presenting ternary solid — liquid equilibria at different tempera- 


tures, and to its isothermal sections. In general, in the discussion 
of systems of two and more components, generous use has been 
made of the solid model, since we believe that it is only in this 
way that the student can obtain a clear picture of the phenomena in 
their totality. About half of the original diagrams have been either 
redrawn or replaced by others. 

With all these changes, excisions and additions, the book must 
be considered, for better or for worse, as largely a new book. 


A.N.C. 
N.O.S. 
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SECTION 1: INTRODUCTION 


CHAPTER I 


General. Before proceeding to the more systematic treatment 
of the Phase Rule, it may, perhaps, be not amiss to give a brief 
forecast of the nature of the subject we are about to study, in 
order that we may gain some idea of what the Phase Rule is, of 
the kind of problem which it enables us to solve, and of the 
scope of its application. 

It has long ‘been known that if water is placed in a closed, 
exhausted space, vapour is given off and a certain pressure is 
created in the enclosing vessel. Thus, when water is placed 
in the Torricellian vacuum of the barometer, the mercury is 
depressed, and the amount of depression increases as the tem- 
perature is raised. But, although the pressure of the vapour 
increases as the temperature rises, its value at any given tem- 
perature is constant, no matter whether the amount of water 
present or the volume of the vapour is great or small; _ if the 
pressure on the vapour is altered while the temperature is main- 
tained constant, either the water or the vapour will ultimately 
disappear; the former by evaporation, the latter by condensation. 
At any given temperature within certain limits, therefore, water 
and vapour can exist permanently in contact with each other—or, 
as it is said, be in equilibrium with each other—cnly when the 
pressure has a certain definite value. The same law of constancy 
of vapour pressure at a given temperature, quite irrespective of 
the volumes of liquid and vapour ,* holds good also in the case 


of alcohol, ether, benzene, and other pure liquids. It is, therefore, 


*Notes and references to the literature are collected at the end of 


each chapter. 
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not unnatural to ask the question, Does it hold good for all 
liquids ? Is it valid, for example, in the case of solutions ? 

We can find the answer to these questions by studying the 
behaviour of a solution—say, a solution of common salt in water— 
when placed in the Torricellian vacuum. In this case, also, it 
is observed that the pressure of the vapour increases as the 
temperature is raised, but the pressure is no longer independent 
of the volume; as the volume increases, the pressure slowly 
diminishes. If, however, solid salt is present in contact with the 
solution, then the pressure again becomes constant at constant 
temperature, even when the volume of the vapour is altered. As 
we see, therefore, solutions do not behave in the same way as 
pure liquids. 

Moreover, on lowering the temperature of water, a point is 
reached at which ice begins to separate out; and if heat be now 
added to the system or withdrawn from it, no change will take 
place in the temperature or vapour pressure of the latter until 
either the ice or the water has disappeared, ” Ice, water, and 
vapour, therefore, can be in equilibrium with one another only 
at one definite temperature and one definite pressure. 

In the case of a solution of common salt, however, we may 
have ice in contact with the solution at different temperatures 
and pressures. Further, it is possible to have a solution in 
equilibrium not only with anhydrous salt (NaCl), but also with the 
hydrated salt (NaCl, 2H,O), as well as with ice, and the question, 
therefore, arises: Is it possible to state in a general manner the 
conditions under which such different systems can exist in 
equilibrium; or to obtain some insight into the relations which 
exist between pure liquids and solutions ? As we shall learn, 
the Phase Rule enables us to give an answer to this question. 

The preceding examples belong to the class of so-called 
‘“‘physical”’ equilibria, or equilibria depending on changes in the 
physical state. More than a hundred years ago, however, it was 
shown by Wenzel and Berthollet that ‘‘chemical’’ equilibria can 
also exist; that chemical reactions do not always take place 


completely in one direction as indicated by the usual chemical 
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equation, but that before the reacting substances are all used up 
the reaction ceases, and there is a condition of equilibrium be- 
tween the reacting substances and the products of reaction. As 
an example of this, there may be taken the process of lime-burning, 
which depends on the fact that when calcium carbonate is heated, 
carbon dioxide is given off and quicklime is produced. If, how- 
ever, the carbonate is heated in a closed vessel, it will be found 
that it does not undergo complete decomposition. When the 
pressure of the carbon dioxide reaches a certain value (which is 
found to depend on the temperature), decomposition ceases, and 
calcium carbonate exists side by side with calcium oxide and 
carbon dioxide. Moreover, at any given temperature, the pressure 
of carbon dioxide is constant and independent of the amount of 
carbonate or oxide present, or of the volume of the gas; nor does 
the addition of either of the products of dissociation, carbon 
dioxide or calcium oxide, cause any change in the equilibrium. 
Here, then, we see that, although there are three different sub- 
stances present, the equilibrium obeys the same law as the vapour 
pressure of a pure volatile liquid, such as water. 

Again, it.is well known that sulphur exists in two different 
crystalline forms, rhombic and monoclinic, éach of which melts 
at a different temperature. The problem here is, therefore, more 
complicated than in the case of ice, for there is now a possibility 
not only of one solid form, but of two different forms of the same 
substance existing in contact with liquid. What are the conditions 
under which these two forms can exist in contact with liquid, 
either singly or together, and under what conditions can the two 
solid forms exist together without the presence of liquid sulphur ? 
To these questions an answer can also be given with the help of 
the Phase Rule. 

These cases are, however, comparatively simple; but when 
we come, for instance, to study the conditions under which 
solutions are formed, and especially when we inquire into the 
solubility relations of salts capable of forming, perhaps, a series 
of crystalline hydrates; and when. we seek to determine the 


conditions under which these different forms can exist in contact 
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with the solution, the problem becomes more complicated, and the 
need for some general guide to the elucidation of the behaviour 
of these different systems becomes more urgent. 

A condition of true equilibrium must be distinguished from a 
state of quiescence in which all action has apparently ceased. 
The latter states are common and do not necessarily represent 
equilibria. The following criteria are tests by means of which 
one may ascertain whether or nota given state is one of equilib- 
rium: (1) A true equilibrium is sensitive to change of external 
conditions; (2) the equilibrium concentrations are independent 
of time; and (3) are independent of the masses of the phases; 
(4) the same equilibrium concentrations are obtained when the 
equilibrium is approached from at least two directions. 

It is, now, to the study of such physical and chemical equi- 
libria as those above-mentioned that the Phase Rule finds appli- 
cation; to the study, also, of the conditions regulating, for ex- 
ample, the formation of alloys from mixtures of the fused metals, 
or of the various salts of the Stassfurt deposits; the behaviour 
of iron and carbon in the formation of steel and the separation 
of different minerals from a fused rock-mass. With the help of 
the Phase Rule we can group together into classes the large 
number of different isolated cases of systems in equilibrium; 
with its aid we are able to state, in a general manner at least, 
the conditions under which a system can be in equilibrium, and by 
its means we can gain some insight into the relations existing 
between different kinds of systems. 

Homogeneous and Heterogeneous Equilibrium. Before passing 
to the consideration of this generalisation, it will be well first to 
make mention of certain restrictions which must be placed on its 
treatment, and also of the limitations to which it is subject. Ifa 
system is uniform throughout its whole extent, and possesses’ in 
every part identical physical properties and chemical composition, 
it is said to be homogeneous. This term does not imply that a 
homogeneous system consists of only one atomic or molecular 
species, but rather that our methods of investigation only allow 


us to detect inthe system portions of matter of greater than atomic 
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or molecular dimensions. Thus, for example, a solution of sodium 
chloride in water is said to be homogeneous. An_ equilibrium 
occurring in such a homogeneous system (such as the equilibrium 
occurring in the formation of an ester in alcoholic solution) is 
called homogeneous equilibrium. If, however, the system consists 
of parts which have different physical properties, perhaps also 
different chemical properties, and which are marked off and 
separated from one another by bounding surfaces, the system is 
said to be heterogeneous. Such a system is formed by ice, water, 
and vapour, in which the three portions, each in itself homo- 
geneous, can be mechanically separated from one another. When 
equilibrium exists between different, physically distinct parts, it 
is known as heterogeneous equilibrium. It is with heterogeneous 
equilibria, with the conditions under which a heterogeneous system 
can exist, that we shall deal here. 

A certain degree of restriction must, however, be introduced, 
and we shall not take into account changes of equilibrium due to 
the action of electrical, magnetic, or capillary forces, or of 
gravity; but shall discuss only those which are due to changes 
of pressure, temperature, and volume (or concentration). 

Real and Apparent Equilibrium. In discussing equilibria, 
we have seen (p. 4) that a distinction must be drawn between real 
and apparent equilibria. In the former case there is a state of rest 
which undergoes continuous change with change of the conditions 
(e.g. change of temperature or of pressure), and for which the chief 
criterion is that the same condition of equilibrium is reached from which- 
ever side itis approached. Thus inthe case of a solution, if the tem- 
perature is maintained constant, the same concentration will be ob- 
tained, no matter whether we start with an unsaturated solu- 
tion to which we add more solid, or with a supersaturated solution 
from which we allow solid to crystallise out; or, in the case of 
water in contact with vapour, the same vapour pressure will be 
obtained, no matter whether we heat the water up to the given 
temperature or cool it down from a higher temperature. In this 
case, water and vapour are in real equilibrium. On the other 
hand, water in contact with hydrogen and oxygen at the ordinary 
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temperature is a case only of apparent equilibrium; on changing 
the pressure and temperature continuously within certain limits 
there is no continuous change observed in the relative amounts 
of the two gases. On heating beyond these limits there is a 
sudden and not a continuous change, and the system no longer 
regains its former condition on being cooled to the ordinary tem- 
perature. In all such cases the system may be regarded, formally, 
at least, as undergoing change and as tending towards a state of 
true or real equilibrium, but with such slowness that no change 
is observed. 

Although the case of water in contact with hydrogen and 
oxygen is an extreme one, it must be borne in mind that the con- 
dition of true equilibrium may not be reached instantaneously or 
even with measureable velocity, and in all cases it is necessary 
to be on one’s guard against mistaking apparent (or false) for 
real (or true) equilibrium. The importance of this will be fully 


illustrated in the sequel. 


NOTES 


1. Except when the volume of the liquid becomes exceedingly small, 
in which case the surface tension exerts an influence on the vapour 
pressure. 


2. For reasons which will appear later (Chap. III), the volume of 
the vapour is supposed to be large in comparison with that of the solid 
and liquid. 


CHAPTER II 
THE PHASE RULE 


Ten years after the law of mass action was propounded by 
Guldberg and Waage, Willard Gibbs (died April, 1903), Professor 
of Physics in Yale University, showed how, in a perfectly gen- 
eral manner, free from all hypothetical assumptions as to the 
molecular condition of the participating substances, all cases of 
equilibrium could be surveyed and grouped into classes, and 
how similarities in the behaviour of apparently different kinds of 
systems, and differences in apparently similar systems, could 
be explained. 

As the basis of his theory of equilibria, Gibbs adopted the 
laws of thermodynamics.’ In deducing the law of equilibrium, 
Gibbs regarded a system as possessing only three independently 
variable factors *—temperature, pressure, and the concentration 
of the components of the system—and he enunciated the general 
theorem now usually known as the Phase Rule, by which he 
defined the conditions of equilibrium as a relationship between 
the number of what are called the phases and the components of 
the system. 

Phases. We have already seen (p. 5) that a heterogeneous 
system is made up of different portions, each in itself homogeneous 
but marked off in space and separated from the other portions by 
bounding surfaces. These homogeneous, physically distinct and 
and mechanically separable portions are called phases. ‘Thus 
ice, water, and vapour are three phases of the same chemical 
substance—water. A phase, however, whilst it must be physically 
and chemically homogeneous, need not necessarily be chemically 
simple. Thus, a gaseous mixture or a solution may form a phase; 
but a heterogeneous mixture of solid substances comprises as 
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many phases as there are substances present. Thus when 
calcium carbonate dissociates under the influence of heat, 
calcium oxide and carbon dioxide are formed. There are then two 
solid phases present, viz. calcium carbonate and oxide, and one 
gas phase, carbon dioxide. Although a phase is homogeneous, it 
is not necessarily continuous. It may be broken up into numerous 
crystals or drops. 

The number of phases which can exist side by side may vary 
greatly in different systems. In all cases, however, there can be 
but one gas or vapour phase on account of the fact that gases are 
miscible with one another in all proportians. In the case of liquid 
and solid phases, the number is indefinite, since the property of 
complete miscibility doesnot apply to them. The number of phases 
which can be formed by any given substance or group of substances 
also differs greatly, and in general increases with the number of 
participating substances. The Phase Rule shows, however, that 
the number ofsolid phases in equilibrium can never be greater than 
C +2, where C is the number of components (vide infra); whereas, 
in the case of liquid phases, it is empirically observed that the 
number of liquid phases never exceeds the number of components. 

Even in the case of a single substance the number may be con- 
siderable; in the case of water, for example, at least six different 
solid phases are known (v. Chap. IV). All the solid phases of a 
given substance, known as allotropes or polymorphs, cannot how- 
ever in general be in equilibrium under a given set of external con- 
ditions, the maximum number being limited by the Phase Rule it- 
self. Thus, in the one-component system, water, only three solid 
phases can coexist, and only then under certain conditions: it is 
impossible, under any conditions, for four phases of a one- 
component system to be in equilibrium. 

It is of importance to bear in mind that equilibrium is inde- 
pendent of the amounts of the phases present. Thus it is a 
familiar fact that the pressure of a vapour in contact with a liquid 
(i.e, the pressure of the saturated vapour) is unaffected by the 
amounts, whether relative or absolute, of the liquid and vapour; 


also, the amount of a substance dissolved by a liquid is inde- 
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pendent of the amount of solid in contact with the solution. It is 
true that deviations from this general law occur when the amount 
of liquid or the size of the solid particles is reduced beyond a 
certain point,*® owing to the influence of surface energy; but we 
have already (p. 5) excluded such cases from consideration. (Cf., 
however, the section on metastable equilibria,(p. 42). 

As the Phase Rule is a direct deduction from thermodynamics, 
it is not surprising that it possesses all the strength and all the 
weakness of the parent science. Its strength is its rigid exact- 
ness, there being no exceptions to it for systems of dimensions 
larger than molecular. To apply the Phase Rule no knowledge is 
required of the molecular state of a phase. This is often an ad- 
vantage, but, conversely, Phase Rule is powerless of itself to 
give us any information about molecular states. In common with 
other thermodynamic deductions, it is unable to throw any light on 
mechanism, and the internal structure of a phase necessarily 
involves a mechanistic view-point. Another disadvantage is that, 
though Phase Rule informs us of the equilibrium conditions, it 
tells us nothing as to the rate of attainment of equilibrium. 

Components, Although the conception of phases is one which 
is readily understood, somewhat greater difficulty is experienced 
when we come to consider what is meant by the term component; 
for the components of a system are not synonymous with the chem- 
ical elements or compounds present, i.e, with the constituents of 
the system, although both elements and compounds may be com- 
ponents. By the latter term there are meant only those constit- 
uents the concentration of which canundergo independent variation 
in the different phases, and it is only with these that we are 
concerned here. 

To understand the meaning of this term we shall consider 
briefly some cases with which the reader will be familiar, and at 
the outset it must be emphasised that the Phase Rule is concerned 
merely with those constituents which take part in the state of real 
equilibrium (p. 5); for it is only to the final state, not to the 
processes by which that state is reached, that the Phase Rule 


applies. 
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Consider now the case of the system water—vapour, or ice— 
water—vapour. The number of constituents taking part in the 
equilibrium here is only one, viz. the chemical substance, water. 
Hydrogen and oxygen, the constituents of water, are not to be 
regarded as components, because, in the first place, they are not 
present in the system in a state of real equilibrium (p. 5); in the 
second place, they are combined in definite proportions to form 
water, and their amounts, therefore, cannot be varied independently. 
A variation in the amount of hydrogen necessitates a definite 
variation in the amount of oxygen. 

In the case, already referred to, in which hydrogen and oxygen 
are present along with water at the ordinary temperature, we are 
not dealing with a condition of true equilibrium. If, however, the 
temperature is raised to a certain point, a state of true equilib- 
rium between hydrogen, oxygen, and water vapour will be possible. 
In this case hydrogen andoxygen willbe components, because now 
they do take part in the equilibrium; also, they need no longer be 
present in definite proportions, but excess of one or the other may 
be added. Of course, if the restriction be arbitrarily made that the 
free hydrogen and oxygen shall be present always and only in the 
proportions in which they are combined to form water, there will 
be, as before, only one component, water. From this, then, we 
see that a change in the conditions of the experiment (in the 
present case a rise of temperature) may necessitate a change in 
the number of the components. 

It is, however, only in the case of systems of more than one 
component that any difficulty will be found; for only in this 
case will a choice of components be possible. Take, for example, 
the dissociation of calcium carbonate into calcium oxide and 
carbon dioxide. At each temperature, as we have seen, there is 
a definite state of equilibrium. When equilibrium has been estab- 
lished, there are three different substances present — calcium 
carbonate, calcium oxide, and carbon diehade: and these are the 
constituents of the system between which equilibrium exists. 
Although these constituents take part in the equilibrium, they 


are not all to be regarded as components, for they are not mutually 
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independent. On the contrary, the different phases are related 
to one another, and if two of these are taken, the composition of 
the third is defined by the equation 


CaCO, = CaO + CO.. 


In deciding the number of components in any given system, 
not only must the constituents chosen be capable of independent 
variation, but a further restriction is imposed, and we obtain the 
following rule: As the components of a system there are to be 
chosen the smallest number of independently variable constituents 
by means of which the composition of each phase participating 
in the state of equilibrium can be expressed in the form ofa 
chemical equation. * 

Applying this rule to the case under consideration, we see that 
of the three constituents present when the system is in a state 
of equilibrium, only two are independently variable. It will 
further be seen that in order to express the composition of each 
phase present, two of these constituents are necessary. The 
system is, therefore, one of two components, or a system of the 
second order. 

When we proceed to the actual choice of components, it is 
evident that any two of the constituents can be selected. Thus, 
if we choose as components CaCO, and CaO, the composition of 


each phase can be expressed by the following equations: 


CaCO,, = CaCO, + 0CaO 
CaO = CaO + oCaCO, 
CO, = CaCO, - CaO. 


As we see, then, both zero and negative quantities of the 
components have been introduced; and similar expressions would 
be obtained if CaCO, and CO, were chosen as components. The 
matter can, however, be simplified and the use of negative quan- 
tities avoided if CaO and CO, are chosen; and it is, therefore, 
customary to select these as the components. 

While it is possible in the case of systems of the second 
order to choose the two components in such a way that the com- 


position of each phase can be expressed by positive quantities 
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of these, such a choice is not always possible when dealing with 
systems of a higher order (containing three or four components). 

From the example which has just been discussed, it might 
appear as if the choice of the components was rather arbitrary. 
On examining the point, however, it will be seen that the arbi- 
trariness affects only the nature, not the number, of the compo- 
nents; a choice could be made with respect to which, not to how 
many, constituents were to be regarded as components. As we 
shall see presently, however, it is only the number, not the nature 
of the components, that is of importance. 

Although the examples to be considered in the sequel will 
afford sufficient illustration of the application of the rules given 
above, one case may perhaps be discussed to show the application 
of the method just given for determining the number of components. 

Consider the system consisting of Glauber’s salt in equi- 
librium with solution and vapour. If these three phases are 
analysed, the composition of the solid will be expressed by 
Na,SO,, 1OH,O; that of the solution by Na,SO, + xH,O, while 
the vapour phase will be H,O. The system evidently cannot be 
a one-component system, for the phases have not all the same 
composition. By varying the amounts of two phases, however 
(e.g. Na, SO,,10H, O and H,O), the composition of the third 
phase—the solution—can be obtained. The system is, therefore, 
one of two components. 

But sodium sulphate can also exist in the anhydrous form and 
as the hydrate Na,SO,, 7H,O. In these cases there may be chosen 
as components Na,SO, and H,O, and Na, SO,,7H, O and HO 
respectively. In both cases, therefore, there are two components. 
The two systems (Na,SO,, 10H,0—H,0, and Na,sO,, 7H,0—H 0) 
can, however, be regarded as special cases of the system Na,SO ;— 
Hi,0, and these two components will apply to all systems made up 
of sodium sulphate and water, no matter whether the solid phase 
is anhydrous salt or one of the hydrates. In all three cases, of 
course, the number of components is the same; but by choosing 
Na,SO, and H,O as components, the possible occurrence of neg- 


ative quantities of components in expressing the composition of 
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the phases is avoided; and further, these components apply over 
a much larger range of experimental conditions. Again, therefore, 
we see that, although the number of the components of a system 
is definite, a certain amount of liberty is allowed in the choice 
of the substances; and we also see that the choice will be in- 
fluenced by the conditions of experiment, 

Summing up, now, we may say: 

(1) The components are to be chosen from among the con- 
stituents which are present when the system is in a state of true 
equilibrium, and which take part in that equilibrium. 

(2) As components are to be chosen the smallest number of 
such constituents necessary to express the composition of each 
phase participating in the equilibrium, zero and negative quan- 
tities of the components being permissible. 

(3) In any given system the number of the components is 
definite, but may alter with alteration of the conditions of experi- 
ment. A certain freedom of choice, however, is allowed in the 
(qualitative, not quantitative) selection of the components, the 
choice being influenced by considerations of simplicity, suit- 
ability, or generality of application. 

Degree of Freedom. Variance of a System. It is well known 
that in dealing with a certain mass of gas or vapour, e.g, water 
vapour, if only one of the independently variable factors — tem- 
perature, pressure, and concentration (or volume) —is fixed, the 
state of the gas or vapour is undefined; while occupying the same 
volume (the concentration, therefore, remaining unchanged), the 
temperature and the pressure may be altered; at a given tempera- 
ture, a gas can existunder different pressures and occupy different 
volumes, and under any given pressure the temperature and volume 
may vary. If, however, two of the factors are arbitrarily fixed, 
then the third factor can only have a certain definite value; at 
any given values of temperature and pressure a given mass of gas 
can occupy only a definite volume. 

Suppose, however, that the system consists of a liquid in 
contact with its own vapour. The condition of the system then 


becomes perfectly defined on arbitrarily giving one of the variables 
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a certain value. If the temperature is fixed, the pressure under 
which liquid and vapour can coexist is also determined; and 
conversely, if a definite pressure is chosen, the temperature is 
also defined. Liquid and vapour can coexist under a given pres- 
sure only at a definite temperature. 

Finally, let the liquid and vapour be cooled down until solid 
begins to separate out. As soon as the third phase, solid, ap- 
pears, the state of the system as regards temperature and pressure 
is perfectly defined, and none of the variables can be arbitrarily 
changed without causing the disappearance of one of the phases— 
solid, liquid or vapour. 

We see, therefore, that in the case of some systems two, in 
other cases, only one of the independent variables (temperature, 
pressure, concentration) can be altered without destroying the 
nature of the system; while in other systems, again, these var- 
iables have all fixed and definite values. We shall therefore 
define the number of degrees of freedom® of a system as the 
number of the variable factors, temperature, pressure, and con- 
centration of the components, which must be arbitrarily fixed in 
order that the condition of the system may be perfectly defined. 
From what has been said, therefore, we shall describe a gas or 
vapour as having two degrees of freedom; the system liquid— 
vapour as having only one; and the system solid — liquid —vapour 
as having no degrees of freedom. We may also speak of the 
variance of a system, and describe a system as being invariant, 
univariant, bivariant, multivariant, ° according as the number of 
degrees of freedom is nought, one, two, or more than two. 

A knowledge of its variance is, therefore, of essential impor- 
tance in studying the condition and behaviour of a system, and it 
is the great merit of the Phase Rule that the state of a system is 
defined entirely by the relation existing between the number of the 
components and the phases present, no account being taken of the 
molecular complexity of the participating substances, nor any 
assumption made with regard to the constitution of matter. It is, 
further, as we see, quite immaterial whether we are dealing with 


‘“‘physical’’ or ‘‘chemical’’ equilibrium; in principle, indeed, 
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no distinction need be drawn between the two classes, although 
it is nevertheless often convenient to make use of the terms, in 
spite of a certain amount of indefiniteness which attaches to 
them — an indefiniteness, indeed, which attaches equally to the 
terms ‘‘physical’’ and ‘‘chemical”’ process. 

The Phase Rule. The Phase Rule of Gibbs, which defines the 
condition of equilibrium by the relation between the number of co- 
existing phases and components, may be stated as follows: A 
system consisting of C components can exist in C + 2 phases 
only when the temperature, total pressure of the system, and con- 
centration of each phase have fixed and definite values; if there 
are C components in C + 1] phases, only one of the factors may 
be arbitrarily fixed, and if there are only C phases, two of 
the varying factors may be arbitrarily fixed. This rule, the appli- 
cation of which, it is hoped, will become clear in the sequel, may 
be very concisely and conveniently summarised in the form of the 
equation 

Pee “Poe 

where F denotes the variance or number of degrees of freedom of 
the system, C the number of the components, and P the number 
of phases. From the equation it can readily be seen that the 
greater the number of the phases, the fewer are the degrees of 
freedom, for a fixed number of components. With increase in the 
number of the phases, therefore, the condition of the system be- 
comes more and more defined, or less and less variable. 

Classification of Systems according to the Phase Rule. We 
have already learned in the introductory chapter that systems 
which are apparently quite different in character may behave in a 
very similar manner. Thus it was stated that the laws which 
govern the equilibrium between a liquid and its vapour are quite 
analogousto those whichare obeyed by the dissociation of calcium 
carbonate into carbon dioxide and calcium oxide; in each case a 
certain temperature is associated with a definite pressure, no 
matter what the relative or absolute amounts of the respective 
substances may be. And other examples were given of systems which 


were apparently similar in character, but which nevertheless 
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behaved in a different manner. The relations between the various 
systems, however, become perfectly clear and intelligible in the 
light of the Phase Rule. In the case first mentioned, that of a 
liquid in equilibrium with its vapour, we have one component 
present in two phases, i.e, in two physically distinct forms, viz. 
liquid and vapour. According to the Phase Rule, therefore, since 
C =1 and P = 2, the variance F is equal to 1 -2 +2 =1; the 
system possesses one degree of freedom, as has already been 
stated. But in the case of the second system mentioned above 
there are two components, viz. calcium oxide and carbon dioxide 
(p. 11), and three phases, viz. two solid phases, CaO and CaCO,, 
and the gaseous phase, CO,. The number of degrees of freedom 
of the system, therefore, is 2-3 +2-=1; this system, therefore, 
also possesses one degree of freedom. We can now understand 
why these two systems behave in a similar manner; both are 
univariant or possess only one degree of freedom. We shall there- 
fore expect a similar behaviour in the case of all univariant sys- 
tems, no matter how dissimilar the systems may outwardly appear. 
Similarly, all bivariant systems will exhibit analogous behaviour; 
and generally, systems possessing the same degree of freedom 
will show a like behaviour. In accordance with the Phase Rule, 
therefore, we may classify the different systems which may be 
found into invariant, univariant, bivariant, multivariant, according 
to the relation which obtains between the number of the com- 
ponents and the number of coexisting phases; and we shall expect 
that in each case the members of any particular group will exhibit 
a uniform behaviour. By this means we are enabled to obtain an 
insight into the general behaviour of any system, so soon as we 
have determined the number of the components and the number of 
the coexisting phases. Moreover, knowing the number of the 
components and the degree of freedom of a system, one can deter- 
mine the number of coexisting phases. In this way it is possible 
to decide, whether a given body is a single homogeneous substance 
(a single phase) or a heterogeneous mixture. ’ 

The adoption of the Phase Rule for the purposes of classi- 


fication has been of great importance in studying changes in the 
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equilibrium existing between different substances; for not only 
does it render possible the grouping together of a large number of 
isolated phenomena, but the guidance it affords has led to the 
discovery of new substances, has given the clue to the conditions 
under which these substances can exist, and has led to the recog- 
nition of otherwise unobserved resemblances existing between 
different systems. 

Deduction of the Phase Rule. In the preceding pages we have 
restricted ourselves to the statement of the Phase Rule, without 
giving any indication of how it has been deduced. At the close 
of this chapter, therefore, the mathematical deduction of the gen- 
eralisation will be given, but in brief outline only, the reader 
being referred to works on Thermodynamics for a fuller treatment 
of the subject.® 

All forms of energy can be resolved into two factors, the 
capacity factor and the intensity factor; but for the production 
of equilibrium, only the intensity factor is of importance. Thus, 
if two bodies having the same temperature are brought in contact 
with each other, they will be in equilibrium as regards heat energy, 
no matter what may be the amounts of heat (capacity factor) con- 
tained in either, because the intensity factor—the temperature — 
is the same. But if the temperature of the two bodies isdifferent, 
i.e. if the intensity factor of heat energy is different, the two 
bodies will no longer be in equilibrium; heat will pass from the 
hofter to the colder until both have the same temperature. 

As with heat energy, so with chemical energy. If we have a 
substance existing in two different states, or in two different 
phases of a system, equilibrium can occur only when the intensity 
factor of chemical energy is the same. This intensity factor may 
be called the chemical potential; and we can therefore say that a 
system will be in equilibrium when the chemical potential of 
each component is the same in all phases in which the the com 
ponent occurs. Thus, for example, ice, water, and vapour have, 
at the triple point, the same chemical potential. 

The potential of a component in any phase depends not only 


on the composition of the phase, but also on the temperature and 
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the pressure (or volume). If, therefore, we have a system of C 
components existing in P phases, then, in order to fix the com- 
position of unit mass of each phase, it is necessary to know 
the masses of (C - 1) components in each of the phases. As re- 
gards the composition, therefore, each phase possesses (C—1) inde- 
pendent variables. Since there are P phases, it follows that, as regards 
composition, the whole system possesses P(C—1) independent 
variables. Besides these there are, however, two other variables, 
viz. temperature and pressure, so that altogether a system of C 
components in P phases possesses P(C - 1) + 2 independent 
variables. 

In order to define the state of the system completely, it will 
be necessary to have as many equations as there are variables. If, 
therefore, there are fewer equations than there are variables, then, 
according to the deficiency in the number of the equations, one or 
more of the variables will have an undefined value; and values 
must be assigned to these variables before the system is entirely 
defined. The number of these undefined values gives us the vari- 
ance or the degree of freedom of the system. 

The equations by which the system is to be defined are ob- 
tained from the relationship between the potential of a component 
and the composition of the phase, the temperature and the pressure. 
Further, as has already been stated, equilibrium occurs when the 
potential of each component is the same in the different phases 
in which it is present. If, therefore, we choose as standard one 
of the phases in which all the components occur, then in any other 
phase in equilibrium with it, the potential of each component must 
be the same as in the standard phase. For each phase in equi- 
librium with the standard phase, therefore, there will be a definite 
equation of state for each component in the phase; so that, if 
there are P phases, we obtain for each component (P - 1) equa- 
tions; and for C components, therefore, we obtain C(P - 1) equa- 
tions. 

But we have seen above that there are P(C - 1) +2 variables, 


and as we have only C(P - 1) equations, there must be 


P(C -1)+2-C(P-1)=C+2-P 
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variables undefined. That is to say, the variance (F) of a system 


consisting of C components in P phases is 


PeG =P + 2: 


NOTES 


1. For a mathematieal treatment of the Phase Rule, the reader is 


referred to MacDougall, Physical Chemistry, Ch. IX, (Macmillan). 
2. The action of gravity and other forces being excluded (see p. 5). 


3. The vapour pressure of water in small drops is greater than that of 
water in mass, and the solubility of a solid is greater when in a state of 
fine subdivision than when in large pieces (cf. Hulett, Z. physikal. Chem., 
1901, 37, 385). The vapour pressure of small crystals is also greater 
than that of large ones (Pawloff, Z. physikal. Chem., 1909, 68, 316; 
Bigelow and Trimble, J. Physical Chem., 1927, 31, 1798). 

4. This definition is as good as any of the numerous attempts which 
have been made to define a component. No really satisfactory def- 
inition can be given without reference to thermodynamics. For instance 
Gibbs (Collected Works, Vol. 1, p.63, Longmans, Green & Co., 1928), 
defining the conditions of equilibrium between phases, after stating the 
equation 

de =tdy-pdvt+uydm,+{odmy+***+i,dm,, 
goes on to say: ‘*The substances Sj, So, ***, S,’’ (the components) 
“fof which we consider the mass composed, must of course be such that 
the values of the differentials dm), dmy, ***, dm, shall be independent, 
and shall express every possible variation in the composition of the 
homogeneous mass considered, including those produced by the ab- 
sorption of substances different from any initially present.” 

5. The term ‘‘degree of freedom’’ employed here must not be confused 
with the same term used to denote the various movements of a gas mol- 
ecule according to the kinetic theory. 

6. Trevor, J. Physical Chem., 1902, 6, 136. 

7. For an application of this principle, see Wegelius, Z. physikal. 
Chem., 1911, 77, 587. 

8. See Butler, Chemical Thermodynamics, p. 320, Macmillan (1946); 
MacDougall, Physical Chemistry, p. 230, Macmillan (1943). 


SECTION 2: ONE-COMPONENT SYSTEMS 


CH APTER III 
SYSTEMS OF ONE COMPONENT 


Although it is possible to state, in the form of a mathematical 
equation, the conditions of equilibrium in different systems, the 
understanding and practical application of the Phase Rule are 
simplified and facilitated by graphic representation, From the 
expression F = C - P + 2, it follows that when one component 

exists in only one phase, the 

degree of freedom is 2; and this 

p must be the maximum degree of 

freedom possible. All systems of 

one component (unary systems) 

can, therefore, be perfectly de- 

fined by giving values to, at most, 

two variable factors; and the 

equilibrium conditions can be 

most conveniently represented 

graphically by a system of rec- 

tangular co-ordinates, the axes of 

which are pressure and tempera- 

Figak t ture (p - ¢diagram). In such a dia- 

gram, invariant systems will be represented by points, univariant 
systems by lines, and bivariant systems by areas. 

Univariant systems are formed when one component exists as 
two phases in equilibrium. A single substance can, so far as is 
known, form only one gas phase and one liquid phase,’ but it may 
exist in more than one crystalline solid phase.” Since any pair 
of phases will constitute a univariant system, the number of such 
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systems may vary greatly and can be determined only by experi- 
ment, 

Equilibrium between Liquid and Vapour. Vaporisation Curve. 
A volatile liquid in equilibrium with its vapour constitutes a 
univariant system, and the state of the system will be defined 
if one of the variable factors, pressure or temperature, be arbi- 
trarily fixed. At a given temperature the pressure of the vapour 
will have a definite value; or, if a certain vapour pressure is 
maintained, coexistence of liquid and vapour will be possible 
only at a certain definite temperature. Each temperature, there- 
fore, will correspond to a definite pressure; and if in the p -¢ 
diagram we join by a continuous line all the points indicating the 
values of the pressure corresponding to the different temperatures. 
we shall obtain a curve (Fig. 1) representing the variation of the 
vapour pressure with the temperature. This is the curve of vapour 
pressure, or the vaporisation curve. The term ‘‘normal boiling- 
point”? refers to the temperature at which the vapour pressure 
equals one standard atmosphere (760 mm. of mercury). In all 
p ~ ¢ diagrams, therefore, the boiling-point is the abscissa of 
the curve corresponding to an ordinate of one atmosphere. 

The vapour pressure of a liquid is, of course, independent of 
the relative or absolute volumes of the liquid and vapour;° on in- 
creasing the volume at constant temperature, a certain amount of 
the liquid will pass into vapour, and the pressure will regain its 
former value. If, however, the pressure be permanently maintained 
at a value different from that corresponding to the temperature 
employed, then either all the liquid will pass into vapour, or all 
the vapour will pass into liquid, and we shall have either vapour 
alone or liquid alone. 

As the result of a large number of determinations, it has been 
found that all vapour-pressure curves have the same general form 
as that shown in Fig. 1, the curve being convex towards the 
temperature axis in the crdinary p ~- ¢ diagram. 

Upper Limit of Vaporisation Curve. On continuing to add heat 
to a liquid contained in a closed vessel, the pressure of the vapour 


will continuously increase. Since with increase of pressure the 
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density of the vapour must increase, and since with rise of tem- 
perature the density of the liquid must decrease, a point will be 
reached at which the densities of the liquid and vapour become 
identical, provided that sufficient liquid has been taken in the 
first place, i.e. that the liquid is not merely exhausted by evap- 
oration, before the critical temperature is reached. The system 
ceases to be heterogeneous, and passes into one homogeneous 
phase. The temperature at which this occurs is called the critical 
temperature. To this temperature there will, of course, correspond 
a certain definite pressure, called the critical pressure. ‘The 
curve representing the equilibrium between liquid and vapour must, 
therefore, end abruptly at the critical point.” At temperatures 
above this point no pressure, however great, can cause the forma- 
tion of the liquid phase; at temperatures above the critical point 
the vapour becomes a gas. In the case of water, the critical tem- 
perature is 374°, and the critical pressure 217.5 atm.; at the 
point representing these conditions the vapour-pressure curve of 
water must end. The lower limit of the curve is determined by the 
range of the metastable state of the super-cooled liquid. 

Principle of Le Chatelier. This principle can be stated as 
follows: ‘‘If an attempt is made to change the pressure, tem- 
perature, or concentration of a system in equilibrium, then the 
equilibrium will shift, if possible, in such a manner as to diminish 
the magnitude of the alteration in the factor which is varied.’’° 

This principle of Le Chatelier is of very great importance, for 
it applies to all systems and changes of the condition of equi- 
librium,® whether physical or chemical; to vaporisation and 
fusion, to solution and chemical action. In all cases, whenever 
changes in the external condition of a system in equilibrium are 
produced, processes also occur within the system which tend to 
counteract the effect of the external changes. 

By the introduction ofthe principle of LeChatelier the scope 
and practical utility of the Phase Rule are very greatly increased. 

To illustrate the application of the principle of Le Chatelier, 
let us consider the changes which take place in the system 


liquid—vapour. If the volume is kept constant, addition of heat 
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will cause that reaction or process to take place which is accom- 
panied by absorption of heat, for by so doing the magnitude of 
the temperature change is diminished, Since vaporisation is 
accompanied by absorption of heat, liquid will pass into vapour, 
and the pressure will increase. The vapour pressure increases 
with rise of temperature. 

On the other hand, if transference of heat to or from the system 
is prevented, increase of volume (diminution of pressure) will 
cause that process to take place which is accompanied by increase 
of volume, i.e. vaporisation. Liquid will therefore pass into va- 
pour, and since this process is accompanied by absorption of 
heat, the temperature will fall. This is exemplified in the well- 
known experiment with the cryophorus. 

Addition or withdrawal of heat at constant pressure, and 
increase or diminution of the pressure at constant temperature, 
will cause the system to pass along lines parallel to the tem- 
perature and the pressure axis respectively. The working out of 
these changes may be left to the reader. 

The Clausius-Clapeyron Equation. While the qualitative 
changes of equilibrium or the general direction of the equilib- 
rium curve can be predicted by means of the principle of Le 
Chatelier, a quantitative formulation of the principle is given by 
the thermodynamic equation 

goes salvnaionn ls 

dE a0 Wvg~ vy) 
In this equation, known as the Clausius-Clapeyron equation, q 
represents the heat absorbed, per gram, in the transformation of 
one phase into the other, v, and v, are the specific volumes of 
the two phases, and T is the absolute temperature at which the 
change occurs. The above equation enables one to calculate 
only the slope of the curve at the given point, not the actual 
values of the pressure,’ It is possible, however, to derive an 
expression by means of which the individual points on the vapour- 
pressure curve can be calculated approximately. 

Referring all quantities to gram-molecular amounts of the 


24 THE PHASE RULE 


substance, and neglecting the volume of the liquid, which is small 


compared with that of the vapour, we obtain the expression 


dp _ Q 


me, Ly, 
where Q is the heat absorbed per gram-molecule and V is the 
volume of a gram-molecule of the vapour. If it be now assumed 
that the vapour obeys the gas laws, we may write V = RT/p. Sub- 


stituting this value in the previous equation, we obtain 


1 dp Q 
p dt RT? 

dlog.p  Q 
or SS St ioe 
dT RT2 


Finally, if we assume that the heat of reaction (vaporisation) 
remains constant over the temperature interval (T,- T,), the 
equations just given yield, on integration, 

Ol T) 
(2.303)(1.985) TT, 


By means of this expression it is possible to calculate, approx- 


logo pe - logiopi = 


imately, individual values of the vapour pressure, if one such 
value is known. 

Presence of Complex Molecules. The Phase Rule, we have 
seen, takes no account of molecular complexity, and so it is found 
that the system water—vapour or the system acetic acid—vapour 
behaves as a univariant system of one component, although in the 
liquid and sometimes also in the vapour different molecular species 
(simple and associated molecules) are present. Such systems, 
however, it should be pointed out, can behave as one-component 
systems, only if at each temperature there exists an equilibrium 
between the different molecular species (pseudo-components ) in 
each phase separately and as between the two phases; and only 
if these equilibria are established sufficiently rapidly. By this 
is meant that the time required for establishing equilibrium is 
short compared with that required for determining vapour pressure. 
When these conditions are satisfied, the system will behave as a 
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univariant system of one component, 

If, however, a liquid consists of more than one molecular 
species, and if equilibrium between these species is not con- 
tinuously and rapidly established, the system liquid —vapour will 
no longer show the behaviour of a one-component system; the 
vapour pressure will no longer be a function only of the tempera- 
ture, but will depend on the relative proportion of the different 
molecular species in the liquid. 

Equilibrium between Solid and Vapour. Sublimation Curve. 
Just as in the case of the system liquid—vapour, so also in the 
case of the system solid—vapour there will be, for each tempera- 
ture, a certain definite pressure of the vapour; and this pressure 
will be independent of the relative or absolute amounts of the 
solid or vapour present, and will depend solely on the temperature. 
The curve representing the conditions of equilibrium between a 
solid and its vapour is called a sublimation curve; its general 
form is the same as that of the vaporisation curve. 

The sublimation curve of all substances, so far as yet found, 
has its upper limit at the melting-point (triple point), although the 
possibility of the existence of a superheated solid is not excluded. 
The lower limit is, theoretically at least, at the absolute zero, 
provided no new phase, e.g. a different crystalline modification, is 
formed. If the sublimation pressure of a substance is greater than 
the atmospheric pressure at any temperature below the point of 
fusion, then the substance will sublime without melting when 
heated in an open vessel, and fusion will be possible only at a 
pressure higher than atmospheric. This is found, for example, 
in the case of violet phosphorus (p. 71). We may speak of the 
‘‘boiling-point’’ of a solid in connection with these substances 
whose sublimation pressures exceed one atmosphere below the 
melting-point. If, however, the sublimation pressure of a sub- 
stance at its melting-point is less than one atmosphere, then the 
substance will melt when heated in an open vessel. 

Changes of sublimation pressure with temperature can be 
predicted and quantitatively calculated by means of the principle of 
Le Chatelier and the Clausius-Clapeyron equation, in the same 
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way as changes of vapour pressure of a liquid (pp. 22 and 23). 

Equilibrium between Solid and Liquid. Curve of Fusion. There 
is still another univariant system, the existence of which, at 
definite values of temperature and pressure, the Phase Rule allows 
us to predict. This is the system solid—liquid. A crystalline 
solid on being heated to a certain temperature melts and passes 
into the liquid state; and since this system solid — liquid is 
univariant, there will be for each temperature a certain definite 
pressure at which solid and liquid can coexist or be in equilibrium, 
independently of the amounts of the two phases present. Since 
the temperature at which the solid phase is in equilibrium with 
the liquid phase is known as the melting-point or point of fusion 
of the solid, the curye representing the temperatures and pressures 
at which the solid and liquid are in equilibrium will represent the 
change of the melting-point with the pressure. Such a curve is 
called the curve of fusion, or the melting-point curve. 

It is easy to predict in a qualitative manner the effect of pres- 
sure on the melting-point if we consider the matter in the light of 
the principle of Le Chatelier (p. 22). If the pressure on the system 
solid -—- liquid be increased, a change will take place which is 
accompanied by a diminution in volume. If, as in the case of ice 
and of bismuth,® the specific volume of the solid is greater than 
that of the liquid, increase of pressure will cause the solid to 
melt. Consequently, the temperature must be lowered in order to 
counteract the effect of pressure; or, in other words, the melting- 
point will be lowered by pressure. On the other hand, if, as is 
usuallythe case, the passage of the solid to the liquid state is ac- 
companied by an increase of volume, increase of pressure will 
raise the melting-point. 

Quantitatively, the effect of pressure on the melting-point 
may be calculated by means of the Clausius-Clapeyron equation, 

av 1 Dh ete 
dp q 
In the case of the system ice —water, for example, we have the 


following data: T = 273.18°; specific volume of water (u,) = 1.0002; 
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specific volume of ice (v;) = 1.0906; q = 79.67 calories = 
(79.67)(42670) gram-cm.; dp = 1 atm. = 1033.3 gm. per sq. cm. 


Hence, 
me (273.18)(-0.0904)(1033.3) 
2) (79.67)(42670) 


Increase of pressure by 1 atm. lowers the freezing-point by about 


= =0.00750° 


0.0075°. The effect of pressure on the meltingepoint of ice is there- 
fore comparatively slight,?owing to the small volume change on fusion 
and the relatively large value of g. In the case of camphor, the 
change inthe melting-point is much greater, namely, 0.13° per atm. 
As a general rule, increase of pressure by ] atm. changes the 
melting-point by about 0.03°; or, in other words, an increase of 
pressure of more than 30 atm. is required, on an average, to pro- 
duce a change in the melting-point of 1°. 

The comparatively slight effect produced by pressure on the 
temperature of equilibrium is characteristic of all systems which 
are composed only of solid and liquid phases. Such systems are 
called condensed systems. 

The values of the fusion pressures of ice, benzene and potas- 
sium, given in the following tables (p. 28), will illustrate the 
course of the fusion curve. ! 

Investigations of the influence of pressure on the melting- 
point have shown that, up to pressures of several hundred atmos- 
pheres, the fusion curve is a straight line.** At higher pressures, 
however, it has been found!® that the fusion curve no longer 
remains straight, but bends towards the pressure axis, so that, on 
sufficiently increasing the pressure, a maximum temperature might 
at length be reached.!4 This maximum has, so far, however, not 
been attained, although the melting-point curves of various sub- 
stances have been studied by Bridgman up to pressures of 50,000 
atm. This might be accounted for partly by the fact that the 
probable maximum temperature in the case of most substances lies 
at very great pressures, and also by the fact that other solid 
phases make their appearance, as, for example, in the case of 
ice (p. 61). It should, however, be pointed out that the existence 
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of a maximum has not been proved. 


FUSION PRESSURE OF ICE. 


Change of melting- Increase of pressure 
Pressure in point for an increase (kilogms. per sq. cm.) 
Temperature. |kilogms. Ber of pressure of required to produce a } 
sq. cm. 1 kilogrm. per change of melting- 
point of 1°, 


FUSION PRESSURE OF FUSION PRESSURE OF 
BENZENE. POTASSIUM. 


. per 


Pressure in kgm. 

per sq. cm. 
Temperature. 
per sq. cm. 
Temperature. 

q 

cm 

10°. 


Pressure in kgm. 
in gm. 
gm 


1 

1,000 
2,000 
3,000 
4,000 
5,000 
6,000 
7,000 
8,000 
9,000 
10,000 
11,000 
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Although, as we have seen, the vaporisation curve ends at the 
critical point, the fusion curve may be followed continuously up to 
temperatures much above the critical temperature for liquid — 
vapour. © Thus the fusion curve of phosphonium chloride (critical 
point, 49°-50°) has been followed up to a temperature of over 
100°: and the fusion curve of carbon dioxide (critical point, 
31.4°) has been followed up to a temperature of 93.5°. For the 
course of the fusion curve, therefore, the critical temperature for 
liquid—vapour appears to have no special significance. 

Equilibrium between Solid, Liquid amd Vapour. The Triple 
Point. From the Phase Rule, F = C - P + 2 it follows that when 
one component is present in three coexisting phases, the system 
is invariant. Such a system can exist in stable equilibrium only 
at one definite temperature and one definite pressure. This definite 
temperature and pressure at which three phases coexist in equi- 
librium, as an invariant system, is called a triple point. Although 
the commonest triple point in a one-component system is the triple 
point, solid, liquid, vapour (S—L—V), other triple points are also 
possible when, as in the case of ice, sulphur, and other substances, 
allotropic forms occur. Whether or not all the triple points can 
be realised experimentally will, of course, depend on circum- 
stances. We shall, in the first place, consider the triple point 
S—b=v\. 

We have already seen that the curve for S —V ends at the 
melting-point. At this point, liquid and solid are each in equilib- 
rium with vapour at the same pressure, and they must also be in 
equilibrium with each other; and the particular value of tempera- 
ture and vapour pressure must lie on the S—V as well as on the 
L—V curve. At onetime it was thought that the S—V curve passes 
continuously into the L—V curve, but it follows quite clearly from 
the Clapeyron equation, 

Je sesh kia 
av’ = (v, - v1) 
that this cannot be so. For the transformation solid-»vapour the 
value of g is greater than for the transformation liquid>vapour, and 


T 


since (v5 - v;) is nearly the same in the two cases, it follows that 
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dp/dT must be greater in the former case than in the latter. That 
is, the curve S—V must, in the neighbourhood of the triple point, 
ascend more rapidly than the curve for L-—V. In other words, the 
two curves must cut each other at the triple point. This is illus- 
trated by the vapour pressure curves for ice and water (Fig. 2). 

Since at the triple point S—L—V, solid and liquid must be in 
equilibrium, it follows that the curve for S—L must also pass 
through the triple point. We see, therefore, that the triple point is 
a point of intersection of three univariant curves. 

As to the general arrangement of the three univariant curves 
around the triple point, the following rules may be given. (1) The 
prolongation of each of the curves beyond the triple point must lie 
between the other two curves. (2) The middle position, at one and 
the same temperature, in the neighbourhood of the triple point is 

taken by that curve (or its metastable 

=m prolongation) which represents the two 

phases of most widely differing spe- 

cific volume. That is to say, if a line 

of constant temperature is drawn im- 

mediately above or below the triple 

point so as to cut the three curves— 

two stable curves and the metastable 

prolongation of the third—the position 

of the curves at that temperature will 

Fie: be such that the middle position is 

occupied by that curve (or its meta- 

stable prolongation) which represents the two phases of most 
widely differing specific volume. 

Although these rules admit of a considerable variety of possi- 
ble arrangements of curves around the triple point, only two of 
these have been experimentally obtained in the case of the triple 
point solid—liquid—vapour. At present, therefore, we shall con- 
sider only these two cases. In Figs. 3 and 4 the curve AO is the 
sublimation curve, OB the vaporisation curve, and OC the fusion 
curve. 

An examination of these two figures shows that they satisfy 
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EiGas2> FIG. 4. 


the rules laid down, Each of the curves on being prolonged passes 
between the other two curves. In the case of substances of the 
first type (Fig. 3), the specific volume of the solid is greater than 
that of the liquid (the substance contracts on fusion); the differ- 
ence of specific volume will, therefore, be greatest between liquid 
and vapour. The curve, therefore, for liquid and vapour (or its pro- 
longation) must lie between the other two curves; this is seen 
from the figure to be the case. Similarly, the rule is satisfied by 
the arrangement of curves in Fig. 4, where the difference of spe- 
cific volumes is greatest between the solid and vapour. In this 
case the curve SV occupies the intermediate position. 

As we see, the two figures differ from each other only in that 
the fusion curve OC in one case slopes to the right away from the 
pressure axis, thus indicating that the melting-point is raised by 
increase of pressure; in the other case, the fusion curve slopes 
to the left, indicating a lowering of the melting-point with the 
pressure. These conditions are found exemplified in the case of 
sulphur and ice (pp. 66 and 61). We see further from the two fig- 
ures that O in Fig. 3 gives the highest temperature at which the 
solid can exist, for the curve for solid— liquid slopes back to 
regions of lower temperature; in Fig. 4, O gives the lowest 
temperature at which the liquid phase can exist as stable phase. 

It should be noted that the triple point S—L—V is not iden- 
tical with the melting-point as ordinarily determined in an open 


vessel, that is, under atmospheric pressure. At the triple point, 
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the solid and liquid are in equilibrium under a pressure equal to 
their vapour pressure. In the case, for example, of ice, the 
melting-point under atmospheric pressure is at 0°C. At the triple 
point the pressure is only about 4.6 mm. (p. 61), or nearly | atm. 
less than in the previous case; and since a change inthe pressure 
equal to 1 atm. corresponds with a change in the melting-point of 
about 0.0074° (p. 28), it follows that the melting-point of ice under 
the pressure of its own vapour will be very nearly 0.0074° higher 
than the temperature at which ice is in equilibrium with pure water 
under a pressure of one atmosphere. The International Seventh 
Conference of Weights and Measures (1927), however, has defined 
0°C as the temperature at which ice and water saturated with air 
are in equilibrium, under a total pressure of one atmosphere. Sat- 
uration with air lowers the temperature of the equilibrium ice — 
water (p = 1 atm.) by 0.0024°. Hence the true temperature of the 
triple point is 0.0024 + 0.0074 = 0.0098°.?” 

Bivariant Systems. If we examine Figs. 3 and 4, we see that 
the curves OA, OB, OC, which represent diagrammatically the con- 
ditions under which the systems, solid and vapour, liquid and 
vapour, solid and liquid, are in equilibrium, form the boundaries 
of three ‘‘fields’’ or areas. These areas give the conditions of 
temperature and pressure under which the single phases, solid, 
liquid and vapour, are capable of stable existence. These dif- 
ierentareas are the regions of stability of the phase common to 
the two curves by which the area is enclosed. !8 Thus, the phase 
common to the two systems represented by OA (solid and vapour) 
and OB (liquid and vapour) is the vapour phase; and the area 
enclosed by the curves OA and OB is therefore the area of the 
vapour phase. Similarly, the area AOC is the area of the solid 
phase, and BOC the area of the liquid phase. 

Changes at the Triple Point. If we apply the principle of Le 
Chatelier to equilibria at the triple point S—L—V, and ask what 
changes will occur in such a system when the external conditions 
of pressure and temperature are altered, the general answer to the 
question will be: So long as the three phases are present, no 


change in the temperature or pressure of the system can occur, but 
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only changes in the relative amounts of the phases; that is to 
say, the effect on the system of change in the external conditions 
is opposed and counterbalanced by the reactions or changes which 
take place within the system. In discussing these changes, con- 
veniently spoken of as phase reactions, we shall consider first 
the effect of adding or withdrawing heat at constant volume. 

When the volume is kept constant, the effect of the: addition of 
heat to a system at the triple point S—L- V differs somewhat 
according as there is an increase or diminution of volume when 
the solid passes into the liquid state. In the former and most 
general case (Fig. 4), addition of heat will cause a certain amount 
ofthe solid phase to melt, whereby the heat which is added becomes 
latent; the temperature of the system therefore does not rise. 
Since, however, the melting of the solid is accompanied by an in- 
crease of volume, whereby an increase of pressure would result, 
a certain portion of the vapour must condense to liquid, in order 
that the pressure may remain constant. The total effect of addition 
of heat, therefore, is to cause both solid and vapour to pass into 
liquid, i.e, there occurs the change § + VL. It will, therefore, 
depend on the relative quantities of solid and vapour, which will 
disappear first. If the solid disappears first, then we shall pass 
to the system L—V; if vapour disappears first, we shall obtain 
the system S—L,. Withdrawal of heat causes the reverse change, 
LS ;+ V. 

When fusion is accompanied by a diminution of volume (e.g. 
ice, Fig. 3), then, since the melting of the solid phase would de- 
crease the total volume, i.e. would lower the pressure, a certain 
quantity of the solid must also pass into vapour in order that the 
pressure may be maintained constant. On addition of heat, there- 
fore, there occurs the reaction S-»L + V;_ withdrawal of heat 
causes the reverse change L + VS. Above the temperature 
of the triple point the solid cannot exist. Below the triple point 
both systems, S—L and S —V, can exist, and it will therefore 
depend on the relative amounts of liquid and vapour which of these 
two systems is obtained on withdrawing heat from the system at 


constant volume. If, after obtaining the system S— L orS — V, 
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one continues to remove heat at constant pressure, the system 
passes along OD’ (Fig. 5) into the region of solid; if heat is added 
at constant pressure the liquid will 
disappear from the system I—V and we 
follow OD into the region of vapour. 
Similar changes are produced when 
the volume of the system is altered at 
constant heat content. So long as the 
three phases are present, increase of 


volume must be compensated by the 


evaporation of liquid. As the result 


FIG. 5. 


of increase of volume, therefore, the 
process occurs LS + V. Diminution of volume without trans- 
ference of heat, will bring about the opposite change, S + VL. 
In the former case there is ultimately obtained the univariant sys- 
tem S — V; in the latter case there will be obtained either S — L 
or L — V, according as the vapour or solid phase disappears first. 
This argument holds good for both types of triple point shown in 
Figs. 3 and 4 (p. 31). A glance at these figures will show that 
increase of volume at constant heat content will lead ultimately to 
the system S—V. Decrease of volume on the other hand, will lead 
either to the system S — L or L — V. If the vapour phase dis- 
appears and we pass to the curve S — L, continued diminution 
of volume will be accompanied by a fall in temperature in the 
‘case of systems of the first type (Fig. 3), and by a rise in tem- 
perature in the case of systems of the second type (Fig. 4). If, 
however, the temperature is held constant, volume changes follow 
the dotted lines of Figs. 6 and 7, the interpretation of which is 
left to the student. 

In discussing the alterations which may take place at the triple 
point with change of temperature and pressure, we have considered 
only the triple point S— L — V. The same reasoning, however, 
applies mutatis mutandis, to all other triple points, so that if the 
specific volumes of the phases are known, and the sign of the 


heat effects which accompany the transformation of one phase 
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into the other, it is possible to predict (by means of the principle 
of Le Chatelier) the changes which will be produced in the sys- 
tem by alteration of the pressure and temperature. 

In all cases of transformation at the triple point, it should be 
noted that all three phases are involved in the change, and not two 
only; the fact that in the case, say, of the transformation from 
solid to liquid, or liquid to solid, at the melting-point with change 
of temperature, only these two phases appear to be affected, is due 
to the presence, as a rule, of a large excess of the vapour phase 
and to the prior disappearance therefore of the solid or liquid 
phase. 

In the case of triple points at which two solid phases are in 
equilibrium with liquid, other arrangements of the curves around the 
triple point are found. It is, however, unnecessary to give a 
general treatment of these here, since the principles which have 
been applied to the triple point S—L—YV can also be applied to the 
other triple points. 

Allotropy or Polymorphism. The fact that a solid can exist in 
more than one crystalline form was first observed by Mitscherlich 
in the case of sodium phosphate, and later with sulphur. To these 
two examples others were soon added, at first of inorganic, and 
later of organic substances, so that the property is now recognised 
as of very frequent occurrence indeed. To this phenomenon the 


name dimorphism, later changed to polymorphism to cover the 
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existence of more than two crystalline forms, was given. The 
term allotropy was introduced by Berzelius to distinguish between 
the polymorphism of elements and of compounds. The polymorphs 
of an element were regarded as due to differences in the actual 
nature of the atoms, whereas in the compounds the differences 
were supposedly due simply to different spatial arrangements of 
similar groups of atoms in the molecule. With our fuller under- 
standing of atomic and molecular structure, there is no longer any 
justification for this distinction;?° the use of two names for the 
same phenomenon implies a difference where no difference exists. 
It would be better if the term polymorphism were abandoned in 
favour of the name allotropy to cover the phenomena in their 
totality. The various crystalline forms of a substance differ in 
the form of the crystal lattice or in the lattice dimensions, and 
this difference manifests itself not only in such physical proper- 
ties as melting-point, specific gravity, etc., but in chemical 
properties as well, although the difference in chemical properties 
may not always be detectable. In the liquid state, however, the 
differences do not exist. 

According to the definition of phases (p. 7), each of these 
allotropic forms constitutes a separate phase of the particular 
substance. As is readily apparent, the number of possible sys- 
tems formed of one component may be considerably increased 
when that component is capable of existing in different crystalline 
forms. We have, therefore, to inquire what are the conditions 
under which different allotropic forms can coexist, either alone 
or in presence of the liquid and vapour phase. 

From the equation F = C - P + 2, it is clear that zero variance 
is obtained when one component exists in three phases. From 
this it follows that one component cannot exist as a stable sys- 
tem in more than three phases, for in that case the system would 
have a negative variance, and this is impossible. Two different 
crystalline forms of a substance, therefore, can coexist in stable 
equilibrium only with vapour or with liquid, not with both vapour 
and liquid. Two new triple points, therefore, become possible, 
namely, S;—Sa— V and S;—S,— L, where S, and S, denote the 
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two different crystalline forms, 

Triple Point Sy—S s—V. Transition Point. Just as the triple 
point S—I—V is the point of intersection of the two univariant 
curves S—V and L—V, so the triple point S;—S,—V is the point 
of intersection of the two curves S,—V and S .— V. Below the 
triple point only one of the solid phases (S,) can exist in stable 
equilibrium with vapour; above the triple point only the other solid 
phase (S.) will be stable. The triple point $;—S.—V is, there- 
fore, apoint at which the relative stability of the two solid phases 
undergoes change. 

The triple point S;—S,—V is the point of intersection not 
only of the curves for the two univariant systems S,— V and 
Sy 


for the system S,—Sy. Since this is also a univariant system, 


— V, but the point of intersection also of a third curve, that 


the temperature at which the two solid phases can coexist will 
depend on the pressure. When the pressure is the atmospheric 
pressure, the temperature at which the two solid phases can co- 
exist, and at which the relative stability of the two forms under- 
goes change, is known as the transition point. The transition 
point, therefore, bears the same relation to the triple point 
S;—S.—V as the melting-point does to the triple point S-L—V. 

Inthe table (p. 38) is given a list of some of the more important 
allotropic substances, and the temperatures of the transition 
point, 21 

In the preceding discussion the transition point S;~S,——V has 
been regarded as the point of intersection of the vapour-pressure 
curves of the two solid forms, and equality of the vapour pressure 
has beentaken as the condition for the stable coexistence of two 
crystalline forms of a substance. Were one dependent, however,on 
measurements of vapour pressure and temperature, the determina- 
tion of the transition point would be a matter of great and in some 
cases of insuperable difficulty. When it is considered, however, 
that not only the vapour pressure but also the other physical 
properties of the solid phases, e.g. the density, undergo an 
abrupt change on passing through the transition point, owing to 


the transformation of one form into the other, then any method by 
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which this abrupt change in the physical properties can be de- 


tected may be employed for determining the transition point. 


Transition 
Substance. temperature. 
Ammonium nitrate 
a-rhombic }6-rhombic , ; : 32.3. 
B-rhombic rhombohedral : : Mn 
Rhombohedral 3% cubic : 2 A 12522° 
Mercuric iodide Fl 5 : : 5 126° 
Potassium nitrate , ’ 3 : 4 [302 
Silver iodide . : 5 : : 145° 
7? nitrate ; ‘i P 4 : 159.6° 
Sulphur P , 4 : a 95.5° 
Tetrabrommethane , : 5 r : 46.8° 
Thallium nitrate . 
Rhombic -> rhombohedral . , c 80° 
Rhombohedral } regular . : : 142.5° 
Thallium picrate  , > : ; 5 44° 
Tin oe ‘ . ; ‘ . ; 13.25 


Transit?on Curve. The transition point, like the melting-point, 
is influenced by pressure, and in this case also it is found that 
pressure may either raise or lower the transition point. The tran- 
sition curve, therefore, may be inclined either away from or towards 
the pressure axis. The direction of the transition curve can be 
predicted, on the basis of the principle of LeChatelier, if the 
change of volume accompanying the passage of one form into the 
other is known. The quantitative influence of pressure on the 
transition point can be calculated by means of the Clapeyron equa- 
tion dT/dp = T(v, - v)/q. Since, as in the case of all condensed 
systems the value of (v. - v;) is small, the transition point, like 
the melting-point, is-altered only to a relatively small extent by 
pressure. 

The transformation, for example, of the a -rhombic to the 6 - 
rhombic form of ammonium nitrate is accompanied by an increase 
of volume (vg - vq = 0.0220 c.c. per gram), ”” dT /dp has, therefore, 
a positive value, or the transition point is raised by increase of 
pressure, as shown by the numbers in the following table (p. 39):7° 
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Pressure in 


kgm. per sq. cm. Temperatu-e. 
l 32.0° 
200 38.5° 
400 45.4° 
600 52.9° 
800 60.8° 


On the other hand, the passage of the £ -rhombiec into the 
rhombohedral form of ammonium nitrate is accompanied by a con- 


traction, and the transition point is therefore lowered by increase 


of pressure, as shown by the following numbers: 4 
Pressure. Temperature. 

1 atm. 85.85° 

100152” 84.38° 

200 ” 83.03° 

250? 82.29° 


The fairly numerous investigations which have been carried 
out show that over a range of pressure of a few hundred atmos- 
pheres the transition curve is practically a straight line. If, 
however, the range of pressure is extended considerably, up to 
say 12,000 atm., the transition curve ceases to be linear and 
shows a more or less marked curvature, being sometimes convex 
and sometimes concave to the pressure axis. 7° 

In the case of mercuric iodide, as also in the case of Glauber’s 
salt (a two-component system), it has been found that with in- 
crease of pressure the transition curve passes through a point 
of maximum temperature, and exhibits, therefore, a form similar 
to that assumed by Tammann for the fusion curve. ”° 

In the following table (p. 40) are given the values of pressure 
and temperature for the transition point of red to yellow mercuric 
iodide:*” 

Enantiotropy and Monotropy. ‘The triple point S;—S,— V is 
one at which reversible transformation of the two crystalline forms 
can take place. Two cases must now be distinguished: (1) The 
transition point under atmospheric pressure lies below the melting- 
point of the solid; (2) the transition point lies above the melting- 


point. In the former case, each form possesses a definite range of 
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Pressure in kgm. Ne c.c. per gm. | gin gm.-cm. per 
per sq. cm. Temperature. KOR gram x 10°. 


1 
1,000 
2,000 
3,000 
4,000 
5,000 
6,000 
7,000 
8,000 
9,000 

10,000 


stable existence, and is capable of undergoing reversible trans- 
formation into the other. In the latter case, only one of the solid 
forms is stable at all temperatures up to the melting-point, the 
other solid form being metastable. In this case there is no 
transition point realisable at atmospheric pressure, and transforma- 
tion of crystalline forms can take place only in one direction. 
These two different kinds of behaviour are distinguished by the 
names enantiotropy and monotropy; enantiotropic substances being 
such that the change of one form into the other is a reversible 
process (e.g, rhombic sulphur into monoclinic, and monoclinic 
sulphur into rhombic), and monotropic substances, those in which 
the transformation of the crystalline forms is irreversible. This is 
found, for example, in the case of iodine monochloride and benzo- 
phenone. *® 

These differences of behaviour can be explained very well in 
many cases by supposing that in the case of enantiotropic sub- 
stances the transition point lies below the melting-point, while 
in the case of monotropic substances, it lies above the melting- 
point. These conditions would be represented by the Figs. 8 and 9, 

In these two figures, Q3 is the transition point, QO, and O. the 
melting-points .of the metastable and stable forms respectively. 
From Fig. 9 we see that the crystalline form I., at all temperatures 


up to its melting-point is metastable with respect to the form II. 
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In such cases the transition point could be reached only at higher 
pressures. 
Although, as already stated, this explanation suffices for many 


cases, it does not prove that in all cases of monotropy the transi- 


Fic. 8. FIG. 9. 


tion point is above the melting-point of the two forms. It is also 
quite possible that the transition point may lie below the melting- 
points; *° in this case we have what is known as pseudomonotropy. 
It is possible that graphite and diamond, °° perhaps also the two 
forms of phosphorus, stand in the relation of pseudomonotropy 
(v. p. 73). The possibility must also be recognised that there may 
be no transition point, real or imaginary, at all, but that the two 
crystalline forms may behave as dynamic isomerides. The system 
will then become a binary one (see Chap. XII). 

The disposition of the curves in Figs. 8 and 9 also explains the 
phenomenon sometimes met with, especially in organic chemistry, 
that the substance first melts, then solidifies, and re-melts at a 
higher temperature. On again determining the melting-point after 
re-solidification, only the higher melting-point is obtained. 

The explanation of such a behaviour is, that if the determination 
of the melting-point is carried out rapidly, the point Oj, the melting- 
point of the metastable solid form, may be realised. At this temper- 
ature, however, the liquid is metastable with respect to the stable 
solid form, and if the temperature is not allowed to rise above the 
melting-point of the latter, the liquid may solidify. The stable solid 
modification thus obtained will melt only at a higher temperature. 

Another representation of enantiotropy and monotropy has been 


put forward by A. Smits,°’ on the basis of his theory of allotropy. 
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According to this theory, polymorphism and allotropy in general 
are explained as being due to the existence of two or more molec- 
ular species which coexist in equilibrium in each phase. Differ- 
ence in crystalline form can then be explained as due to difference 
in the equilibrium proportions of the molecular species. Each 
phase, therefore, is a mixture of different kinds of molecules which 
undergo transformations leading to a chemical equilibrium. Accord- 
ing to this theory, the equilibrium diagram for polymorphic sub- 
stances becomes more complicated than is indicated in the present 
chapter, since the systems cease to be strictly unary and become 
binary (pseudo-binary) or even of a higher order. The theory has 
much to commend it, and although it still lacks complete experi- 
mental confirmation, °” it offers some help towards a more adequate 
interpretation of the equilibrium relations of allotropic substances.°° 
Pseudo-binary systems will be discussed more fully at a later 
point (Chap. XII). 

Enantiotropy combined with Monotropy. Not only can allo- 
tropic substances exhibit enantiotropy or monotropy, but, if the 
substance is capable of existing in more than two crystalline forms, 
both relationships may be found, so that some of the forms may be 
enantiotropic to one another, while the other forms exhibit only 
monotropy. This behaviour is seen, for example, in the case of 
sulphur, which may exist in as many as eight different crystalline 
varities. Of these only monoclinic and rhombic sulphur exhibit the 
relationship, of enantiotropy, i.e, they possess a definite transition 
point, while the other forms are all metastable with respect to 
rhombic and monoclinic sulphur, and remain so up to the melting- 
point; that is to say, they are monotropic modifications. °* 

Suspended Transformation. Metastable Equilibria, [In the pre- 
ceding pages we have considered only systems in stable equi- 
librium, and we have assumed that when the external conditions 
rendered a change of phase possible, that change took place. In 
actual fact, however, this is by no means always the case. Trans- 
formation may remain suspended. 

It has, for example, long been known that water can be cooled 


below zero without solidification occuring, This was first 
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discovered in 1724 by Fahrenheit, who found that water could be 
exposed to a temperature of -9,4° without solidifying; so soon, 
however, as a small particle of ice was brought in contact with 
the water, crystallisation commenced. Superfused or supercooled 
water—i,e, water cooled below 0°—is unstable only in respect of 
the solid phase; so long as the presence of the solid phase is 
carefully avoided, the water can be kept for any length of time 
without solidifying, and the system, supercooled water and vapour, 
behaves in every way like a stable system. A system which in 
itself is stable, and which becomes unstable only in contact with 
a particular phase, is said to be metastable, and the region through- 
out which this condition exists is called the metastable region.°° 
Supercooled water, therefore, is in a metastable condition. If the 
supercooling be carried below a certain temperature, solidification 
takes place spontaneously without the addition of the solid phase; 
the system then ceases to be metastable, and becomes unstable. 
Suspended transformation is likewise found to occur at the 
transition point for two crystalline forms of a substance. The tran- 
sition point, as we have seen, is analogous to the melting-point of 
a solid. In both cases the change of phase is associated with a 
definite temperature and pressure in such a way that below the 
point the one phase, above the point the other phase, is stable. 
The transition point, however, differs in this respect from a point 
of fusion that while it is possible to supercool a liquid, no definite 
case is known where the solid has been heated above its melting- 
point without passing into the liquid state. Transformation, there- 
fore, is suspended only on one side of the melting-point. In the 
case of two solid phases, however, the transition point can be 
overstepped in both directions, so that each phase can be obtained 
in the metastable condition. Thus, rhombic sulphur can be heated 
aboye the transition point, and moroclinic sulphur can be obtained 
at temperatures below the transition point, although in both cases 
transformation into a more stable form is possible; the system 


36 
becomes metastable. 


The same reluctance to form a new phase is observed also in 


the phenomena of superheating of liquids, and the ‘‘hanging’’ of 
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mercury in barometers, in which case the vapour phase is not 
formed, In general, then, we may say that a new phase will not 
necessarily be formed immediately the system passes into such a 
condition that the existence of that phase is possible; but rather, 
instead of the system undergoing transformation so as to pass into 
the most stable condition under the existing pressure and, temper- 
ature, this transformation will be ‘‘suspended”’ or delayed, and the 
system will become metastable. Only in the case of the formation 
of the liquid from the solid phase, in a one-component system, has 
this reluctance to form a new phase not been observed. °! 

To ensure the formation of a new phase and to prevent the 
occurrence of suspended transformation, it is necessary to have 
that phase present. The presence of the solid phase will prevent 
the supercooling of a liquid (hence the efficacy of ‘‘inoculation”’ 
or ‘‘seeding’’); and the presence of the vapour phase will prevent 
the superheating of a liquid. Suspended transformation takes place 
more readily in the case of the passage of an isotropic into an an- 
isotropic phase (e.g, liquid into crystalline solid), where a definite 
arrangement of the molecules in a space lattice is necessary, than 
in the case of the transformation of one isotropic phase into another 
isotropic phase, where the molecules are in disarray. 

When transformation of a less stable into a more stable phase 
occurs, the change does not take place at one moment throughout 
the whole phase, but proceeds from definite points or growth centres 
(nuclei). Such ‘‘nuclei’? may form spontaneously in a supercooled 
phase, as is seen, for example, in the cloud formation produced on 
the cooling of a vapour by adiabatic expansion. The influence 
of dust particles and of gaseous ions in increasing the number of 
condensation nuclei, is well known. 

In the case of a supercooled liquid, spontaneous formation of 
nuclei or crystal growth centres also takes place. Since, however, 
an anisotropic phase, with definite molecular arrangement, must 
now be formed from an isotropic phase, the number of nuclei formed 
in a given time per unit mass of the substance will be less than in 
the case of transformations between isotropic phases, 


Spontaneous crystallisation from supercooled melts is subject 
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to many influences, e.g, it can be brought about by a sharp blow, °° 


by changing the material of the container,*?” by pounding and re- 
heating the vitrified melt, or by the application of an electric field. *° 
It is a matter of everyday experience that crystallisation can be in- 
duced by scratching the inside of the containing vessel with a glass 
rod, or exposure to the dust of the atmosphere, although in this case 
the result is probably dug to inoculation by the solid form orby some 
substance isomorphous with it. 

The mechanism by means of which nuclei come into being has 
excited much interest. There is considerable evidence that after a 
solid has melted it still contains nuclei, thatis fragmentary crystals, 
so that if such a liquid is cooled after a relatively short time, it will 
crystallise more readily than a liquid which has been raised to a 
high temperature or preserved for some time above the temperature 
of crystallisation. ** Such nuclei will not persist indefinitely, how- 
ever, as they are thermodynamically unstable.4” Taylor, Eyring 
and Sherman*® have attempted by methods of quantum mechanics, 
to trace the growth of a crystal lattice from the vapour phase. 

Spontaneous crystallisation from supersaturated solutions, which 
are in this respect analogous to supercooled liquids, has been less 
frequently studied. On the whole the supersaturation is destroyed 
by much the same means as the supercooling of melts, but while 
supercooled melts can apparently be preserved indefinitely, there 
are indications that this is not the case with supersaturated solu- 
tions. 

According to Miers,** if a solution is cooled more than 10° 
below the temperature at which it is saturated, it will eventually 
crystallise spontaneously, and the work of A. N. and A. J. R. 
Campbell *° would seem to indicate that the nuclear number, in 
contradistinction to the velocity of crystallisation, is but little 
sensitive to outside influences, and is probably never zero. 

In the case of spontaneous crystallisation from vapours, Volmer 
and Weber*® have shown that a somewhat high degree of super- 
saturation is necessary to cause the spontaneous formation of nuclei, 
but further regularities are not known. 

A peculiar type of metastability is observed when dealing with 
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the solubility of a solid in a very fine state of division or with the 
vapour pressure of very small drops. It has long been known on 
theoretical grounds that the solubility of such a solid, or the vapour 
pressure of such a liquid, is greater than the equilibrium value, and 
this alone shows that the condition is one of metastability, The ex- 
perimental observation of increased solubility, due to small particle 
size, was claimed by Hulett, but doubt has been cast upon the ob- 
servations, in view of the relative coarseness of the particles ob- 
tained by grinding. *” In any event, since a solution saturated with 
respect to fine particles is supersaturated with respect to coarse 
ones, such a solution will in time precipitate coarse particles, the 
fine particles dissolving, until the whole solid mass is converted 
to the coarsely crystalline form, having the normal solubility. The 
process is exactly the same as the conversion of a metastable to a 
stable allotrope when in contact with solution, The normal Phase 
Rule behaviour will therefore be observed provided sufficient time is 
allowed to elapse for the establishment of true equilibrium. It is 
worthy of note that whenever spontaneous crystallisation from a 
supersaturated solution takes place, this condition of enhanced 
solubility must prevail for a time, since the precipitated particles 
grow from molecular magnitudes through the size of colloidal 
particles, and eventually attain microscopic and macroscopic 
magnitude, *® 

That enhanced solubility can be obtained by mere grinding has 
recently been demonstrated by Cohen and Thonnessen, *” in the case 
of salicylic acid and other organic substances. At higher tempera- 
tures, however, the solubility soon becomes nomal,°° in confirma- 
tion of the view expressed above. 

Pressure-Temperature Relations between Stable and Meta- 
stable Forms. Since the possibility of the existence of a substance 
in a metastable state must be recognised, it becomes of importance 
to consider what relationship exists between the vapour pressure of 
the stable and metastable forms. 

It has already (p. 30)been pointed out that in the neighbourhood 
of the triple point S—L—V, the curve for S—V must ascend more 


rapidly than the curve for L—V. It follows, therefore, that if the 
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curve for L—¥Y be continued downwards to temperatures below the 
triple point, the continuation of the curve must lie above the curve 
for S—V. In other words, the vapour pressure of a supercooled 
liquid (metastable system) must be higher than the vapour pressure 
of the solid (stable system) at the same temperature. This con- 
clusion is indicated by the curves for solid and liquid in Fig.2 
(p. 30), and is borne out by the numbers in the table below for water. 


VAPOUR PRESSURE OF ICE AND OF SUPERCOOLED WATER. 


Pressure in mm. mercury. 


Difference. 


Temperature. 


It is now easy to understand why solid, liquid, and vapour cannot 
coexist in equilibrium at temperatures below the triple point. Since 
the vapour pressure of supercooled liquidis greater than that of 
solid, vapour will condense onthe solid, and a process of distillation 
will take place from the liquid to the solid until all the liquid will 
have disappeared and only solid and vapour remain. 

Since in the neighbourhood of the triple point S;~S,— V the 
curves S;—V and S.—V are arranged similarly to the curves S—V 
and [,— V in the neighbourhood of the triple point S—L—V, it 
follows that in the case of two crystalline forms of a substance, 
the metastable form will, at a given temperature, have a higher 
vapour pressure than the stable form. The vapour pressure curve, 
for example, of rhombic sulphur must at temperatures above 95.5° 
(the transition point) lie above that for the stable form, monoclinic 
sulphur; and at temperatures below the transition point the vapour 


pressure curve for monoclinic sulphur must lie above that for 
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rhombic sulphur (p. 66). 

Quite generally, then, we can say that in a one-component 
system the vapour pressure of a metastable phase is, at a given 
temperature, greater than that of the stable phase, 

Velocity of Transformation of Metastable Systems. Although 
the presence of the more stable form of a substance may ensure that 
transformation of the metastable system takes place, the rate at 
which this transformation occurs may vary very greatly. In some 
cases, the change may take place so quickly as to appear almost 
instantaneous, while in other cases the change takes place so slow- 
ly as to require hundreds of years for its achievement. 

In this connection, most attention has been paid to the study of 
the velocity of crystallisation of a supercooled liquid, the first 
experiments in this direction having been made by Gernez”'on the 
velocity of crystallisation of phosphorus and sulphur. Since that 
time, the velocity of crystallisation of other supercooled liquids 
has been investigated, particularly by Tammann.°” 

On the basis of his experimental results, Tammann generalised 


the behaviour of (linear) crystallisation velocity in a manner which, 


Velocity of Crystallisation 


> 


Degrees of Super Cooling 


Fig. 10 


on the whole, has resisted attack. According to him, the crystal- 
lisation velocity increases with the degree of supercooling in a 


manner approximately linear up to a maximum value which remains 
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constant for a considerable range of supercooling, after which it 
decreases, This behaviour is illustrated in Fig. 10. Tammann 
saw the existence of a region of constant crystallisation velocity 
as a necessary consequence of his deduction that the temperature 
of the freezing point must exist at the crystallising boundary, at 
least over a considerable range of supercooling. This supposition 


3 and seems to 


was contested on theoretical grounds by Kister°® 
have been disproved experimentally by Pollatschek.°* The exist- 
ence in fact of the region of constant crystallisation velocity has 
also been called in question and, indeed, if a constant temperature 
does not prevail at the crystallising boundary, there seems no 
reason why there should be such a region. 

It has been shown frequently, although indeed it is obvious, 
that viscosity will oppose the propagation of a crystal boundary 
and that therefore, other things being equal, crystallisation veloc- 
ity and viscosity are inversely related. As the degree of super- 
cooling increases, so do both the tendency to crystallinity and 
the opposing viscosity. On the supposition that the tendency to 
crystallise increases in approximate proportion to the degree of 
supercooling but that the viscosity increases very rapidly after a 
certain degree of supercooling, as is known to be the case, it is 
easy to see how a maximum may occur on the curve expressing 
crystallisation velocity as a function of supercooling, but such a 
maximum value should immediately decrease as the viscosity in- 
creases still further. Jt must not be supposed that crystallisation 
velocity is determined solely by viscosity and that therefore, for 
example, two different substances possessing the same viscosity 
would necessarily have the same crystallisation velocity: in gen- 
eral they will not. A formula for the rate of crystallisation of an 
undercooled melt has been derived by Reinders.°* Regarding 
crystallisation from vapour, many detailed studies of the rate of 
growth, once nuclei are formed, have revealed that this phenomenon 
is influenced by several factors,°° viz. (a) temperature of for- 
mation, (b) vapour pressure of the gas at the temperature of growth, 
(c) presence of other gases, (d) orientation of the crystal with 


respect to the direction of flow of the vapour, (e) preferential di- 
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rections of growth, (f) size of crystals. 

Since the temperature at which the spontaneous formation of 
crystal nuclei has its maximum value is, in general, below that at 
which the velocity of crystallisation is a maximum, it is possible, 
by rapid cooling, to pass through the temperatures of maximum 
crystallisation velocity and maximum formation of nuclei, and to 
obtain the liquid at a temperature at which the velocity of crystal- 
lisation (and also of crystal nuclei formation) becomes negligible. 
Since the viscosity increases with fall of temperature, the liquid 
passes into a glassy mass, which will remain (practically) perma- 
nent even in contact with the crystalline solid.°’ Some substances 
can be supercooled to the glassy state more readily than others. 

This simple view of the case has been contested by Parks and 


58 Parks and his co-workers have studied the variation of a 


others. 
number of physical properties of various supercooled organic sub- 
stances with respect to temperature, and find a marked disconti- 
nuity in the property-temperature curve atthe temperature of vitreous 
formation. This would indicate that the vitreous state is a sepa- 


59 and electron diffraction °° 


rate phase. Nevertheless, X-ray 
methods have, in recent years, been applied to the investigation of 
the glasses, and this work has supported the older view that there 
isno structural difference between a glass and a supercooled liquid. 
All true glasses give broad diffraction-bands in their X-ray patterns, 
and are entirely similar to liquids in this respect. The liquid- 
glass transformation is not sharp, but inside a small temperature 
range the slope of various property-temperature curves changes 
markedly, °! 

In ordinary glass we have a familiar example of a liquid which 
has been cooled to a temperature at which crystallisation takes 
place with very great slowness. If, however, glass is heated, spon- 
taneous formation ofnuclei takes place anda temperature isreached, 
much below the melting-point of the glass, at which crystallisation 
occurs with appreciable velocity. We then observe the phenomenon 
of devitrification. ©” 

When the velocity of crystallisation is studied at temperatures 


above the maximum point, it is found that the velocity is diminished 
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by the addition of foreign substances. Bogojawlenski®® has inves- 
tigated the crystallisation velocities of a few mixtures and finds 
them, as might be expected, irregular. As one component crystal- 
lises, the concentration of the other changes. To obviate this dif- 
ficulty a study of the crystallisation rates of eutectic mixtures has 


been made: °* 


in this case a comparison, at equal degrees of super- 
cooling, with the crystallisation velocities of the components is 
justifiable. 

Marc°® and Freundlich®® have put forward the view that the ve- 
locity of crystallisation of supercooled liquids is influenced by ad- 
sorption phenomena, the dissolved substance being adsorbed on the 
surface of the crystals. In this connection, Freundlich and 
Oppenheimer®’ have shown that the crystallisation velocity of 
supercooled water is frequently, if not always, increased by colloi- 
dal substances the particles of which are non-spherical, whereas 
particles which are spherical, and also the truly dissolved sub- 
stances, lower the velocity. 

Whereas the transformation of a metastable, supercooled liquid 
into the stable solid phase takes place fairly rapidly if the degree 
of supercooling has not been too great, the corresponding trans- 
formation of metastable allotropic forms may take place only with 
great slowness. Thus, although calcite is the most stable form of 
calcium carbonate at the ordinary temperature, °® the metastable 
modification, aragonite, nevertheless exists under the ordinary 
conditions in an apparently very stable state. 

Ordinary white tin, also, although apparently possessing per- 
manence, is in reality in a metastable state, under the ordinary 
conditions of temperature and pressure; and this great degree of 
permanence, and the apparent stability which makes possible the 
everyday use of this metal, are due to the sluggishness with which 
transformation into the stable grey form occurs (p. 69). 

The behaviour found in the case of sulphur and of tin is met 
with also in the case of all transformations in the solid state, but 
the velocity of the change is less in some casesthan in others, and 

5 a 69 
appears to decrease with increase of the valency of the element. 


To this fact van’t Hoff attributes the great permanence of many 
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really unstable (or metastable) carbon compounds. 

The velocity of transformation can be accelerated by various 
means. One of the most important of these is the employment of a 
liquid which has a solvent action on the solid phases. Just as we 
have seen that at a given temperature the less stable form has the 
higher vapour pressure, but that at the transition point the vapour 
pressure of both forms becomes identical, ‘so also it can be proved 
theoretically, and be shown experimentally, that at a given tem- 
perature the solubility of the less stable form is greater than that 
of the more stable, but that at the transition point the solubility 
of the two forms becomes identical.” If, then, the two solid 
phases are brought into contact with a solvent, the less stable 
phase will dissolve more abundantly than the more stable; the 
solution will therefore become supersaturated with respect to the 
latter, which will be deposited. A gradual change of the less 
stable form, therefore, takes place, through the medium of the 
solvent. In this way the more rapid conversion of white tin into 
grey in presence of a solution of tin ammonium chloride (p. 70) is 
to be explained. Although, as arule, solvents accelerate the trans- 
formation of one solid phase into the other, they may also have a 
retarding influence on the velocity of transformation, as was found 
by Reinders in the case of mercuric iodide. ’! 

The velocity of transformation, also, is variously affected by 
different solvents, and in some cases, at least, it appears to be 
slower the more viscous the solvent;’* indeed, Kastle and Reed 
state that yellow crystals of mercuric iodide, which, ordinarily, 
change with considerable velocity into the red modification, have 
been preserved for more than a year under vaseline. 

Change from the yellow to the red form of mercuric iodide at the 
ordinary temperature is retarded by the presence of mercuric chloride 
or bromide. Moreover, if mercuric iodide is heated to various tem- 
peratures above the melting-point, and then kept at the ordinary 
temperature, the velocity of change from yellow to red is all the 
greater the higher the temperature of heating.’° It would appear 
that metastability is frequently if not always increased by the 
presence of impurities. ’* 
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Temperature, also, has a very considerable influence on the 
velocity of transformation. The higher the temperature, and the 
farther it is removed from the equilibrium point (transition point), 
the greater is the velocity of change. Above the transition point, 
these two factors act in the same direction, and the velocity of 
transformation will therefore go on increasing indefinitely the 
higher the temperature is raised. Below the transition point, how- 
ever, the two factors act in opposite directions, and the more the 
temperature is lowered, the more is the effect of removal from the 
equilibrium point counteracted. A point will therefore be reached 
at which the velocity is a maximum. Reduction of the temperature 
below this point causes a rapid falling off in the velocity of 
change. ’° The point of maximum velocity, however, is not defi- 
nite, but may be altered by various causes. Thus, Cohen found that 
in the case of tin, the point of maximum velocity was altered if the 
metal had already undergone transformation; and also by the pres- 
ence of different liquids. ’° 

Lastly, the presence of small quantities of different sub- 
stances— catalytic agents or catalysts—has a great influence on 
the velocity of transformation. Thus, e.g.,the conversion of white 
to violet phosphorus is accelerated by the presence of iodine 
(p. 70). 

The occurrence of allotropic forms and the persistence of the 
metastable state are facts of the highest practical and theoretical 
importance. In the case not only of tin, but also of a number of 
other metals, e.g, bismuth, cadmium, copper, silver, and zinc, 
allotropie modifications exist with transition points at temperatures 
above the ordinary; and, owing to the slowness of transformation, 
these metals exist, at the ordinary temperature, in a metastable 
state. On this fact depends the practical, everyday use of these 
metals,’ ? 

Recognition of the persistence of the metastable state is also, 
as Cohen more especially has emphasised, of the greatest impor- 
tance in connection with the determination of the physical constants 
of the substances. Owing to the great slowness with which, in 


many cases, transformation of the metastable to the stable form 
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takes place, great care must be exercised to ensure that one is 
dealing with a definite chemical individual and not with a mix- 
ture of allotropes. Many determinations, indeed, of the physical 
properties of substances, found in the literature, are of doubtful 
value owing to insufficient care having been taken to ensure that 
the material used was a single crystalline form and not a variable 
mixture of two allotropic forms. ’° 

‘‘Law’’ of Successive Reactions. In preparative chemistry it is 
very frequently observed that when a substance is formed in a re- 
action it appears first not in its most stable form but in a meta- 
stable form, which then, more or less rapidly, passes into the 
stable condition. This behaviour, which was called by Ostwald 
the law of successive reactions, is observed with especial ease 
and frequency in organic chemistry, where it is often found that 
when a substance is thrown out from solution it is first deposited 
as a liquid or as a metastable crystalline solid, which passes later 
into the form stable at the particular temperature. ’° 

The prior formation of the less stable crystalline form can be 
well demonstrated by means of p-bromoacetanilide or by 2: 4-di- 
bromoacetanilide.?® These compounds separate out from solution 
as needle-shaped crystals, forming a voluminous crystalline mass. 
When left in contact with the mother liquor, however, these crystals 
change, more or less rapidly, according to the solvent employed, 
into the more stable, compact crystalline form. The change in 
appearance is very marked, as is shown by the photographs (Fig. 11) 
of 2: 4-dibromoacetanilide crystallised from alcoholic solution.® 

This generalisation by Ostwald is not entitled to the name of a 
law, since many exceptions to it are known, but it sums up phe- 
nomena very frequently observed. Of the factors governing the 
appearance of a new phase the most important, according to 
Tammann,°” is the readiness with which spontaneous formation of 
nuclei of the metastable and of the stable phases takes place in 


the supercooled system, 


3 + 


Fic. 11.—Crystallisation of 2 : 4-dibromoacetanilide. Photographs taken at 
intervals of two days. 
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NOTES 


1. An exception must be made to this statement in the case of those 
substances which are capable of existing in the mesomorphic (liquid crys- 
talline) state, if liquid crystals are considered to be liquids rather than 
crystals. Such substances can exist both as isotropic liquids and as 
anisotropic liquids. Thus the same component exists in two liquid phases 
and it may exist in more if, as is not infrequent, the substance forms more 


than one type of liquid crystal. 


2. The term “‘solid’’ is not in itself sufficient to characterise a phase 
different from gas or liquid. An amorphous solid, glass, is merely a liquid 
cooled to such a low temperature that its viscosity becomes very great. 
The passage of an amorphous solid into liquid is a gradual and continuous 
one. In a crystalline solid, however, the atoms or molecules are arranged 
in a definite space lattice, and transition from a crystalline to a liquid 
phase is abrupt and definite. 

3. See footnote 3, p. 19. 

4, Although in the system liquid—vapour the liquid ceases to exist 
at the critical point, Tammann has found that the fusion curve (solid in 
contact with liquid) of phosphonium chloride can be followed up to tem- 
peratures above the critical point (Arch. Néerland., 1901 [2], 6, 244). 
See also Bridgman, Physical Rev., 1914 [2] OSL 2Osel oa. 

5. Maass and Steacie, Introduction to Physical Chemistry, 2nd 
edit., p. 152, Wiley (1946). 

6. The Le Chatelier principle applies only to changes in stable sys- 


tems. It does not apply to transformations in metastable systems. 


7. It can readily be proved, by means of the conception of thermody- 
namic potential, that the Clausius-Clapeyron equation is applicable to all 


p-t curves. (See Roozeboom, Die:Heterogenen Gleichgewichte, I, 32). 
8. Tammann, Z. anorgan. Chem., 1904, 40, 54; Johnston and Adams, 
Amer, J. Sci., 1911 [4], 31, 501. 


9. This applies to the effect of ‘‘uniform pressure,”’ 


or pressure act- 
ing equally on both phases. When the pressure acts only on one phase the 
effect is much greater. Thus, when ice only is subjected to pressure, the 


water being allowed to escape, the melting-point is lowered 0.09° per 


ap tt GO OEE Ni de eo nnoonre ohnave "lawere: the. meltinesnoint of a 
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10. van’t Hoff, Studies on Chemical Dynamics, p. 163. 


11. Bridgman, Z. anorgan. Chem., 1912, 77, 377; Physical Rev., 
1914, 3, 127; 1915, 6, 1. See also Tammann, Annalen d. Physik, 1899 
[3], 68, 564; 1900 [4], 2, 1, 424; Z. physikal. Chem., 1910, 72, 609; 
1913, 84, 257. 


12. Barus, Amer. J. Sci., 1892, 42, 125; Mack, Compt. rend., 1898, 
127, 361; Hulett, Z. physikal. Chem., 1899, 38, 629; Deffet, Bull. Soc. 
chim. de Belg., 1935, 44, 41. Johnston and Adams (Amer. J. Sci., 1911 
[4], 31, 501) have found that the fusion curve for tin, bismuth, lead, and 


cadmium, is a straight line up to a pressure of 2000 atm. 


13. Tammann, Annalen d. Physik, 1899 [3], 68, 553, 629; 1900 [4], 
1, 275; 2, 1; 3, 161. See also Tammann, Kristallisieren und Schmelzen 
(Leipzig, 1903), or The States of Aggregation (London, 1926); Block, 
Z. physikal. Chem., 1913, 82, 403; Bridgman, Physical Rev., 1914 [2], 
3, 126, 153; 1915 [2], 6, 1, 94; Timmermans, Bull. Acad. roy. Belg., 
1919, pp. 753, 767. 

14. It has been shown, however, by Bridgman (Physical Rev., 1914 
[2] 5 Bh MAS, UGS IS [2] , 6, 1, 94) that the curvature of the fusion 


curve above the pressure of 3000 kgm. per sq. cm. is much less than the 


curvature below this pressure. 


15. The pressure of | atm. is equal to 1.0333 kgm. per sq. cm.: or the 
pressure of 1 kgm. per sq. cm. is equal to 0.968 atm. 


16. Tammann, Arch. Néerland., 1901 [2] , 6, 244; Bridgman, Physical 
Rev., 1914 [2], 3, 126, 153. 


17. Waring, Science, 1943, 97, 221. 
18. A field is ‘‘enclosed’’ by two curves when these cut at an angle 
less than two right angles. 


19. Roozeboom, Das Heterogene Gleichgewicht, I, p. 189. 
20. Lowry, Trans. Faraday Soc., 1916, 11, 150. 


21. Zawidski, Z. physikal. Chem., 1904, 47, 727; van Eyk, ibid., 1905, 
51, 720; Janecke, ibid., 1915, 90, 280, 313; Cohen and Moesveld, ibid., 
1913, 85, 419; 1920, 94, 450; Cohen and Helderman, ibid., 1914, 87, 409; 
1915, 89, 493, 638, 728, 733, 742; Cohen and yan den Bosch, ibid., 1915, 
89, 757; Early and Lowry J. Chem. Soc., 1919, 115, 1387; Cohen and 
Kooy, Z. physikal. Chem., 1924, 109, 81; Bridgman, J. Amer. Chem. Soc., 
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1914, 36, 1344. For a study of mercuric iodide, see Smits and Bokhorst, 
Z. physikal. Chem., 1914-15, 89, 365, 374; Smits, ibid., 1916-18, 92, 345; 
Bridgman, Proc. Amer. Acad. Arts Sci., 1916, 51, 581; Losana, Gazzetta, 
1926, 56, 301. 

22. Cohen and Kaoy, Z. physikal, Chem., 1924, 109, 81. The heat of 
transformation is 4.99 cal. per gram (Cohen and Helderman, Z. physikal. 
Chem., 1924, 118, 145). 

23. Bridgman, Proc. Amer. Acad. Arts Sci., 1916, 51, 581. 

24. Lussana, Nuovo Cim., 1895 [4], 1, 105. 

25. Bridgman, Proc. Nat. Acad. Sci., 1915, 1, 5138; Proc. Amer. Acad. 
Arts Sci., 1916, 51, 581; Tammann, Nachr. Ges. Wiss. Goettingen, 1915, 59. 

26. Z. physikal. Chem., 1903, 46, 818. 

27. Bridgman, Proc. Amer. Acad. Arts Sci., 1915, 51, 55. 

28. The two forms of iodine monochloride melt at 13.9° and 27.2°, 
while those of benzophenone melt at 26°and 48°. In the case of menthol 


four crystalline forms have been obtained melting at 31.5°, 33.5°, 35.5°, 


and 42.5°. Only the last form is stable (Wright, J. Amer. Chem. Soc., 
1917, 39, 1515). 

29. Roozeboom, Das Heterogene Gleichgewicht, I, p. 177. 

30. Ibid., p. 179. For discussions of the diamond problem and of the 
diagram of states of carbon, see Baur, Sichling, and Schenker, Z. anorgan. 
Chem., 1915, 92, 313; Lewis and Randall, J. Amer. Chem. Soc., 1915, 37, 
462; Parsons, Phil. Trans., 1919, A. 220, 67; van,Liempt, Z. anorgan. 
Chem., 1921, 115, 218; Tammann, ibid., 1921, 115, 145. 

31. Z. physikal. Chem., 1911, 76, 421; 1913, 82, 657; Die Theorie 
der Allotropie (Barth, 1921), translation by Smeath Thomas (Longmans); 
Terwen, Z. physikal. Chem., 1916, 91, 443. 

32. See criticism, for example, by Tammann, Z. physikal. Chem., 
1913, 83, 728; 84, 753. 

33. See Janecke, Z. physikal. Chem., 1915, 90, 280, 313; Cohen, 
Trans. Faraday Soc., 1915, 10, 216. 

34. Brauns, Jahrb. Min. Beil.-Bds, 1900, 13, 39. 

35. The permanence or apparent permanence of a metastable system 


may be due to the fact that no nuclei of the stable phase are formed or 
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that their number is negligible, or to the fact that the velocity of trans- 
formation is very slow. Only in the former case is the system truly 
metastable (see also pp. 45 ff.) Cf. Othmer, Z. anorgan. Chem., 1915, 
91, 219. 

36. See Cohen and Moesveld, Z. physikal. Chem., 1920, 94, 450, 471; 
Cohen and Bruins, ibid., 1920, 94, 465. 


37. In this connection, see Pawloff, Z. physikal. Chem., 1908, 65, 
1, 545; Tammann, ibid., 1909, 68, 257; Berthoud, J. tchim.}phys., 1910, 
8, 337. 

38. Young and Sicklen, J. Amer. Chem. Soc., 1913, 35, 1067. 

39. Pollatschek, Z. physikal. Chem., 1929, 142, 289. 

40. Kondoguri, Z. Physik., 1928, 47, 589. 

41. W. L. Webster, Proc. Roy. Soc., 1933 [A] , 140, 653. 

42. Bloch, Brings and Kuhn, Z. physikal. Chem., 1931 [B], 12, 415. 

43. J. Chem. Physics, 1933, 1, 68. 

44, Miers, Inst. Metals. May Lecture, 1927. 

45. Trans. Faraday Soc., 1937, 33, 299. 

46. Z. physikal. Chem., 1926, 119, 295. 


47. Hulett, Z. physikal. Chem., 1901, 37, 385; Bigelow and Trimble, 
J. Phys. Chem., 1927, 31, 1798; Dundon and Mack, J. Amer. Chem. Soc., 
1923, 45, 2479; Dundon, zbid., 1923, 45, 2658. 


48. Von Weimarn, Kolloid-Z., 1909, 5, 221; Campbell and Cook, J. 
Amer. Chem. Soc., 1935, 57, 387. 


49. Proc. Acad. Sci., Amsterdam, 1932, 35, 441. 
50. Jbid., 1932, 35, 798. 
Sl. Compt. rend., 1882, 95, 1278; 1884, 97, 1298, 1366, 1433. 


52. Z. physikal. Chem., 23-29. See also Kister, ibid., 25-28; Miller 
ibid., 1914, 86, 177. 


, 


53. Kuster, Z. physikal. Chem., 1898, 25, 480. 

54. Pollatschek, Z. physikal. Chem., 1929, 142, 289. 
55. Rec. trav. chim., 1932, 51, 589. 
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57. See Tammann (Z. physikal. Chem., 1898, 25, 472) for an inves- 
tigation of the conversion of liquids into glasses by cooling. See, also, 


Tammann and Jellinghaus, Annalen d. Physik, 1929, [5] 7 2; 264. 


58. Parks, Science, 1926, 64, 364; J. Physikal Chem., 1927, 31, 
1843, et seq.; Jeffreys, Proc. Camb. Phil. Soc., 1928, 24, 19. 


59. Warren, Physical Rev., 1934 [ii], 45, 657; Warren and Morning- 
star, ibid., 1935 [ii] , 47, 808. 

60. Schischakow, Nature, 1935, 136, 514; 1936, 137, 273. 

61. Tammann and Elbrachter, Z. anorgan. Chem., 1932, 207, 268. 
See also, G. W. Morey, Ind. Eng. Chem., 1933, 25, 742. 

62. W. Guertler, Z. anorgan. Chem., 1904, 40, 268; Tammann, Z. 
Elektrochem., 1904, 10, 532; Z. anorgan. Chem., 1914, 87, 248. 

63. Bogojawlenski, Z. physikal. Chem., 1898, 27, 585. 
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CHAPTER IV 


TYPICAL SYSTEMS 


In the present chapter will be discussed the experimental in- 
vestigation of a number of systems of one component, the behaviour 
of which will illustrate the general principles of the Phase Rule 


considered in the preceding chapter. 
Water. 


We have already, in the preceding chapter, referred in passing to 
the sublimation, vaporisation, and fusion, curves of the substance 
water, the arrangement of which at 
the triple point S—I —V is represent- 
ed diagrammaticallyinFig.12.The 
triple point, as we have seen, lies 
at a pressure of about 4.6 mm. of 
mercury and about 0.01°C. The 
curves BO, OA, and OC are the 
sublimation, vaporisation, and 
fusion curves respectively. The 
fusion curve slopes towards the 
pressure axis, indicating that the 
melting-point of ice is lowered 


by increase of pressure. ‘The 


0,0098° t. 
Poteerdipe 1G * dotted curve OA‘ represents the 
Fig. 12 metastable vaporisation curve 


for supercooled water. It is, of course, continuous with the curve 
OA. The critical point A lies at 374° and 218 atm. 

Other Phases of the Substance Water. It was discovered by 
Tammann! that water can exist in solid forms other than that of 
ordinary ice; and the conditions under which these different 
solid phases can exist have been studied by him, and, more recently 
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and fully, by P. W. Bridgman, * who has carried his investigations 
up to a pressure of about 50,000 atmospheres. A brief summary of 
the relationships as they are interpreted by Bridgman® is given 


here, the results being represented graphically in Fig. 13. 
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The System Water at High Pressures 
Fig. 13 


According to the Phase Rule, each different variety of ice con- 
stitutes a separate phase and, consequently, it must be possible to 
obtain not only the ordinary triple point for solid —liquid—vapour 
which has already been described, but also other triple points at 
which the other forms of ice exist. Of such forms Bridgman has 
distinguished no fewer than five, besides ordinary ice, these dif- 
ferent forms being designated ice | (ordinary ice),* ice II, ice III, 
ice V, ice VI and ice VII. The existence of another form, ice IV, 
has been claimed by Tammann, but Bridgman has failed to find it.° 

On investigating the equilibrium curve for ice |—liquid, it is 
found that at a certain temperature and pressure, a second solid 


phase, ice III, is formed, giving rise to the invariant system ice I— 
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ice II] — liquid (Point B, Fig. 13).° Ice IIIf behaves differently 


from ice | in that it expands on liquefying and, consequently, its 
melting point is raised by increase of pressure (curve BC). On 
following this curve to higher pressures and temperatures, another 
triple point (C) is reached at which ice V coexists with ice III and 
liquid. Similarly, one obtains the curves CD for ice V and liquid, 
DG for ice VI and liquid, D being the triple point for ice V— 
ice VI—liquid, and GK for ice VII and liquid, G being a triple point 
for ice Vi—ice VIJ—liquid. The curve GK has been followed up 
to a pressure of about 50,000 atmospheres. 

Besides the univariant curves for solid and liquid, one can also 
have univariant curves for two solid phases. Thus, BE represents 
the conditions of temperature and pressure for the coexistence of 
ice | and ice III, while CF’, DH and GJ refer to the systems ice III— 
ice V, ice V—ice VI, and ice VI—ice VII, respectively. 

The different areas in Fig. 13, bounded by the curves for the 
univariant systems, represent the conditions for the stable existence 
of single phases, as represented in the diagram. From this diagram 
it is seen that the region of stability of ice III is completely circum- 
scribed. 

In the following table are given the values of pressure and tem- 
perature corresponding with the various triple points as shown in 


Fig. 13. 


Temperature Pressure. 
im OG. Kgm. per sq. cm. 


I-—ice HI—liquid 
”  I—ice. III 
V—liquid 

lI— ’’ [[I—ice V 
vV—’”’ Vi—tiquid 
vI—”’ ape 


The metastable continuation of the curve BE for ice |[— ice III 
can be followed for a considerable distance into the field for ice II. 
The values for the curve BE and its metastable prolongation are 


given in the following table: — 
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T Pressure. 
emperature.| yom. per sq. cm. 


The curve, in its metastable portion, passes through a point of 
maximum pressure (dp/dI = 0) at -43°. At this temperature the 
heat of transformation of ice | into ice III becomes zero. 

Other Phases of Deuterium Oxide. Bridgman’ has also examined 
the system deuterium oxide, as far at least as deuterium ice VI and 
finds that the stable solid phases correspond to those of water, but 
the deuterium diagram is shifted to the right, that is, at equal pres- 
sures the deuterium solid phases occur at higher temperatures. The 
equilibrium diagram is reproduced in Fig. 14. 
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System Water (broken Lines) 
Fig. 14 Deuterium Oxide (solid Lines) 


Sulphur. 


Sulphur exists in two well-known enantiotropic crystalline 
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forms —— rhombic and monoclinic. At the ordinary temperature, 
rhombic sulphur can exist unchanged, whereas, on being heated to 
temperatures somewhat below the melting-point, it passes into the 
monoclinic variety. On the other hand, at temperatures above 96°, 
monoclinic sulphur can remain unchanged, whereas at the ordinary 
temperature it passes slowly into the rhombic form. 

If, now, we examine the case of sulphur with the help of the 
Phase Rule, we see that the following systems are theoretically 


possible: 


I. Bivariant Systems: One component in one phase. 
(a) Rhombic sulphur. ° 
(6) Monoclinic sulphur. 
(c) Sulphur vapour. 
(d) Liquid sulphur. 


II. Univariant Systems: One component in two phases. 


(a) Rhombic sulphur and vapour. 

(5) Monoclinic sulphur and vapour. 
(c) Rhombic sulphur and liquid. 

(d) Monoclinic sulphur and liquid. 
(e) Rhombic and monoclinic sulphur. 


(f) Liquid and vapour. 


Ill. Invariant Systems: One component in three phases. 


(a) Rhombic and monoclinic sulphur and vapour. 
(6) Rhombic sulphur, liquid and vapour. 

(c) Monoclinic sulphur, liquid and vapour. 

(d) Rhombic and monoclinic sulphur and liquid. 


In Fig. 15 is represented the equilibrium diagram for these dif- 
ferent systems of sulphur as determined by Tammann,” although, as 
more recent investigation has shown, the data on which the diagram 
was constructed are not quite accurate and take no consideration of 
the fact that sulphur exhibits dynamic allotropy and exists in dif- 
ferent molecular species (p. 272). The diagram may, however, be 
taken as representing qualitatively the relations which exist. The 


more recent investigations of the melting-points of sulphur and of 
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the equilibria which exist in molten sulphur will be discussed later 
(ps 271)’ 

Point O (Fig. 15) is the triple point for rhombic sulphur—mono- 
clinic sulphur —vapour, and is therefore the point of intersection of 
the three univariant curves, S,,—V, S,,o,——-V, and S.,—S,,,,- At 
this triple point reversible transformation of rhombic and monoclinic 
sulphur can take place, these two forms of sulphur being enantio- 
tropic. Under atmospheric pressure, the transition point lies at 
95.5°.1° Rhombic sulphur is metastable above, and monoclinic 
sulphur is metastable below the transition point. Both forms, how- 
ever, can be obtained in the metastable state, and transformation to 
the stable form may take place with great slowness (p. 53). The 


vapour pressure of sulphur between the temperatures of 104° and 


Rhombic 


Fig. 15 The System Sulphur c 


543° has been determined by West and Menzies.'! Some of the 
values obtained are given in the following table .(p. 67). 

On plotting these numbers one obtains three curves of the type 
shown in Fig. 1 (p. 20), with points of intersection at about 92° 
(transition point) and 118° (melting-point), These curves are repre- 
sented diagrammatically in Fig. 15 by AO, OB, BE. 


Curve OC is the transition curve and represents the change of 
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VAPOUR PRESSURE OF SULPHUR 


Temperature P ; Temperature ; 
in °C. Tessure in mm. { in °C, Pressure in mm. 


Nw 


0.0 
0.0 
0.0 
0.2 
0.7 
Boll 
4.5 
6.3 


SCANNCANeE 


the transition point with pressure. Since the passage of the rhombic 
into monoclinic sulphur is accompanied by an increase of volume 
(Av = 0.01395 c.c. per gram), it follows from the principle of Le 
Chatelier that the transition point is raised by increase of pressure. 
By means of this value of Av and the heat of transformation, 3.12 
cal. per gram, the value of dI'/dp can be calculated. Thus, for an 


increase of pressure of | atm. (1033.3 gm. per sq. cm.), we have 


368.5 x 0.014 X 1033 


dl = 3712 x40,670 9-04" 


The transition point is raised 0.04° by an increase of pressure of 
1 atm}? 

At temperatures above 95.5°, monoclinic sulphur is the stable 
form. On being heated to 119.25° it melts, 1° 
may also be regarded as that of the triple point, S,,,,— L—V (Point 
Be big. 15), 

Since sulphur melts with increase of volume, the melting-point is 
raised by increase of pressure. The fusion curve BC, therefore, 
slopes to the right. The transition curve of rhombic and monoclinic 
sulphur, as we have seen, also slopes to the right, and more so than 
the fusion curve of monoclinic sulphur. There will, therefore, be a 
certain pressure and temperature at which the two curves will cut. 
This point lies at 151°, and a pressure of 1320 kilograms per sq. 
cm., or about 1288 atm. It, therefore, forms another triple point, 
at which rhombic and monoclinic sulphur are in equilibrium with 


liquid sulphur. It is represented in our diagram by the point C. 


This temperature 
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Beyond this point monoclinic sulphur ceases to exist in a stable 
condition, At temperatures and pressures above this triple point, 
rhombic sulphur will be the stable modification, and this fact is of 
mineralogical interest, because it explains the occurrence in nature 
of well-formed rhombic crystals. Under ordinary conditions, mono- 
clinic sulphur separates out on cooling fused sulphur, but at tem- 
peratures above 151° and under pressures greater than 1288 atm., 
the rhombic form would be produced. 

Metastable Systems. On account of the slowness with which 
transformation of one crystalline form into the other takes place, it 
has been found possible to heat rhombic sulphur up to its melting- 
point, 112.8°. At this temperature, both rhombic sulphur and the 
liquid are metastable, the vapour pressure being greater than that of 
solid monoclinic sulphur. This point is represented in Fig. 15 by 
point 6. From the diagram it is seen that the melting-point of the 
metastable is lower than that of the stable form. 

Not only has the metastable melting-point of rhombic sulphur 
been determined, but the metastable fusion curve, bC, has also been 
obtained. This curve must pass through the triple point for rhombic 
sulphur — monoclinic sulphur— liquid, and on passing this point it 
becomes a stable fusion curve. The continuation of this curve, 
therefore, above 151° forms the stable fusion curve of rhombic 
sulphur (curve CD). 

Bivariant Systems. Just as in the case of the diagram of states 
of water, the areas in Fig. 15 represent the conditions for the stable 
existence of the single phases: rhombic sulphur in the area to the 
left of AOCD; monoclinic sulphur in the area OBC; liquid sulphur 
in the area EBCD; sulphur vapour below the curves AOBE. As can 
be seen from the diagram, the existence of monoclinic sulphur is 
limited on all sides, its area being bounded by the curves OB, OC, 
BC. At any point outside this area, monoclinic sulphur can exist 
only in a metastable condition. 

Other crystalline forms of sulphur have been obtained, so that 
the existence of other svstems of the one component sulphur be- 
sides those already described is possible. Of these forms one may 


mention the readily obtainable but not very familiar mother-of-pearl 
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sulphur or S,,,. 

To obtain this modification, molten sulphur, after being heated 
in a test-tube to above 150°, is cooled down to and maintained at 
a temperature of about 98° (e.g. in a water bath), On gently rubbing 
the inner walls of the tube with a glass rod, the sulphur crystallises 


‘4 This form of sulphur is monotropic with re- 


in the nacreous form. 
spect to rhombic and monoclinic sulphur. At all temperatures up to 


its melting-point, 106.8°, mother-of-pearl sulphur is metastable. 
Tin. 

Another substance capable of existing in more than one crystal- 
line form is the metal tin, and although the general behaviour, so 
far as studied, is analogous to that of sulphur, a short account of 
the two varieties of tin may be given here, not only on account of 
their metallurgical interest, but also on account of the importance 
which the phenomena possess for the employment of this metal in 
everyday life. 

Transition Point. Just as in the case of sulphur, so also in the 
case of tin, there is a transition point above which the one form, 
ordinary white tin, and below which the other form, grey tin, is the 
stable variety. In the case of this metal, the transition point has 
been found by Cohen and van Lieshout’® to be 13.2 + 0.1°. Below 
this temperature grey tin is the stable form. But, as we have seen 
in the case of sulphur, the change of the metastable into the stable 
solid phase occurs with considerable slowness, and this behaviour 
is found also in the case of tin. Were it not so, we should not be 
able to use this metal for the many purposes to which it is applied 
in everyday life; for, during a considerable part of the year the 
mean temperature of a large part of Europe is below 13°. During 
that time, therefore, white tin is, at the ordinary temperature, in a 
metastable condition. The change, however, into the stable form 
at the ordinary temperature, although slow, nevertheless takes 
place, as is shown by the partial or entire conversion of articles 
of tin which have lain buried for several hundreds of years. Cases 
also are recorded of medals and other articles of tin, preserved in 
museums, which, even in a much shorter period, have suffered 


damage and disfigurement owing tothe formation of wart-like patches 
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of grey tin; and tin organ pipes have become perforated and use- 
less, even after the short space of seven years, owing to the spon- 
taneous transformation of the less stable white into the more stable 
grey tin. oe 

The transformation of white to grey tin is greatly retarded by 
traces of bismuth, lead, antimony, cadmium, gold and silver, and is 
accelerated by traces of aluminium, zinc, cobalt, manganese and 
tellurium. 17 

The change of white tininto grey takes place also with increased 
velocity in presence of a solution of tin ammonium chloride (pink 
salt), which is able to dissolve small quantities of tin. In presence 
of such a solution, also, it was found that the temperature at which 
the velocity of transformation was greatest was raised to 0°. At 
this temperature, white tin, in contact with a solution of tin ammo- 
nium chloride and the grey modification, undergoes transformation 
to an appreciable extent in the course of a few days. 

Besides grey tin and white tin, the crystalline form of which is 
tetragonal, there exists a third or rhombic form which is stable 
above 202.8°.'® The brittleness which is developed in tin when 
heated above about 200° is due to the change from the tetragonal 
to the rhombic form. 


Phosphorus. 


Phosphorus has long been known to exist in two distinct crys- 
talline forms, white phosphorus and violet phosphorus. When white 
phosphorus is heated, transformation into the so-called red phos- 
phorus takes place with appreciable velocity at temperatures above 
260°, and the velocity of transformation increases as the tempera- 
ture is raised. Even at lower temperatures the velocity of trans- 
formation is appreciable under the influence of light, or of catalysts 
such as iodine and sodium. According to Ipatiev, Frost and 
Vedinskii’® there is no doubt that red phosphorus is actually a mix- 
ture of the two pure forms, the white and the ruby-violet, but the 
most recent work”? on the thermal analysis of red phosphorus in- 
dicates that red phosphorus, as ordinarily prepared, is a mixture of 


four, and probably five, allotropic forms, of which, however, only 


TYPICAL SYSTEMS wa 


one is thermodynamically stable, that is, all transitions are mono- 
tropic. The stable form (presumably the ruby-violet of Ipatiev) is 
obtained by heating at 499° for seven hours or at 550° for fifteen 
minutes. Besides the ordinary white phosphorus which crystallises 
in the regular system, Bridgman”! has discovered the existence of 
a second form of whité phosphorus, possibly belonging to the hex- 
agonalsystem. These two forms of white phosphorus are enantio- 
tropic, with a transition point at -76.9° under atmospheric pressure. 

From determinations of the vapour pressures of liquid white 
phosphorus and of solid violet phosphorus 7” it was found that the 
vapour pressure of the latter is considerably lower than that of the 
former at the same temperature, as is shown by the values given in 


the following tables: 


Vapour PRESSURE OF LIQUID WHITE PHOSPHORUS. 


Pressure. Pressure Pressure. 


Temperature. 


Temperature. tant Temperature. Tay 


43°1 
t.) 


Throughout the whole range of temperature investigated, white 
phosphorus must be considered as the less stable (metastable) 
form, for although it can exist in contact with violet phosphorus for 
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a long period, its vapour pressure is greater than that of the latter, 
and transformation of the white into the red or violet modification 
takes place spontaneously. The solubility of white phosphorus in 
different solvents, moreover, is greater? than that of violet phos- 
phorus; and, as we shall find later, the solubility of the metastable 
form is always greater than that of the stable. 

The vapour pressure of fused violet phosphorus has also been 
determined by Smits and Bokhorst”* not. only at temperatures above 
the triple point for solid —liquid—vapour, but also at temperatures 
considerably below this. The values found are contained in the 


following table: 


VAPOUR PRESSURE OF LIQUID VIOLET PHOSPHORUS. 


Pressure. 
ome T emperature. 
AD \ep 


It will be observed that the measurements of vapour pressure of 


liquid violet phosphorus do not extend below 504° since it crys- 
tallises spontaneously below that temperature, nor those of liquid 
white phosphorus above 409.3° because the transformation of white 
to red becomes so rapid above this temperature that the pressure 
measured is that of the stable (solid) violet or rather of a red 
mixture containing violet. In other words, there exists a gap of 
about 100° in the measurements. Nevertheless it can be shown 
that these two sets of measurements belong to the same curve, if 
the results are plotted in the form of the equation, log p = 
A - B/T - ClogT. This was done by Smits and Bokhorst and the 
fact that both sets of measurements lie on the same smooth curve 
is accepted as evidence that molten violet and molten white phos- 
phorus give rise to identical liquids (at the same temperature), 
According to Macrae and Voorhis?°, who determined the Vapour 
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pressure of liquid phosphorus in the range 44,1° to 150° with great 
accuracy, the constants of the equation proposed by Smits and 
Bokhorst do not reproduce their measurements, but give values 
from 30 to 60% too low. They therefore propose the equation 

log,9 p(mm. Hg) = 11.5694 - 2898.1/T - 1.2566 log;) T 
as representing with reasonable accuracy both their own results 
and those of Smits and Bokhorst. They agree, however, that the 
vapour pressure of liquid violet and liquid white phosphorus can be 


represented by a single smooth curve. 


FIG. 16. 


Taking into account the different facts set out above, we may 
represent the equilibrium conditions of the system phosphorus by 
the diagram, Fig. 16. 

In this figure FD represents the conditions of equilibrium of 
the univariant system, violet phosphorus and vapour, which ends at 
D, the triple point for solid—liquid—vapour, or the melting-point of 
violet phosphorus under the pressure of its own vapour. This point, 
according to Smits and Bokhorst, 7° lies at 589.5° and a pressure 
of 43.1 atm. According to Marckwald and Helmholz, 7° the me lting- 
point is 592.5° + 0.5. 

This triple point is the point of intersection of the three univari- 
ant systems solid—vapour (curve FD), liquid—vapour (curve DE), 
solid—liquid (curve DI). The values -of the vapour pressures of solid 
and of liquid violet phosphorus are givenin the tables on pp. 7] and 
72, The curve DE willend abruptly at the critical point of liquid phos- 
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phorus. The critical temperature was found by W.A. Wahl?” to 
lie at 695° C.; and from the course of the vapour-pressure curve, 
Smits and Bokhorst?® have calculated that at this temperature the 
pressure (critical pressure) would be 82.2 atm. According to 
Marckwald and Helmholz, the critical temperature is 720.6° at 
which temperature the pressure would be 101.3 atms., according to 
the equation of Macrae and Voorhis. 

It has been found possible to follow the vaporisation curve of 
(supercooled) liquid phosphorus downwards to more than 80° below 
the triple point. 

The course ofthe curve DI hasnot yet been determined, but from 

oretical considerations (see p. 22), this curve must slope slight- 
ly to the right; that is, increase of pressure will raise the melting- 
point of violet phosphorus. 

As has already been stated, two forms of white phosphorus are 
known which show a transition point under atmospheric pressure at 
-76.9°. This is represented by the point B in the equilibrium dia- 
gram. This transition point is raised by pressure, as is shown by 
the following data determined by Bridgman: 


Pressure. Pressure. 
Kem. per sq. cm. Temperature. Kgm. per sq. cm. Temperature. 


9,000 
11,000 
12,000 


Increase of pressure by ] atm. raises the transition point by 
about 0,012°. The transition curve, BG, therefore, slopes away 
from the pressure axis. 

When white phosphorus is heated to AAR Oo ae melts.7? At this 
point, therefore, marked C in our diagram, we have another triple 
point, white phosphorus — liquid— vapour; the pressure at this 
point has been calculated to be 0.181 mm?” This point is the 
intersection of three curves, viz. the sublimation curve, vapori- 
sation curve, and the fusion curve of white phosphorus. The fusion 
curve, CH, has been determined by Tammann®! and by G. A. 


32 : : 
Hulett,“ “ and it was found that increase of pressure by 1 atm, 
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raises the melting-point by 0.029°. Some of the values obtained are 
as follows: 

Pressure in atm, 1 50 150 250 300 

Melting-point 44,10° 45.50° 48.45° 51.33° .52.80° 

From these data it follows that the melting-point curve, CH, 
slopes more to the right than does the transition curve, BG. The 
sublimation curves, AB and BC, for the two crystalline forms of 
white phosphorus, have not been determined. 

As can be seen from the tables of vapour pressures (pp. 7] and 
72), the vapour pressure of molten white phosphorus has been de- 
termined up to 409°, and that of molten violet phosphorus (super- 
cooled) down to a temperature of 504°, leaving a gap of about 100° 
in which vapour pressures could not be determined. From the 
course of the two vapour-pressure curves, however, it is certain 
that we are dealing with two parts of a continuous vapour-pressure 
curve;°° and we must therefore conclude that molten white phos- 
phorus is supercooled violet phosphorus. The vapour pressure 
curve CDE is therefore continuous. 

When white phosphorus is heated at 200° under a pressure of 
12,000 kgm. per sq. a ae or at room temperature under a pressure 
of 35,000 kgm. per sq. em., °° transformation takes place into an- 
other allotropic modification known as black phosphorus. This 
forms a black crystalline solid, insoluble in carbon disulphide. It 
can be ignited with difficulty with a match, its ignition temperature 
in air being about 400°. It differs from the other forms of phos- 
phorus in being a conductor of electricity, Its density is very high, 
being 2.6—2.7 as against 1.83 for white and 2.34 for red phos- 
phorus. All three varieties when heated give a vapour composed of 
P, molecules, which condenses to white phosphorus. At lower 
temperatures (100° in a vacuum), the vapour of red phosphorus 
condenses unchanged. These facts seem to indicate that white 
phosphorus is composed of more or less loosely-bound P, mole- 
cules, from which the more complex structures of violet and black 
phosphorus are produced. Measurements of the viscosity of liquid 
(white) phosphorus indicate that association of the P, molecules 
sets in below 45°°°, and X-ray examination of the crystal struc- 
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tures of black and violet phosphorus shows them to be somewhat 
similar, the black phosphorus, however, possessing a more metallic 
structure. °” 

We have already seen inthe case of water (p. 61) that the vapour 
pressure of supercooled water is greater than that of ice, and that 
therefore it is possible, theoretically at least, by a process of dis- 
tillation, to transfer the water from one end of a closed tube to the 
other, and to condense it there as ice. On account of the very small 
difference between the vapour pressure of supercooled water and 
ice, this distillation process has not been experimentally realised. 
In the case of phosphorus, however, where the difference in the 
vapour pressures is comparatively great, it has been found possible 
to distil white phosphorus from one part of a closed tube to another, 
and to condense it there as red phosphorus; and since the vapour 
pressure of red phosphorus at 350° is less than the vapour pressure 
of white phosphorus at 200°, it is possible to carry out the distilla- 
tion from a colder part of the tube to a hotter, by having white phos- 
phorus at the former and red phosphorus at the latter. Such a 
process of distillation has been carried out by Troost and 
Hautefeuille between 324° and 350°.°° 


Liquid Crystals or Anisotropic Liquids. 


Phenomena Observed. In 1888 it was discovered by Reinitzer 
that the two substances, cholesteryl acetate and cholestery] ben- 
zoate, possess the peculiar property of melting sharply at a def- 
inité temperature to milky liquids; and that the latter, on being fur- 
ther heated, suddenly become clear, also at a definite temperature. 
Other substances, more especially p-azoxyanisole and p-azoxy- 
phenetole, were, later, found to possess the same property of hav- 
ing apparently a double melting point. On cooling the clear liquids, 
the reverse series of changes occurred, 

The turbid liquids which were thus obtained were found to 
possess not only the usual properties of liquids (such as the prop- 
erty of flowing and of assuming a perfectly spherical shape when 
suspended in a liquid of the same density), but also those proper- 
ties which had hitherto been observed only in the case of solid 


crystalline substances, viz. the property of double refraction and of 
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giving interference colours when examined by polarised light; the 
turbid liquids are anisotropic. To such liquids, the optical proper- 
ties of which were discovered by O. Lehmann, the name liquid 
crystals, or crystalline liquids, was given. Since the term ‘‘crystal”’ 
implies the existence of a definite space lattice, which is not found 
in the case of ‘‘liquid crystals,’’ it is perhaps better to use the term 
‘*anisotropic liquids,’’ or mesomorphous state. 

Equilibrium Relations in the Case of Liquid Crystals, Whatever 
the exact nature of the mesomorphous state may be, it is a well es- 
tablished fact that the transition from the mesomorphous to the 
amorphous liquid state takes place sharply at a definite temperature 
when the pressure is constant, and that the temperature of transition 
varies with the pressure. The equilibrium conditions, therefore, 
may be represented by a diagram similar to that employed in the 
case of enantiotropic substances, e.g, sulphur (p. 66). These equi- 
libria have been but little investigated in recent years; and deter- 
minations of the vapour pressure in the neighbourhood of the trans- 
ition point, more especially, are lacking. 

In Fig. 17 there is given a diagrammatic representation of the 
relationships found in the case of p-azoxyanisole, °° 
Although the vapour pressure of the substance, in the solid or 
liquid state, has not been 
determined, it will be under- 
stood from what we have al- 
ready learned, that the 
curves AO, OB, BC, repre- 
senting the vapour pressure 
of solid crystals, liquid 
crystals, isotropic liquid, 
must have the relative posi- 


tions shown in the diagram. 


Point O, the transition point 
of the solid into the liquid 


FIG. 17. 


crystals, lies at 118.27°, and the change of the transition point 
with the pressure is + 0.032° for 1 atm. The transition curve OF 
slopes, therefore, slightly to the right. The point B, the melting- 
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point of the liquid crystals, lies at 135.85°, and the melting-point 
is raised 0,0485° by increase of pressure of ] atm. The curve BD, 
therefore, also slopes to the right, and more so than the transition 
curve. In this respect azoxyanisole is different from sulphur. 

The areas bounded by the curves represent the conditions for the 
stable existence of the four single phases, solid crystals, liquid 
crystals, isotropic liquid, and vapour. 

Some of the substances hitherto found to form liquid crystals 


are:*° 


Transition 
point 


Substance. 


Cholesteryl benzoate 
Azoxyanisole 
Azoxyphenetole 


Condensation product from perizeldehaide sc benzidine . 


Azine of p-oxyethylbenzaldehyde : . 
Condensation product from p-tolylaldehyde and benzidin 
p-Methoxycinnamic acid 


The question of the structure of liquid crystals is one of great 
complexity“! but it must not be supposed that they occur only rarely 
or that they are of no practical importance. Common soap solutions 


exhibit the mesomorphous state, under certain conditions. +? 


Ammonium Nitrate 


Ammonium nitrate exists in five distinct crystalline forms 
under ordinary pressure. These are distinguished by the Roman 
numerals I, II, II], IV and V. All five forms are stable over 
certain ranges of temperature and the phenomenon is therefore 
that of enantiotropy. Four transition temperatures therefore exist, 
form I being stable at the melting-point. According to Hendricks, 
Posnjak and Kracek,*® the regions of stability are as follows: from 
the melting point (about 169°) to 125.2°, formI; from 125.2° to 
84.2°, form II; from 84.2° to'32.3°, form III; from 32.3° to -18° 
form [V; from -18° downwards, form V. Bridgman** has investi- 
gated the effect of pressure on these transition points, that is, he 
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has followed up the transition curves. Fig. 18 reproduces his re- 
sults schematically, After the discussion of the water diagram, this 
diagram will be readily comprehensible. 

It is interesting to notice that the transition can be greatly 
altered by admixture with isomorphous impurity, that is, with a sub- 
stance which is capable of forming solid solutions with at least one 
of the crystalline modifications of ammonium nitrate. The effect was 
first noticed by Wallerant*® and studied in detail by Campbell and 
Campbell *®. The cause of the effect is discussed later. (See 
p- 170). 


200 


Temperature °C 
S, 


4 
OC, 


0 2 a 6 8 10 le 
Pressure in 10° Kgm./s9. cm. 


Regions of Existence of the NH4NO; 
Modifications 
Fig. 18 
Extensive studies of allotropy under high pressure have been 


carried out by Bridgman.‘’ He thus finds that the following ele- 


ments possess more than one solid form: bismuth (4 forms), thallium 
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(3 forms), tellurium (3 forms), gallium (3 forms). The following ele- 
ments appeared to exist inonly one form under pressure: Li, K, Ca, 
Cd, Mg, Ba, In, C, Ge, Sn, Pb, P (the dense black form), As, Sb;:S, 
Se. Of 90 inorganic compounds, 35 were shown to exhibit allotropy. 
It must not be supposed, however, that these modifications are only 
capable of existence under high pressure. On the contrary, Bridgman 
deduces from the form of the transition line that allotropy (under at- 


mospheric pressure) must be a common phenomenon at absolute zero. 
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SECTION 3: TWO-COMPONENT SYSTEMS 


CHAPTER V 


In the preceding pages there has been studied the behaviour of 
systems consisting of only one component, or systems in which all 
the phases, whether solid, liquid, or vapour, have the same chem- 
ical composition :(p. 11). In some cases, as, for example, in the 
case of phosphorus and sulphur, the component was an elementary 
substance; in other cases, however, e.g. water, the component was 
a compound. The systems which we now proceed to study are char- 
acterised by the fact that the different phases have no longer all the 
same chemical composition, and cannot, therefore, according to def- 
inition, be considered as one-component systems. 

In most cases, little or no difficulty will be experienced in 
deciding as to the number of the components, if the rules given on 
pp- 10 and 11 are borne in mind. If the composition of all the phases, 
each regarded as a whole, is the same, the system is to be regarded 
as of the first order, or a one-component system; if the composition 
of the different phases varies, the system must contain more than 
one component. If, in order to express the composition of all the 
phases present when the system is in equilibrium, two of the consti- 
tuents participating in the equilibrium are necessary and sufficient, 
the system is one of two components. Which two of the possible 
substances are to be regarded as components will, however, be to 
a certain extent a matter of arbitrary choice. 

The principles affecting the choice of components will best be 
learned by a study of the examples to be discussed in the sequel. 

Different Systems of Two Components. Applying the Phase 
Rule 


F=C-P+2 
84 
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to systems of two components or binary systems (C = 2), we see 
that in order that the system may be invariant, there must be four 
phases in equilibrium together. Two components in three phases 
constitute a univariant, two components in two phases a bivariant 
system. In the case of systems of one component, the highest 
degree of variance found was two (one component in one phase); 
but, as is evident from the formula, there is a higher degree of free- 
dom possible in the case of two-component systems. Two com- 
ponents existing in only one phase constitute a trivariant system, 
or a system with three degrees of freedom. In addition to the pres- 
sure and temperature, therefore, a third variable factor must be 
chosen, and as such there is taken the concentration of the com- 
ponents, In systems of two components, therefore, not only may 
there be change of pressure and temperature, as in the case of one- 
component systems, but the concentration of the components in the 
different phases, or the composition of the phases, may also alter; 
a variation which does not occur with one-component systems. 
Since a two-component system may undergo three possible inde- 
pendent variations, we should require for the graphic representation 
of all the possible conditions of equilibrium a system of three co- 
ordinates in space, three axes being chosen, say, at right angles to 
one another, and representing the three variables — total pressure, 


temperature, and concentration of components (Fig. 19), A curve 


¢ 
Fig. 19 


(e.g. AB) in the plane containing the pressure and temperature 
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axes will then represent the relationship between pressure and 
temperature, the total concentration remaining unaltered (such a 
diagram is known as an isopleth or p-t diagram); one in the plane 
containing the pressure and concentration axes (eg, “AF or DF); 
representing the change of pressure with concentration, the temper- 
ature remaining constant (an isotherm or p-c diagram); * one in the 
plane containing the concentration and the temperature axes, the 
simultaneous change of these two factors at constant pressure being 
represented (an isobar or t-c diagram). ” Any line (e.g. FG, or GH, 
or GI) situated in the space within the two planes, will represent 
the simultaneous variation of the three factors —pressure, temper- 
ature, concentration. Although we shall at a later point make some 
use of these solid figures, we shall for the most part consider, in 
any given case, the variation of only two of the variables pressure, 
temperature and concentration, and shall employ, therefore, the 
simpler plane diagram. It should, however, be borne in mind that 
no one plane diagram can give a complete representation of behav- 
lour. 

The number of different systems which can be formed from two 
components, as well as the number of the different phenomena which 
can there be observed, is much greater than in the case of one com- 
ponent. In the case of no two substances, however, have all the 
possible relationships been studied; so that for the purpose of gain- 
ing an insight into the varied behaviour of two-component systems, 
a number of different examples will be discussed, each of which 
will serve to give a picture of some of the relationships. 

Although the strict classification ofthe different systems accord- 
ing to the Phase Rule would be based on the variability of the sys- 
tems, the study of the many different phenomena, and the correlation 
of the comparatively large number of different systems, will probably 
be rendered easiest by grouping these different phenomena into 
classes, each of these classes being studied with the help of one 
or more typical examples. The order of treatment adopted here is, 
of course, quite arbitrary; but has been selected from considera- 


tions of simplicity and clearness, 
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Classification and Order of Treatment. 


For the discussion of the equilibria occurring in two-component 
systems, the following classification of systems, which also gives 
the order in which they will be discussed, has been adopted; 

A. Two Liquid Phases only. 

B. Liquid and Vapour Phases only. 

I. Completely miscible liquids. 
Il. Partially miscible liquids. 
III. Immiscible liquids. 
C. Solid and Liquid Phases only. 
I. The components are completely miscible in the liquid 
state. 
(a) The only solid phases are the pure components, 
(b) Compounds are formed with a congruent melting- 
point. 
(c) Compounds are formed with an incongruent melt- 
ing-point. 
(d) Solid solutions or mix-crystals are formed. 
II. The components are not completely miscible in the lig- 
uid state, 
D. Solid and Gas Phases only. 
J. The two components are gases and give rise to a solid. 
II. The two components are volatile solids, which 
(a) do not form compounds, 
(b) do form compounds, 
(c) form solid solutions. 
III. Only one component is volatile. 
(a) Solid compounds can form. 
(b) i. Solid solutions can form but not solid com- 
pounds, 
ii, Solid solutions as well as solid com- 
pounds can form. 
iii. Two series of solid solutions can form. 
E. Combinations of the preceding. 
F. Solid, liquid and gas phases coexist. 


G. Dynamic allotropy and pseudobinary systems. 
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Solutions. In the case of the equilibria studied in the previous 
chapters, the different phases consisted of a single substance of 
definite composition or a definite chemical individual. 

But this invariability of the composition is by no means imposed 
by the Phase Rule; on the contrary, it will be found that in the equi- 
libria now to be studied the participation of phases of variable com- 
position is in no way excluded. To such phases of variable com- 
position there is applied the term solution. A solution, therefore, is 
defined as a phase of variable composition. 

It will be understood from the definition just given that the term 
solution is not restricted to any particular physical state of sub- 
stances, but includes within its range not only the liquid, but also 
the gaseous and solid states. We may therefore have solutions of 
gases in liquids, and of gases in solids; of liquids in liquids or in 
solids; of solids in liquids, or of solids in solids. Solutions of 
gases in gases are, of course, also possible; since, however, gas 
solutions never give rise to more than one phase, their treatment 
does not come within the scope of the Phase Rule, which deals with 
heterogeneous equilibria. 

It should also be emphasised thatthe definition of solution given 
above neither creates nor recognises any distinction between sol- 
vent and dissolved substance (solute); and, indeed, a too persist- 
ent use of these terms and the attempt permanently to label the one 
or other of two components as the solvent or the solute, can only 
obscure the true relationships and aggravate the difficulty of their 
interpretation. In all cases it should be remembered that one is 
dealing with equilibria between two components (we confine our 
attention in the first instance to such), the solution being consti- 
tuted of these components in variable and varying amounts. The 
change from the case where the one component is in great excess 
(ordinarily called the solvent) to that in which the other component 
predominates, may be quite gradual, so that it is difficult or impos- 
sible to say at what point the one component ceases.to be. the sol- 


vent and becomes the solute. The adoption of this stand-point need 
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not, however, preclude one from employing the convertional terms 
solvent and solute in ordinary language, especially when reference 
is made only to some particular condition of equilibrium of the sys- 
tem, when the concentration of the two components in the solution 


is widely different. 


NOTES 


1. Referred to also as the p-x diagram, where x is the relative amount 


of one of the components. 


2. Also called the t-x diagram. 


CHAPTER VI 
A. SYSTEMS CONSISTING OF TWO LIQUID PLEASES ONLY 


When mercury and water are brought together, the two liquids 
remain side by side without mixing. Strictly speaking, mercury un- 
doubtedly dissolves to a certain extent in the water, and water no 
doubt dissolves, although to a less extent, in the mercury; the 
amount of substance passing into solution is, however, so minute, 
that it may, for all practical purposes, be left out of account, so 
long as the temperature does not rise much above the ordinary. ! 
On the other hand, if alcohol and water be brought together, com- 
plete miscibility takes place, and one homogeneous solution is ob- 
tained. Whether water be added in increasing quantities to pure 
alcohol, or pure alcohol be added in increasing amount to water, 
at no point, at no degree of concentration, is a system obtained 
containing more than one liquid phase. At the ordinary tempera- 
ture, water and alcohol can form only two phases, liquid and 
vapour. If, however, water be added to ether, or if ether be added 
to water, solution will not occur to an indefinite extent; but a 
point will be reached when the water or the ether will no longer 
dissolve more of the other component, and a further addition of 
water on the one hand, or ether on the other, will cause the forma- 
tion of two liquid layers, one containing excess of water, the other 
excess of ether. We shall, therefore, expect to find all grades of 
miscibility, from almost perfect immiscibility to perfect miscibility, 
or miscibility inall proportions. In cases of complete immiscibility 
the components do not affect one another, and the system therefore 
remains unchanged. We shall concern ourselves first with the second 
and third cases, viz. with cases of complete and of partial miscibility. 


There is no essential difference between the two classes, for, as we 


aon 


SYSTEMS CONSISTING OF TWO LIQUID PHASES ONLY 91 


see, the one passes into the other with change of temperature, The 
formal separation into two groups is based on the miscibility rela- 
tions at ordinary temperatures. 

Ideal Solutions and Raoult’s Law. When we seek for the reason 
why some liquid pairs are miscible in all proportions (consolute), 
while others are only partially miscible or completely immiscible, 
we find aclose connection with the applicability or non-applicability 
of Raoult’s law. According to this law, the partial pressure of a 
liquid in a liquid mixture is connected with its vapour pressure in 


the pure state, at the same temperature, by the relation 


Pa =Napa, 

where Pa is the partial pressure of A, p% its vapour pressure in the 
pure state, and N, its mole fraction. If both constituents of a binary 
liquid mixture obey Raoult’s law, the mixture is said to be ideal. 
If the actual partial pressure of one component is greater than that 
calculated from Raoult’s law, that component is said to exhibit a 
positive deviation from Raoult’s law. If one component of a binary 
mixture exhibits positive deviation from Raoult’s law, then it is 
theoretically necessary that the other component must also exhibit 
positive deviation, so that the system as a whole may be said to 
deviate positively from Raoult’s law. As will be seen when the 
vapour phase is considered (Chapter VII), either positive or neg- 
ative deviations from Raoult’s law tend to produce what may be 
called abnormalities on the vapour pressure and boiling point curves 
of liquid mixtures. When the positive deviations are very large, the 
phenomenon of partial miscibility occurs. 

Partial or Limited Miscibility. In accordance with the Phase 
Rule, a pure liquid in contact with its vapour constitutes a univar- 
iant system. If, however, a small quantity of a second substance is 
added, which is capable of dissolving in the first, a bivariant sys- 
tem will be obtained; for there are now two components and, as be- 
fore, only two phases——the homogeneous liquid solution and the 
vapour. At constant temperature, therefore, both the composition of 
the solution and the pressure of the vapour can undergo change; or, 
if the composition of the solution remains unchanged, the pressure 


and the temperature can alter. If the second (liquid) component is 
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added in increasing amount, the liquid will at first remain homo- 
geneous, and its composition and pressure will undergo a continu- 
ous change; when, however, the concentration has reached a def- 
inite value, solution no longer takes place, and two liquid phases 
are produced. Since there are now three phases present, two liq- 
uid phases and vapour, the system is univariant; at a given tem- 
perature, therefore, the concentration of the components in the two 
liquid phases, as well as the vapour pressure, must have definite 
values. Addition of one of the components, therefore, cannot alter 
the concentrations or the pressure, but can only cause a change in 
the relative amounts of the phases. 

In actual practice it is often, though not always, convenient to 
operate under constant (atmospheric, for instance) pressure. Under 
these circumstances, it is said that the application of a pressure 
greater than the vapour pressure causes the vapour phase to dis- 
appear, thus reducing the number of phases by one but, since the 
use of a fixed arbitrarily chosen pressure has used up one degree 
of freedom, the freedom of the system remains the same as if the 
system were in equilibrium with its vapour. Obviously, however, if 
the constant pressure is produced, as it usually is, by having an in- 
different gas present, the vapour phase still exists under its own 
partial pressure and, again, the same degree of freedom results since 
the equilibrium (partial) pressure is now variable. Nevertheless, 
there is a fundamental difference between the two cases in one of 
which the vapour phase is actually caused to disappear (for instance 
by means of a solid piston pressing on the liquid surface) and that 
in which the total pressure is kept constant (for instance, by having 
air present under the piston) but the partial pressure of the system 
allowed to vary. A somewhat similar difference exists between the 
cases of a pure liquid in contact only with its own vapour, and in 
contact with its own vapour and an indifferent gas. In the latter 
case, a well-known thermodynamic equation shows that the two 
vapour pressures are not the same and may even differ considerably 
if the pressure of the indifferent gas is very great. In the same way, 
with mixtures of liquids the pressures (and compositions) are not 


quite the same under constant total pressure as they would be under 
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variable equilibrium pressure, but as with the analogous pure liquid 
vapour pressure, the difference is quite negligible, unless either the 
constant external pressure or the vapour pressure is very great. 

The two liquid phases can be regarded, the one as a solution of 
the component I. in component II., the other as a solution of com- 
ponent [I]. in component J. If the vapour phase be removed and the 
pressure on the two liquid phases be maintained constant (say, at 
atmospheric pressure), the system will still be univariant, and to 
each temperature there will correspond a definite concentration of 
the components in the two liquid phases; and addition of excess of 
one will merely alter the relative amounts of the two solutions. As 
the temperature changes, the composition of the two solutions will 
change, and there will therefore be obtained two solubility curves, 
one showing the solubility of component J. in component I[I., the 
other showing the solubility of component [I]. in component I. Since 
heat may be either evolved or absorbed when one liquid dissolves 
in another, the solubility may diminish or increase with rise of 
temperature (principle of Le Chatelier, p. 22). The two solutions 
which at a given temperature coexist in equilibrium are known as 
conjugate solutions. 

Phenol and Water. When phenol is added to water at the ordinary 
temperature, solution takes place, and a homogeneous liquid is pro- 
duced. When, however, the concentration of the phenol in the solu- 
tion has risen to about 7 per cent., phenol ceases to be dissolved; 
and a further addition of it causes the formation of a second liquid 
phase, which consists of excess of phenol and a small quantity of 
water. In ordinary language it may be called a solution of water in 
phenol. If now the temperature is raised, this second liquid phase 
will disappear, and a further amount of phenol must be added in or- 
der to produce a separation of the liquid into two layers. In this 
way, by increasing the amount of phenol and noting the temperature 
at which the two layers disappear, the so-called solubility curve of 
phenol in water can be obtained.” The solubility increases with 
rise of temperature. 

In a similar manner the solubility of water in liquid phenol can 


be determined, and in this case also, it is found, the solubility in- 


94 THE PHASE RULE 


creases with rise of temperature. 
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Since, with rise of temperature, the concentration of water in the 


Fig. 20 


phenol layer, and, similarly, the concentration of phenol in the 
aqueous layer increase, the composition of the two solutions must 
become more and more nearly the same, and at a certain temperature 
the two solutions become identical. At this point, the two liquid 
solutions pass into one homogeneous solution. The temperature, 
however, at which two phases become identical is known as a crit- 
ical temperature, and, accordingly, the temperature at which two 
conjugate solutions become identical is known as the critical solu- 
tion temperature. The composition of the solution at this point may 
be called the critical composition, One may also speak of the con- 
solute concentration of the solution. 

The mutual solubility of phenol and water has been determined 
by a number of investigators.® The values obtained by Campbell 
and Campbell, who determined by direct analysis the compositions 
of conjugate solutions, are given in the following table and repre- 
sented diagrammatically in Fig. 20. The compositions of a pair of 


conjugate solutions have been joined by a line, known as a tie-line. 
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The use of such tie-lines to designate compositions of co-existing 
phases is common throughout Phase Rule work. The region in which 
only one liquid phase exists is designated “homogeneous”, while 
the ‘‘heterogenous’”’ region refers to the coexistence of two liquid 


phases. 
Phenol and Water. 


C, and C, are the percentage amounts of phenol by weight inthe 
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mean”’ gives the arithmetic mean of C, 


On plotting these results, as shown in Fig, 20, the critical solu- 
tion temperature is found to be 66.8°, but the critical concentration 
is not so easily found since the curve is very flat in the neighbour- 
hood of the critical temperature. If, however, we plot the figures 
given under the Heading ‘‘mean”’, that is the mean values of the 
compositions of the two conjugate solutions, a straight line is al- 
ways obtained, which passes through the critical composition at 
the critical temperature. In this way the value 34,5 percent phenol 
is obtained for the critical composition. This ‘‘law of the rectilinear 
diameter’’ as applied to partially miscible liquid pairs is obviously 
an analogue or extension of the corresponding law of Cailletet and 
Mathias on critical phenomena in the liquid-gas equilibrium. At any 
temperature below the critical solution temperature, two conjugate 
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solutions containing water and phenol in different concentration can 
exist together; at all temperatures above the critical solution tem- 
perature, only homogeneous solutions of phenol and water can be ob- 
tained. Above the critical solution temperature, phenol and water 
are miscible in all proportions. 

From Fig. 20 it is easy to predict the effect of bringing together 
water and phenol in any given quantities at any temperature. When 
phenol and water are brought together in amounts and at any temper- 
ature represented by a point in the area enclosed by the solubility 
curve, separation into two liquid layers will take place, whereas, 
when the total composition of the mixture and the temperature are 
represented by a point lying outside the solubility curve, only one 
homogeneous solution will be formed. 

An important practical question is: given a mixture of fixed com- 
position and temperature lying within the region of heterogeneity, 
what are the compositions of the conjugate liquids and how much of 
each is produced? The former question is easily answered: it is 
only necessary to draw the tie-line through the plotted point, paral- 
lel to the axis of composition and the ordinates corresponding to the 
points of intersection of the tie-line with the boundary curve give 
the compositions of the two layers. The latter question can be an- 
swered graphically by measuring the distances along the tie-line 
from the plotted point to the boundary curve. Then the relative pro- 
portions of the two solutions are inversely as these intercepts. It 
is probably more accurate, however, to do this arithmetically by 
application of the mixture rule. For example, suppose we have a 
mixture of phenol and water, whose total composition is 50.0 per 
cent phenol, at a temperature of 38.8°. Then the data of the table, 
or Fig. 20, indicate that the two liquids formed have the respective 
compositions 7.8 and 66.6 per cent phenol. Let x be the weight of 
aqueous layer in 100 grams of the mixture and therefore 100 - x the 
weight of phenolic layer. Then obviously 


x{7.8/100) + (100 - »)(66.6100) = 50 
Whence x results as 28.3, that is, 100 grams of total mixture give 


rise to 28.3 grams of aqueous layer and 71.7 grams of phenolic 
layer, or 28.3 x 0.078 = 2.2 grams of phenol are present in the 


SYSTEMS CONSISTING OF TWO LIQUID PHASES ONLY 97 


aqueous layer and 71.7 x 0.666 = 47.8 grams of phenol in the 
phenolic layer. 

It should be noted that diagrams such as Fig. 20 do not give a 
complete representation of the behaviour of the system, since any 
liquid, if cooled sufficiently, will eventually solidify. Except 
where the region of partial miscibility is bounded by a closed curve, 
the curve of partial miscibility will eventually with falling temper- 
ature be intersected by curves representing the stable existence of 
solid phases, This is the case with phenol— water, where the par- 
tial miscibility curve is limited on both sides by the occurrence of 
solid phenol. At a still lower temperature, the eutectic temperature, 
ice also makes its appearance. [n addition, in the truly (thermody- 
namically) stable system, a solid compound of phenol and water 
exists *, although this compound never makes its appearance unless 
special precautions are taken, All this will be unintelligible to the 
reader until he has read the later sections, but the question is 
raised here because students, studying a partial miscibility curve 
in the laboratory, frequently ask ‘‘where the curve gets to’’, with 
falling temperature. 

Methylethylketone and Water. In the case of phenol and water, 
the solubility of each component in the other increases continuously 
with the temperature. There are, however, cases where a maximum 
or minimum of solubility is found, e.g. methylethylketone and water. 
The curve which represents the equilibria between these two sub- 
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stances is given in Fig. 21, which shows clearly the occurrence of 
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a minimum in the solubility of the ketone in water, and also a min- 
imum (at about 10°) in the solubility of water in methylethylketone. 
Minima of solubility have also been found in other cases. 

Triethylamine and Water. Although in most of the cases studied 
the solubility of one liquid in another increases with rise of temper- 
ature, this is not so in all cases. Thus, at temperatures below 18°, 
triethylamine and water mix together in all proportions; but, on rais- 
ing the temperature, the homogeneous solution becomes turbid and 
separates into two layers. In this case, therefore, the critical solu- 
tion temperature is found in the direction of lower temperature, not 
in the direction of higher.” This behaviour is clearly shown by the 
graphic representation in Fig. 22, and also by the numbers in the 
following table: 


TRIETHYLAMINE AND WATER. 


Completely Closed Solubility Curves. From the preceding dis- 
cussion it will be clear that the solubility curve of two partially 
miscible liquids may show either an upper or a lower critical solu- 
tion temperature. Where there is an upper critical solution temper- 
ature, the open ends of the solubility curve end at invariant points, 
where solid phases occur; in the case of the phenol—water system 
the solid phase is phenol. In the case of liquids having a lower 
critical temperature, the question arises: What will happen when the 
solubility determinations are extended to higher temperatures? 
Since for all liquids there is a point (critical point) at which the 
liquid and gaseous states become identical, and since all gases 
are miscible in all proportions, it has been argued that where there 
is a lower critical temperature there must also be some upper tem- 
temperature at which the liquids will become completely miscible. 


Whether or not this argument is sound, the converse is not; there 
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is no reason to assume that where an upper critical solution tem- 
perature exists there must also exist a lower one. Nevertheless, a 
number of systems are known in which the form of the concentration- 
temperature curve is thatof a closedring,that is,these systems have 
both upper and lower critical solution temperatures. Thus, nicotine 
and water are completely miscible at temperatures below 60° and 
above 210° (Fig. 23),° and closed solubility curves are also given 
by the liquids, water—— £-picoline, water——methyl piperidine, 
glycerol—guiacol, glycerol—benzylethylamine, etc.’ 

The view that the general form of the con- 
centration-temperature curve is that of a closed 
ring is supported by the fact that pairs of liq- 
uids which, under atmospheric pressure, give 
curves exhibiting only a lower or an upper 


critical solution temperature, give closed-ring 


3 


solubility curves when the pressure is in- 


Temperature “C 
8 
ou 


creased (p. 100). Thus, under a pressure of 


8.8. 


150 atmospheres, methylethylketone and water 


give a closed-ring solubility curve with crit- 


S 
ie 2 


rer , ical solution temperatures at -6° and 133°.°® 


ae ae ae ar 

iS With regard to the closed end of the curve, 
aati it may be said that it is continuous. The crit- 
ical solution point is not the intersection of two curves, for such a 
break in the continuity of the curve could occur only if there were 
some discontinuity in one of the phases. No such discontinuity 
exists. The curve is, therefore, not to be considered as two solu- 
bility curves cutting at a point, but a curve of equilibrium between 
two phases which are undergoing continuous change.” 

Influence of Pressure on the Critical Soiution Temperature. If 
the pressure is kept constant and sufficiently large to prevent the 
formation of vapour, the system of two components existing in two 
(liquid) phases, has one degree of freedom, since one degree of 
freedom is used up in the assignment of an arbitrary fixed pressure. 
Hence composition becomes a function of temperature only and the 
behaviour of the system can be represented by a plane curve as has 


been done in the preceding sections. If, however, the condition of 
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constant pressure is given up, then, provided the pressure is al- 
ways great enough to prevent the formation of vapour, the system 
exhibits a variance of two, thus, for instance, composition becomes 
a function of both temperature and pressure. This means that if a 
third axis, of pressure, is added to the plane diagram, the equilib- 
rium curve becomes an equilibrium surface on which tie-lines join- 
ing points of equal temperature and pressure will give the composi- 
tions of equilibrium solutions. The plane diagram is an isobaric 
section of such a model. Since the system is a condensed one, that 
is, itdoes not contain the gas phase, the Clapeyron equation shows 
that the effect of pressure is not great, unless the pressure is great. 

At the critical solution temperature, in an isobaric section, the 
two liquid phases become identical and it might be thought that, 
since there is now only one liquid layer, the degree of freedom 
should increase, but this is fallacious. The additional degree of 
freedom is disposed of by the arbitrary condition that the two layers 
must have identical composition. The critical composition is there- 
fore a function of both temperature and pressure or, in other words, 
both the critical temperature and the critical composition vary with 
pressure, 

Another way of looking at the matter is to consider that at a 
temperature infinitesimally lower than the critical solution temper- 
ature two liquids exist, whose compositions are not identical. The 
arbitrary condition is then given up and the point, unlike any other 
point on the pressure—temperature—composition surface, corres- 
ponds to univariant behaviour. 

The change of the critical solution temperature with the pressure 
depends, accordingtothe principle of Le Chatelier and the equation 
of Clapeyron, on the change of volume which occurs when one of 
the components in the fused state is added to the nearly saturated 
solution,’ [t has been made the subject of experimental investi- 
gation by Kohnstamm and Timmermans, ! ! and some of the results 
obtained are given in the following table (p. 101):: 

From the following table it is clear that the lower critical solu- 
tion temperature is raised, and the upper critical solution tempera- 


ture is lowered, by increase of pressure. Under a pressure of 830 
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WATER AND Sec.-BUTYL ALCOHOL. 


Lower critical 
solution 
temperature. 


kgm. per sq. cm. the two critical solution points coincide. Under 
pressures higher than this, complete miscibility exists at all 
temperatures. A-similar behaviour is found in the case of water 
and methylethylketone. 

Whereas a lower critical solution temperature is always raised 
by increase of pressure, an upper critical solution temperature may 
be either raised or lowered. In the case of water and sec.-buty] al- 
cohol, water and methylethylketone, water and isobutyric acid, the 
upper critical solution temperature is lowered by increase of pres- 
sure; in the case of water and phenol it is raised. 

Influence of Foreign Substances on the Critical Solution 
Temperature. For a given pressure, the critical solution tempera- 
ture is, as we have seen, a perfectly defined point. It is, however, 
altered to a very marked extent by the addition of a foreign sub- 
stance (impurity), which dissolves either in one or in both of the 
partially miscible liquids. Although these systems are really three- 
component systems, and will be discussed more fully at a later 
point, the effect of small additions of a substance to a system of 
two liquid components is of such practical importance, that a 
brief discussion of the regularities observed may be given here. /° 

When the third substance dissolves in only one of the two liq- 
uids, the mutual solubility of the latter is diminished, and the tem- 
perature at which the system becomes homogeneous is raised in 


the case of liquids having an upper critical solution temperature, 
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and lowered in the case of liquids having a lower critical solution 
temperature. The elevation (orthe lowering) of temperature depends 
not only on the nature and amount of the added substance, but also 
on the composition of the liquid mixture. When the two liquids are 
present in the proportions of the critical composition, it is found 
that, for concentrations of the addendum (non-electrolyte) less than 
about 0.1 molar, the elevation (or depression) of the critical solu- 
tion temperature is nearly proportional to the amount added. The 
elevation (or depression) of the critical solution temperature for 
small equi-molecular quantities of different substances is, however, 
not constant, but depends on the nature of the substance added. 14 
In the following tables are given the values for the elevation of the 
critical solution temperature of phenol and water by naphthalene 
(soluble only in phenol) and by potassium chloride (soluble only in 
water). EE represents the ‘‘molecular elevation”? of the critical 


solution temperature: 


WATER—-PHENOL—POTASSIUM 
CHLORIDE. 


WaATER—PHENOL—NAPHTHA- 
LENE. 


Concentration of 
naphthalene. 


Concentration of 
potassium chloride. 


Critical 
solution 
termperature. 


Per cent. 


65°3° 
68:5° 
72:6° 
776° 
82:0° 
89:6° 


According to Duckett and Patterson,’> the elevation of the 
critical solution temperature of phenol and water by salts is the 
sum of two values, depending on the ions; and the anions and 
cations may be arranged, according to their influence, in a series 
which is almost identical with the Hofmeister series (for the coag- 
ulation of egg albumin), 

Owing to the fact that the influence of the added substance on 


the saturation temperature of two liquids depends on the composi- 
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tion of the mixture, the solubility curve becomes distorted, and the 
maximum temperature of saturation is no longer shown by the sys- 
tem in which the two ligq- 
uids are present in amounts 
corresponding with the crit- 
ical composition (Fig. 24). 
6-47% NaCl This point will be further 
discussed in connection 


with three-component sys- 


4-91 % NaCl 


tems. 

Whenthe third substance 
dissolves in both the lig- 
0:99% NaCl uids, the effect on the 
critical solution temperature 
will depend on the relative 
solubility of the added sub- 
stance in the two liquids. 
If the solubility in the two 
Water + phenol liquids is very different, an 


upper critical solution tem- 


perature may still be raised, 
percent. phenol —> 
Fig. 24 


anda lower critical solution 
temperature may be de- 
pressed, although to a much less extent than when the added sub- 
stance is, soluble in only one of the liquids. When, however, the 
solubility of the addendum in the two liquids is of the same order, 
the mutual solubility of the liquids will be increased. Consequent- 
ly, an upper critical solution temperature will be lowered, and a 
lower critical solution temperature will be raised, as is shown by 
the numbers in the following tables (p. 104). 

The very large effect produced by sodium oleate has been 
applied industrially to the production, at the ordinary temperature, 
of a highly concentrated solution of tar-acids (phenol and cresols), 


commonly known as lysol. 
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WATER—PHENOL—SUCCINIC WaTER—PHENOL—SODIUM 
AcID. OLEATE. 


Below eutectic 


16°5° 


25°0° 


NOTES 


1. That mercury does dissolve in water can be argued from analogy, 
say, with mercury and bromonaphthalene. At the ordinary temperature 
these two liquids appear to be quite insoluble the one in the other, but at 
a temperature of 280° the mercury dissolves in appreciable quantity; for 
on heating a tube containing bromonaphthalene over mercury the latter 
sublimes through the liquid bromonaphthalene and condenses on the upper 


surface of the tube. 


2. See Findlay, Practical Physical Chemistry (Longmans). On cooling 
the homogeneous solution, a turbidity generally makes its appearance 
quite sharply at the temperature“at which the line representing the com- 


position of the solution cuts the solubility curve. Supersaturation may, 
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however, take place, and has been observed in the case of nitrobenzene 
and water,and carbon disulphide and water (Davis, J. Amer. Chem. Ses, 
1916, 38, 1166). See also Flaschner, Z. physikal. Chem., 1908, 62, 493; 
Gurtler, Z. anorgan. Chem., 1904, 40, 225. 

3. Timmermans, Z. physikal. Chem., 1907, 58, 184; J. Chim. Phys., 
1923, 20, 491; Hill and Malisoff, J. Amer. Chem. Soc., 1926, 48, 918; 
Campbell and Campbell, J. Amer. Chem. Soc., 1937, 59, 2481. 

4. Rhodes and Markley, J. Physical Chem., 1921, 25, 530. 

5. A similar behaviour is found in the case of diethylamine and water 
(R. T. Lattey, Phil. Mag., 1905[6], 10, 397). See also Rothmund, Z. 
physikal. Chem., 1898, 26, 433; Flaschner, ibid., 1908, 62, 493. 

6. Hudson, Z. physikal. Chem., 1904, 47, 113. 

7. Flaschner, J. Chem. Soc., 1909, 95, 668; Flaschner and McEwen, 
ibid., 1908, 93, 1000; McEwen, ibid., 1923, 123, 2284; Parvatiker and 
McEwen, ibid., 1924, 125, 1484; Cox and Cretcher, J. Amer. Chem. Soc., 
1926, 48, 451; Cox, Nelson and Cretcher, ibid., 1927, 49, 1080. 

8. Kohnstamm and Timmermans, Proc. K. Akad. Wetensch. Amsterdam, 
1913, 915,102. 

9. For a discussion of the equilibria in the case of partially miscible 
liquids, see Buchner, Z. physikal. Chem., 1906, 56, 257. 

10. See Timmermans, Bull. Soc. Chim. Belg., 1909, 23, 433; Acad. R. 
Belg., Classes des Sci., 1919, p. 753. 

11. Kohnstamm and Timmermans, Proc. K. Akad., Wetensch. Amsterdam, 
1913, 15, 1021; Timmermans, Arch. Néerland., 1922 [3], 6, 127; Jour. 
Chim. Phys., 1922, 20, 491. 

12. Under atmospheric pressure, water and sec.-butyl alcohol are only 
partially miscible at all temperatures down to the freezing-point of the 
solution, namely, - 8.45°. A lower critical solution temperature makes 
its appearance only when the pressure is increased. 

13. See Timmermans, Z. physikal. Chem., 1907, 58, 129; Schukareff, 
ibid., 1910, 71, 90. 

14. Timmermans, Z. physikal. Chem., 1907, 58, 129; Drucker, Rec. 
trav. chim., 1923, 42, 552; Boutari and Nabot, Compt. rend., 1923, 176, 
1618; Bailey, J. Chem. Soc., 1923, 123, 2579; Wagner, Z. physikal. 
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Chem., 1928, 132, 273; Dolique, Compt. rend., 1932, 194, 289. 


15. J. Physical Chem., 1925, 29, 294. See also Patterson and Duckett, 


J. Chem. Soc., 1925, 127, 624; Carrington, Hickson and Patterson, tbid., 
1925, 127, 2544; Howard and Patterson, ibid., 1926, pp. 2787, 2791; 


Cernatescu and Papafil, Z. physikal. Chem., 1927, 125, 331; Cernatescu, 
tbid., 1928, 133, 31. 


CHAPTER VII 


B. SYSTEMS CONSISTING Gf LIQUID AND VAPOUR PHASES ONLY 


Henry’s Law. When a gas dissolves in a liquid, a two compo- 
nent system is existing in two phases and it is therefore bivariant. 
If the temperature is fixed, the system becomes isothermally uni- 
variant, that is, the composition of the solution or solubility still 
varies with the pressure: this is a well known experimental fact. 
The direction of variation can be predicted from the principle of 
Le Chatelier. Since the act of solution of a gas in a liquid is nec- 
essarily accompanied by a diminution of volume, the effect of pres- 
sure will always be to increase the solubility of a gas in a liquid. 
The quantitative variation is covered by Henry’s Law. This law 
states that the mass of gas dissolved by a fixed volume of liquid at 
a fixed temperature is proportional to the pressure or, in symbols, 

m = kp 

where m is the mass of gas in grams dissolved by the fixed volume 
of liquid, p is the pressure, and & a constant characteristic of a 
given gas and a given solvent at a given temperature, and known as 
the Henry’s law constant. The constant & must be determined exper- 
imentally. Since the volume of a gas is approximately inversely 
proportional to the pressure, Henry’s law may be stated in the form: 
The volume of a gas, measured under the experimental conditions, 
dissolved by a given mass (or volume) of liquid is independent of 
the pressure. The following table (p. 108) for carbon dioxide in 
water at 25° illustrates the law.! The constancy of the ratio V,/P 
shows that Henry’s law is valid. 

The solubility of a gas ina liquid is expressed either in terms of 
the solubility coefficient (S), i.e. the volume of gas, measured under 
the conditions of the experiment, absorbed by one volume of the 
liquid (see second column), or of the absorption coefficient” (a), i.e. 

107 
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Volume of Gas, measured 
under the k:xperimental 
Conditions, Dissolved by 
1 Volume of Water (V}). 


Pressure in Milli- 
metres of 


Mercury. (P) 


Volume of Gas, measured | y /P 
at §.T.P., Dissolved by : 
1 Volume of Water (V 9). 


the volume of gas reduced to S.T.P., dissolved by one volume of 
liquid under a pressure of one atmosphere. The two coefficients 
are related through the expression 
S = al/273 

where T is the absolute temperature. For gases which obey Henry’s 
law, the value both of the solubility coefficient and of the absorp- 
tion coefficient is independent of the pressure. Strictly speaking, 
Henry’s law is an ideal gas law and therefore only applicable with- 
out error to actual gases at very low pressures. At high pressures 
the law becomes less exact, as shown by the variation of the pro- 
portionality constant. As with other ideal gas laws, the higher the 
temperature and the lower the pressure the more exactly the law is 
obeyed. 

Henry’s law holds fairly accurately for slightly soluble gases 
but marked deviations are found with the very soluble gases, e.g. 
ammonia, hydrogen chloride, etc.,in water. Under constant pressure 
the solubility of a gas will vary with the temperature and usually in 
the sense that the solubility diminishes with rise of temperature. 
There are, however, numerous exceptions to this, particularly when 
the solvent is not water. 

It is often stated that the cause of pronounced deviation from 


Henry’s law is to be sought in chemical combination of the solute 
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gas with the solvent, This is not true, since it is easy to show that 
the occurrence of compound formation will have no influence upon 
Henry’s law, as far as constancy of the ratio of concentrations of 
the gas in the two phases is concerned.* (On the other hand, if the 
solute (the gas) has a different molecular weight in the two phases, 
i.e, if it associates or dissociates inone phase but not in the other, 
obedience to Henry’s law cannot be expected. In fact, Henry’s law 
is a special case of the distribution law, according to which, at 
constant temperature, there is a constant ratio of distribution be- 
tween two phases in equilibrium, for each molecular species, inde- 
pendent of the presence of other types of molecule, whether they are 
in chemical equilibrium with the former or not.* 

Ideal Solutions. When considering the behaviour of actual gas 
we use the behaviour of an ideal gas, a theoretical abstraction, as 
a standard of reference, since the properties of an ideal gas can be 
predicted with certainty. Similarly, when dealing with solutions, we 
imagine an ideal solution whose properties are additively composed 
of those of its components. When two liquids are mixed to give an 
ideal solution, there is no heat exchange with the surroundings, nor 
will any heat exchange result from the dilution of the solution with 
either component. The total volume will be equal to the sum of the 
volumes of the components in the free state, that is the partial molar 
volumes of the components in solution are equal to their molar 
volumes in the free state. In short, any physical property of such a 
solution can be calculated by the mixture rule, i.e. from the molar 
composition and the magnitudes of the property for the components 
in the free state. Finally, ideal solutions must obey Raoult’s law of 
vapour pressures exactly throughout the complete range of concen- 
trations over which they can be considered as ideal. As will be 
seen, the deviation of actual solutions from these conditions varies 
from almost complete compliance to extreme deviation when the two 
liquids form two layers. 

Raoult’s Law. This law permits the calculation, for ideal solu- 
tions, of the partial pressure of any component in terms of its vapour 
pressure inthe pure state at the same temperature. As already seen 


(p. 91) it states that the partial vapour pressure of a constituent of 
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a solution is proportional to the mole fraction of that constituent. In 


symbols 


Pa = Napa; 
where p, and N, are the partial pressure and mole fraction, respec- 
tively, of component A in the solution, and pg is the vapour pres- 
sure of pure A, all at the same temperature. It can be readily shown 
that Henry’s law inthe form given above may be written as p.ojute = 
KNooiute Where K is now a different proportionality constant from 
ks it is, in fact, the value of posture When Neolute. > ly tem tele 
the vapour pressure of the pure liquid solute which we may call 
Psolute: Therefore pgolute = PsoluteN solute — 2% equation iden- 
tical in form to Raoult’s law. In an ideal solution, that is, when- 
ever Raoult’s law holds, it can be shown by thermodynamics” that 


this form of Henry’s law will also hold. 
I. Completely Miscible Liquid Pairs. 


Ideal solutions are defined, among other criteria, as solutions 
which obey Raoult’s law exactly. For such an ideal liquid pair, the 
partial pressure of either component (at constant temperature) can 
therefore be calculated exactly from Raoult’s law, knowing its 
vapour pressure in the pure state and the composition ofthe solution. 
If the total pressure is not very high, Dalton’s law will be obeyed 
and the total pressure will be equal to the sum of the partial pres- 
sures. If for a given temperature the partial pressure is plotted a- 
gainst mole fraction, it is evident from the form of Raoult’s law that 
the graph will be a straight line running from the vapour pressure of 
the pure component at mole fraction unity of that component to zero 
at mole fraction zero. The same will be true of the partial pressure 
of the second component, the straight line graph running from zero 
to the vapour pressure of the pure component. If the sum of the or- 
dinates for given compositions, that is the total pressure, is plotted 
against mole fraction onthe same graph, this total pressure will also 
be represented by a straight line joining the vapour pressures of the 
two pure components. This behaviour is illustrated in Fig. 25 which 
gives the partial and total vapour pressures against molar composi- 
tion (mole fraction or mole per cent), 
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Graphs such as those of Fig. 25 may be called liquid composi- 
tion curves, since they give the composition of liquid correspond- 


Vapour Pressure 


B 


ae 
A Mole Fraction 
Fig. 25 

ing to any given vapour pressure. In general, however, the composi- 
tion of the vapour given off will be different from that of the parent 
liquid, indeed, the form of Raoult’s law shows that this must be so 
unless the two liquids happen to have the same vapour pressure. 
Raoult’s law alsoshows that while the ratio of concentrations in the 
liquid phase is N,/N,, where N, and N, are the respective mole 
fractions, the ratio in the vapour phase is N,p,/N op, (interpreting 
partial pressure as proportional to number of molecules in terms of 
Avogadro’s theorem.); that is, the vapour is always richer than the 
liquid in the more volatile component. [n order, therefore, to repre- 
sent completely the state of affairs, the vapour pressure diagram 
must also show, in addition to the liquid curves, curves of vapour 
composition which will not in general be coincident with the liquid 
curves except for points representing the pure liquids and certain 
other points in special cases. In lig. 25, the vapour composition 
curve is seen to lie just below the total vapour pressure line. In 
this way, a lens-shaped area is formed corresponding to the coex- 


istence of liquid and vapour. A two-component system existing in 
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two phases possesses two degrees of freedom, but since the temper- 
ature is fixed, the area is isothermally univariant: pressure is a 
function of composition only. For a given pressure, the composi- 
tions of both liquid and vapour are fixed and this is expressed 
graphically by drawing horizontal tie-lines connecting the liquid and 
vapour curves. Obviously, any number of such tie-lines can be 
drawn, within the pressure limits of the area. The area above the 
lens-shaped area corresponds to the existence of homogeneous liq- 
uid and that below it to homogeneous vapour, These areas are iso- 
thermally bivariant, since only one phase is present. 

Perhaps the most instructive diagram to discuss, as an introduc- 
tion to the subject, is that in which vapour pressure, total and par- 
tial, is plotted against molar composition. Three types of curve 
are found in practice: (a) the (total) vapour pressure curve is a 
smooth curve, without maximum or minimum. The straight line type 
for the ideal liquid pairs just discussed is a special case of this; 
(b) the vapour pressure curve passes through a maximum; (c) the 
vapour pressure curve passes through a minimum. 

Examples of ideal liquid pairs, whose vapour pressure is repre- 
sented by the straight line relation, are not uncommon. The liquid 
pair ethylene bromide—propylene bromide give such a curve. [In 
general substances tend to give ideal solutions, that is to obey 
Raoult’s law, the more they resemble one another chemically. 
The total vapour pressure P ot such mixtures will, of course, always 
be reproduced by the formula 


DNA Di oo Cl oN) Pais 
where p& and pg are the vapour pressures of the two liquids respec- 
tively, and N, is the mole fraction of component A. 

Raoult’s law would be expected to hold when the molecules of 
one component have no effect on the forces existing between the 
molecules of the other, and conversely. This condition is expressed 
analytically by Galitzine and D. Berthelot in the form of the equa- 


tion 
B19) =y CUS: 
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where aj. represents the van der Waals’ force of attraction between 
molecules of different kinds, and a, and a, the forces between 
molecules of the same kind, If the two components are chemically 
different, the attraction between different types of molecule will not 
comply with the above relationship and Raoult’s law will not be 
obeyed. If the attraction between one type of molecule is much 
stronger than that between another type, i.e. if a,>>>a, or con- 
versely, the tendency will be for the former to force the latter out of 
the liquid phase into that of the vapour, that is the vapour pressure 
will be greater than that calculated from Raoult’s law. This is 
known as a positive deviation from Raoult’s law. It can be shown 
that if one component of a binary mixture exhibits positive devia- 
tion, the other must do so also and the mixture as a whole exhibits 
positive deviation. Hence the total vapour pressure will always be 
greater than that calculated and the curve expressing total vapour 
pressure as a function of composition will lie above the ideal 
straight line joining the vapour pressures of the two pure compo- 
nents. Such a curve may or may not exhibit a maximum, depend- 
ing on the difference in vapour pressure of the pure components and 
the extent of the positive deviation, The case of positive deviation 
without maximhum is comnion and is exemplified by the system: cy- 
clohexane—carbon tetrachloride® at 40° (Fig. 26). In Fig. 26, the 


T= 40 
g 
a 
o 
< 
: 
Cyclohexane ~~ Carbon Tetrachloride 
Mole Fraction 
Fig. 26 


straight lines (broken) represent ideal behaviour. The vapour com- 


position is not shown. 
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If the positive deviation is great, and particularly if the dif- 
ference in vapour pressures of the pure components is not great, a 
maximum may be produced on the vapour pressure curve, as for ex- 
ample, with the system acetone ~carbon disulphide at 35.17° (Fig. 
27).” According to the theorem of Gibbs-Konovalov, if, at constant 


temperature, a certain composition of liquid mixture has a maximum 


Pressure 


Acetone Mole fraction Carbon 
disulphide 
Fig. 27 


or minimum vapour pressure, the equilibrium vapour evolved by this 
liquid must have the same composition as the liquid, that is, the 
curves of liquid and vapour composition must touch tangentially at 
the point of maximum or minimumpressure. (See p. 147 under “‘In- 
different Point’’). In these types, two lens-shaped areas of univar- 
iant behaviour, crossed by tie-lines, are formed; the interpretation 
is the same as in the simple case dealt with previously. 

If the molecules of the two constituents attract one another 
strongly, i.e. if aya y>>>a, or ag, and particularly ifa compound is 
formed to some extent in the liquid, the partial pressure of each 
component, and therefore the total vapour pressure of the mixture, 
will be less than that calculated from Raoult’s law: this consti- 
tutes negative deviation from ideal behaviour. If the effect is ex- 


treme, a minimum may be produced on the curve of total pressure. 


SYSTEMS CONSISTING OF LIQUID AND VAPOUR PHASES ONLY 115 


In accordance with the theorem of Gibbs-Konovalov, liquid and va- 
pour curves touch tangentially at such a point of minimum vapour 
pressure. Fig. 28 shows this behaviour for the system acetone — 
chloroform at 35.17°.” 


Pressure 


Acetone Mole fraction Chloroform 


Fig. 28 


Isothermal Distillation. [f the temperature of a liquid mixture 
is kept constant and the vapour progressively removed, the com- 
position of the liquid will in general alter as the process goes on. 
This procedure is known as isothermal distillation and, though not 
very Common in practice, it can readily be carried out, particularly 
if the vapour pressure is high. As the process continues under con- 
stant temperature, the total vapour pressure must necessarily fall. 
This is contrasted with ordinary distillation in which the pressure 
remains (approximately) constant and the temperature rises during 
distillation. It is perhaps rather easier from the theoretical point 
of view to consider isothermal distillation before proceeding to 
isobaric distillation. 

We consider first a liquid mixture of the type of Fig. 29, of 
which Fig. 26 (p. 113) is an actual example, that is, there is nei- 
ther maximum nor minimum on the vapour pressure curve. A mix- 


ture of the composition a (Fig. 29) will have atotal pressure of lie 
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This pressure is produced ina closed space by the liquid generating 
a vapour of composition b, the composition of the liquid remaining 
essentially unchanged if the vapour space is small and the volume 
of the liquid large. It will be noted that the vapour b is much richer 


c Q de b fF 
A Mole Fraction B 
Fig. 29 


in the more volatile component B than the parent liquid. If now the 
pressure is reduced below P, the liquid will continue to give off 
vapour and, since this vapour is richer in the more volatile compo- 
nent, the residual liquid will become richer in the less volatile A, 
and its composition will move along the curve of vapour pressure 
towards pure A with falling vapour pressure. Suppose distillation is 
continued until the residual liquid has the composition c: it will 
then be giving offan equilibrium vapour of composition d, the total 
vapour pressure having fallen to P,. If the vapour removed has been 
condensed to a liquid, the liquid distillate will obviously have a 
composition somewhere between b and d, say e. If now, e is sub- 
mitted to isothermal distillation in the above manner it will at first 
give rise to a vapour having the composition f, still richer in the 
more volatile component. Obviously, continued fractionation of the 
distillate in this manner will lead eventually to a distillate of pure 


B. Continued removal of the vapour from the residual liquid would 
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also lead to a residue of pure A, but the amount so obtained would 
be very small. In actual practice, residues from volatile distillates 
are mixed with distillates from fractions of lower vapour pressure 
and again submitted to fractionation. In this way, complete sepa- 
ration of the mixture into its two components is theoretically possi- 
ble. 

If there is a maximum on the vapour pressure curve, as in Fig, 
27, complete separation isno longer possible. If a vertical is drawn 
through the maximum, the diagram is divided into two portions each 
of which is a replica of the preceding. In each portion of the dia- 
gram, therefore, separation is possible, by fractional distillation, 
into the mixture having the composition of the maximum as final 
distillate, and a residue of the component in excess, either acetone 
or carbon disulphide in the case of Fig. 27, The solution at this 
maximum is known as the azeotropic or constant boiling mixture. 
The reason for this is obvious: as the distillates approach in com- 
position that of the azeotropic mixture the composition of the vapour 
approximates more and more to that of the liquid until eventually 
these compositions must become identical when the azeotropic 
composition is reached, The azeotropic mixture is not a chemical 
individual, but from the point of view of distillation it behaves as 
if it were, since the composition does not change on boiling. It 
should be ioted that while, at constant temperature, the azeotropic 
mixture does not change its composition on distillation, at some 
other constant temperature the azeotropic composition will in gen- 
eral be different. As will be seen shortly, at constant pressure, the 
azeotropic mixture boils ata constant temperature without change of 
composition, but the azeotropic composition is different under dif- 
ferent pressures. ® 

Similarly, a mixture showing an azeotropic minimum on the va- 
pour pressure curve cannot be separated into its pure components 
by distillation, but only into the azeotropic mixture and the other 
component. In this case, however, since the azeotropic mixture has 
the lowest vapour pressure, it will be obtained as the eventual 


residue, the result of continued fractionation of the distillate being 


the pure component in excess. 


118 THE PHASE RULE 


lsobaric Distillation —Boiling-Point Curves. If the pressure is 
maintained constant, say at atmospheric pressure, the temperature 
at which the vapour pressure of the system is equal to the superin- 
cumbent pressure, i.e. the boiling-point of the solution, will vary 
with the composition. The curve which represents this variation is 
called the boiling-point curve. 

It is obvious that to represent completely the behaviour of a 
binary system with respect to temperature, pressure and composition, 
three axes of reference are necessary, giving rise to a solid model. 
If composition is represented along a horizontal axis, and temper- 
ature along a second horizontal axis at right angles to the first, 
while pressure is measured along a vertical axis, the solid model 
will be a double envelope the two surfaces of which meet along 
their edges in lines lying in each of the two faces of the model that 
are in the plane of the temperature and pressure axes. These edges 
are the vapour pressure curves of the pure liquids. The solid model 
is thus divided into three volumes, one included between the double 
envelope, and one lying above it and one below. Any point in the 
volume above the double envelope represents homogeneous liquid, 
in the volume below it homogeneous vapour, while a point within 
the double envelope corresponds to the coexistence of liquid and 
vapour. The compositions of equilibrium liquid and vapour are 
joined by tie-lines in a plane parallel to the base of the model 
(t,x plane). Vertical sections parallel to the plane containing the 
axes of composition and pressure will represent isothermal sec- 
tions; they will be the pressure-composition diagrams which have 
just been discussed. Horizontal sections, parallel to the axes of 
composition and temperature, will be isobaric sections and will 
contain the boiling-point curves about to be discussed. For the 
sake of completeness, vertical sections parallel to the axes of tem- 
perature and pressure represent the pressure-temperature relations 
of mixtures of fixed composition, isopleths, but such diagrams are 
of little importance in this connection. 

It is easy to see, from the above description of the solid model, 
that the isobaric section is, qualitatively though not quantitatively, 


a mirror image of the isothermal section. Thus, if the isothermal 
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section is represented by a simple double curve, without maximum 
or minimum, the boiling-point curve will also be a simple double 
curve, except that the high vapour pressure end is now the low 
boiling-point end, and conversely, so that the double curve now 
slopes in the opposite direction, and the vapour composition curve 
is always nearer to the lower boiling-pointside thanthe liquid com 
position curve. A fact sometimes overlooked is that, even if the 
isothermal vapour pressure curve is ideal, that is, a straight line 
joining the vapour pressures of the components, the boiling-point 
curve cannot be a straight line but is convex to the axis of con- 
position: this is because vapour pressure, for a pure component or 
mixture of fixed composition is not a straight line function of the 
temperature but increases logarithmically, more or less in accord- 
ance with the Clapeyron equation. 

Under the conditions laid down in the preceding paragraph, the 
boiling-points of all mixtures will be intermediate between the boil- 
ing-points of the pure components, as in the case of mixtures of 
chlorebenzene and bromobenzene.” By a treatment similar to that 
in which the isothermal diagram was discussed, it can be shown 
that such a mixture can be separated by repeated fractional distil- 
lation into the two pure components. 

If the mixture shows either an azeotropic maximum or minimum 
on the isothermal diagram, the liquid and vapour surfaces of the 
solid model will touch not merely at their edges but also along a 
space curve which represents the behaviour of the azeotropic mix- 
ture with respect to temperature, pressure and concentration. Ob- 
viously, then, an azeotropic maximum on the isothermal system 
produces an azeotropic minimum on the isobaric system and con- 
versely, though the corresponding maxima and minima will not lie 
at the same composition. Just as in isothermal distillation, sepa- 
ration into the two pure components is not possible by isobaric 
distillation, but separation into the azeotropic mixture and the com- 
ponent in excess is possible. The system water— n-propyl alcohol 
is a good example of a system with an azeotropic minimum on the 
boiling-point curve (Fig. 30).*° The relative position of liquid and 
vapour curves is such that the vapour is richer than the liquid, at 
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the same temperature, in the lower boiling constituent which in this 


case is always the azeotropic mixture. The azeotropic mixture it- 


Temperature 


—> Propy! 
ste Weight Percent aleoho! 
Fig. 30 


self contains 71.69 per cent of propy! alcohol by weight and boils 
at 87.72° under atmospheric pressure, against boiling-points of 
100° and 97.5° for water and propyl! alcohol respectively. Solu- 
tions containing less than 71.69 per cent of the alcohol give off a 
vapour richer in alcohol than the liquid, whereas solutions contain- 
ing more than 71.69 per cent of the alcohol give off a vapour richer 
in water than the liquid. If a mixture of the first category is dis- 
tilled, the final residue will be practically pure water and the re- 
fractionated distillate the azeotropic mixture; a mixture of the 
second category gives rise to the same distillate with a residue of 
pure propyl aleohol. The azeotropic mixture will boil unchanged in 
composition at constant temperature so long as the pressure remains 
unchanged, but the composition of the constant boiling mixture 
varies with pressure. This means that such a mixture can only be 
separated by fractional distillation into a residue of the pure com- 
ponent in excess of the azeotropic composition and a fractionated 
distillate of the azeotropic composition, This is the case with the 
industrially very important substance ethyl alcohol. The azeotropic 
distillate contains about 92 per cent by weight of alcohol and this 


is the strongest alcohol which can be obtained by distillation. 
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Mixtures of acetone and chloroform, water and hydrogen chloride, 
water and nitric acid, etc., give boiling-point curves which show a 
maximum. The azeotropic mixture of water and nitric acid contains 
68.2 per cent of acid and boils under atmospheric pressure at 
121.7°.'? When a more dilute solution is distilled, the distillate 
will be relatively rich in water and the residue will become richer 
in acid with progressive distillation, the temperature rising the 
while, as it always must in isobaric distillation. A residue of azeo- 
tropic Composition will eventually be obtained. If a more concen- 
trated acid is distilled, the distillate will be relatively rich in acid, 
the residue will become more dilute, the boibing-point rising as be- 
fore, and again a residue of the constant boiling mixture is obtained. 
Kither pure water or pure nitric acid can be obtained by refraction- 
ation of the distillate. 

If a mixture shows azeotropic behaviour, either maximum or mini- 
mum, it cannot, in accordance with what has been said, be separated 
completely by fractional distillation into its components, but only 
into one component and the azeotropic mixture. Alteration of pres- 
sure, however, alters the azeotropic composition. It is conceiv- 
able that in some cases alteration of pressure might even cause the 
disappearance of the azeotropic character, giving rise to the type 
of curve for which the boiling-points lie entirely between those of 
the components. In any case, alteration of pressure (increase or 
decrease) may alter the azeotropic composition to a more favourable 
ratio, i.e. to one containing more of a given component, 

Industrial Fractional Distillation, The process of fractional dis- 
tillation, as outlined in the preceding sections, can be represented 
by some such diagram as Fig. 31. The interpretation of this diagram 
is that, in the first stage, distillation is carried out until half of 
the total liquid has distilled. In the second stage, the distillate is 
removed and in tum distilled until one half has distilled: at the 
same time the original residue is distilled in the same manner, 
Thus, at the end of the second stage, there are two distillates and 
two residues. Distillate Dj is mixed with residue Rg and so on. 
As the process is repeated, the outermost members approximate more 


and more the two pure components, on the assumption, of course, 
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that the two pure components can be obtained by fractional dis- 


Original 
Mixture 


tillation, i.e,, that the vapour pressure or boiling-point diagram is 
of the type which presents neither maximum nor minimum. Such a 
process, though occasionally resorted to in the laboratory, is very 
laborious and therefore time-consuming and expensive. Hence, in 
industry, and for that matter in the laboratory also, the operation is 
carried out continuously by means of a fractionating column, shown 
in Fig, 32.1? In this diagram A is a heated still, D is the column 
consisting of a series of plates, and F' the condenser. The previ- 
ously heated mixture to be distilled is admitted about the middle of 
the column through the pipe E onto one of the plates and overflows 
down the pipe (2) to the plate below. On this lower plate the liquid 
comes in contact with vapour moving upward from the still through 
the ‘‘bubble caps” (3) and (4). These caps are so designed that 
the vapour must bubble through the layer of liquid on each plate be- 
fore it can escape. In doing so, part of the less volatile constit- 
uent is condensed out of the vapour, and part of the more volatile 
constituent is vapourised out of the liquid. The vapour moving on- 
to the next higher plate through (3) and (4) is richer in the more 
volatile constituent than the vapour which approached the plate 
from below, while the liquid overflowing to the next lower plate 
through (1) is richer in the less volatile constituent than the liquid 
which reached the plate from above. The net result of the inter- 
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action between the vapour and the liquid at the plate is, therefore, 
a redistribution in favour of the more volatile constituent in the va- 
pour and the less volatile constituent in the liquid, i.e, each plate 


acts like a miniature still. 


Since this process repeats itself at each plate, it is possible 
with a sufficient number of plates to separate the mixture into two 
end fractions, a residue of the less volatile component running into 
A, where it can be drawn off, and a vapour passing from the top of 
the column containing essentially the more volatile constituent. 
This vapour is fed into a condenser F’, where it is liquefied. Part 
of this liquid is drawn off through H, while part, the reflux, is re- 
turned to the column through G in order to maintain the stock of 
essentially pure distillate on the plates. 

Fuming Liquids. It is a common laboratory observation that 


certain liquids fume when exposed to the (moist) atmosphere: they 
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do not fume in an anhydrous atmosphere. It is also observed that 
dilute aqueous solutions do not fume.. Assuming for the sake of 
simplicity that the isothermal diagram (Fig. 33), expressing the 
vapour pressures of mixtures of the substance A and water, is of 
the simple lenticular form, the phenomenon is easily accounted for. 
The explanation is equally applicable to those cases where an 
azeotropic maximum or minimum occurs on the curve, for instance, 
in the well known case of hydrogen chloride and water, where there 


is an azeotropic minimum on the vapour pressure curve. 


Vapour Pressure 


A ¢ ™ Composition H,O 
Fig. 33 

In Fig. 33, let x represent a mixture rich in the more volatile 
component A, This liquid gives off a vapour y, containing very 
little water. The partial pressure of water in this mixture, as can 
be seen from the diagram, is below that of water vapour in the at- 
mosphere. Water therefore condenses into the mixture with forma- 
tion of a liquid drop. This behaviour will be shown by all solutions 
which give rise to vapour in which the partial pressure of water is 
less than that of water in the atmosphere CD. The weakest solu- 
tion which will show this behaviour is represented by the point of 
intersection EK of the curve giving partial pressure of water in the 


vapour with the horizontal straight line representing the (constant 
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for given conditions) pressure of aqueous vapour in the atmosphere: 


solutions weaker than this will not fume. 
II. Two Partially Miscible Liquids in Equilibrium with Vapour. 


When two liquid layers are formed an extra phase is formed, so 
that the system now consists of two liquid phases (Lys L.) anda 
vapour phase (V). Such a system is isothermally invariant and we 
deduce that at constant temperature the total vapour pressure is con- 
stant as long as two liquid phases are present. Hence, if vapour 
pressure is plotted against total composition, at constant temper- 
ature, the curve will exhibit a horizontal portion for the region over 
which two liquid layers exist. This horizontal, representing the 
constant vapour pressure of the two liquid layers, may lie either 
above the higher vapour pressure of the two components, or between 
the two. It is not possible for the total vapour pressure of a sys- 


tem of two layers tobe less than that of theless volatile component. 


® 
aS 

~ 

yw 

n 

e 

a 

X 

~] 

9S 

q 

oS 

= 

2 

Fig. 34 wt. Percent N-Butyl Alcohol 


The former case is represented in Fig. 34, which expresses 
total vapour pressure and vapour composition in the system water— 
n-buty] alcohol, ’? at 25°. The horizontal B‘'H'‘C' represents the 
constant vapour pressure prevailing when two liquid layers are 


present at the constant temperature of 25°. The curves A'‘ll’ and 
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D’H’ represent the composition of vapour given off, in the former 
case by homogeneous solutions in water and in the latter by homo- 
geneous solutions in butyl alcohol. The two curves meet at H’, on 
the horizontal B‘H'C‘, indicating, not merely that both layers 
have the same vapour pressure, but that both liquid layers give off 
an identical vapour. This means that the partial pressure of each 
component given off from each layer is the same, and this must ob- 
viously be so if the two layers are in equilibrium, since, if the va- 
pours givenoffwere different in composition, even if the total pres- 
sure were the same, the partial pressures of the two components in 
the two vapours would not be the same, and a process of distil- 
lation would result from one layer tothe other, with resultant change 
of composition, in other words the two layers could not be in equi- 
librium. Another way of expressing this is to say that if the two 
liquid layers are in equilibrium with one another and with vapour, 
the chemical potential of either component in all three phases must 
be the same, which is tantamount to saying that the partial vapour 
pressure of that component over either layer must be the same. For 
the particular system here considered, the boiling-point diagram, 
under a pressure of 760 mm. of mercury, has also been determined. * 4 
Agreeably to what has been said before, the boiling-point diagram 
is a rough mirror-image of the vapour pressure diagram: it is repro- 
duced in Fig. 35. Just as the vapour pressure of the aqueous layer 
is raised by adding n-butyl alcohol to water (Fig. 34) and the va- 
pour pressure of the alcoholic layer raised by adding water, so on 
the boiling-point diagram (Fig. 35) the boiling-points of both layers 
are lowered by adding water and alcohol respectively, until two 
layers are produced when the boiling-point becomes constant. The 
course of distillation is as follows: the total composition of the 
mixture as it first boils must lie on one of the three curves AB, CD 
or BC. In the former cases the mixture is homogeneous, in the latter 
heterogeneous. If the composition of the mixture lies on curve AB, 
say at F, it will give off the vapour G, much richer in alcohol than 
the original mixture. This first distillate, incidentally, lies within 
the mixture gap, though the parent mixture does not, and hence will 


separate into layers on condensation, Since the parent mixture is 
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impoverished in respect of alcohol its composition will move, with 
continued distillation, along the curve BA towards A, so that the 


> 


Temperature 


Wt. Percent n- Butyl Alcohol 
Fig. 35 
final residue will be pure water. As the residue approaches pure 


water the equilibrium vapour will pass out of the miscibility gap. 


The net results of fractionation will be a final residue of pure 
water and a refractionated distillate (two-layer mixture ) of total 
composition H, which however can be separated by gravity into two 
mixtures of composition corresponding to B and C, or whatever 
values B and C have at room temperature. Obviously a homogenous 
mixture on the curve CD behaves inthe same way, the residue being 
pure butyl alcohol and the distillate of total composition H. Mix- 
tures lying within the miscibility gap must be classified into those 
lying to the left and those to the right of the point H, that is, be- 
tween H and B and between H and C. 

A mixture whose composition lies between B and H will com- 
mence to boil at the temperature corresponding to the horizontal 
BHC, giving off vapour of constant composition H. Since this 
vapour is richer in alcohol than the original mixture, the composi- 
tion of the residual mixture must move along HB towards B. When 
the point B is reached the liquid in the still becomes homogeneous. 
If the distillate collected up to this point is removed it will have 
the composition H. If the residue in the still is boiled further, 
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the course of distillation follows the path already described, pure 
water being eventually left in the still. Similarly, a mixture whose 
composition lies between H and C_ will commence to boil at the 
same temperature, and will continue boiling at that temperature giv- 
ing off the same vapour H, until the composition of the residual 
liquid has become that of C and the mixture in the still has ceased 
to be heterogeneous. Hence continued fractionation of the distillate 
yields a liquid of the composition H and a final residue of pure 


n-butyl alcohol. 


Temperature 


loo %A\ 100%B 


Fig. 36 


In the preceding example the composition of the vapour given off 
by a two-layer liquid lies itself in the mixture gap. The case where 
this is not so, i.e, the vapour evolved forms a homogeneous liquid 
on condensation, is known and illustrated in Fig. 36. After the de- 
tailed discussion of the preceding case, the behaviour here will be 
fairly obvious. If the liquid F is distilled the boiling point will 
rise to that of pure A. If the mean composition of the distillate is 
taken to be H, somewhere between B and C, the distillate will 
separate into two layers on condensation. If the liquefied distillate 
is now distilled it will boil at constant temperature, as long as two 


layers are present, giving a distillate of constant composition J, 
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while the quantity of layer of composition C decreases continuous- 
ly. If the distillate of constant composition J is removed at this 
point and submitted to fractional distillation it will give a refrac- 
tionated distillate of pure B. Hence, in this case, separation into 
the two pure components is possible, despite the existence of the 
miscibility gap. 

III. Two Immiscible Liquids—Distillation with Steam. 

As with partially miscible liquids, two immiscible liquids in 
equilibrium with vapour form an isothermally invariant system. The 
vapour pressure of such a system is a function of temperature only, 
no matter what the composition of the system. Moreover, since the 
liquids are mutually insoluble, they have no effect on one another’s 
vapour pressure, that is the partial pressure of each component in 
the mixture is the same as its vapour pressure in the pure state. 

Just as with the partially miscible liquids, a distillate of con- 
stant composition will be obtained, under constant pressure or tem- 
perature, with the difference, however, that while the constancy 
ceases as soon as the partially miscible system ceases to show two 
layers, it persists in the other system until one or other component 
is entirely exhausted, simply because two layers will always form 
if both liquids are present. It is apparent, therefore, that the mole 
or volume ratio of the two liquids in the vapour being produced will 
be the ratio of their vapour pressures in the pure state at the tem- 
perature of distillation. The ratio by weight of the two substances 
in the distillate will be obtained by multiplying this ratio by the 
ratio of their respective molecular weights. 

The above theoretical treatment is exemplified by the common 
laboratory process of distillation with steam, frequently resorted 
to as an alternative to distillation under reduced pressure, for sub- 
stances which decompose when boiled under a pressure of one at- 
mosphere. For example, it is found experimentally that a mixture 
of water and nitrobenzene (immiscible) boils about 99° under stand- 
ard atmospheric pressure, in other words when nitrobenzene is dis- 
tilled with steam the temperature of the chamber through which the 
steam is passing is about 99°, At this temperature the vapour 
pressure of water is 733 mm. and therefore, by Dalton’s law, that 
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of nitrobenzene is 760 - 733 = 27 mm. Hence the volume ratio of 
distillation is 27:733 = 1:27. If the molecular weights of nitro- 
benzene and water were similar, it would not be worth the expense 
of steam-raising for so small a yield of nitrobenzene. The weight 
ratio, however, is much more favourable, viz. 18 x 733/123 x 27, 
where 18 and 123 are the molecular weights of water and nitroben- 
zene respectively. This ratio works out to 1:3.98, i.e, the distillate 
contains about 20 per cent nitrobenzene. The example shows that 
the low molecular weight of water, compared with the relatively 
high molecular weight of most organic substances, is a factor in 
the commercial success of steam distillation. A still larger yield 
can be obtained by distilling with superheated steam, since the 
relative rise in the vapour pressure of the organic substance with 
rising temperature is greater than the relative rise in the vapour 
pressure of water. The rise in temperature produced by using a 
closed system may, however, have a deleterious effect on the purity 
of the substance distilled. 

In theory at least, the calculation detailed in the preceding para- 
graph can be reversed and the molecular weight of the substance be- 
ing steam distilled calculated from the weight ratio of water and 
substance in the distillate. Thus terpinene was found to distil 
with steam at a temperature of 95°C under a pressure of 744 mm. 
At this temperature the vapour pressure of water is 634mm. That 
of terpinene is therefore 744 - 634 = 110 mm. The distillate is 
found experimentally to contain 55 per cent by weight of terpinene. 
Hence 


55/45 = 110 M/634 x18 
and M = 127, as against a formula molecular weight of 136. The 


method might be used to find the order of magnitude of a molecular 
weight. 

Comparison of Types. [ive types of system, involving equi- 
librium of liquid and vapour, have been discussed in this chapter, 
viz.» complete immiscibility, partial miscibility, complete misci- 
bility with maximum on the vapour pressure curve, complete misci- 
bility without either maximum or minimum on the vapour pressure 


curve, complete miscibility with minimum on the vapour pressure 
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curve. These types can be discriminated in terms of ideality as 
represented by adherence more or less complete to Raoult’s law. 
(1) Extreme positive deviation from Raoult’s law leads to complete 
immiscibility. The total vapour pressure is then represented by the 
sum of the vapour pressures of the two liquids in the pure state 


(curve ee of Fig. 37 where ab and cd represent the vapour pres- 


ao 


Vapour Pressure 


Composition 


Fig. 37 


sures of the pure liquids), Positive deviation not so extreme leads 
to partial miscibility. The horizontal straight line ee changes to 
the curve be,e,d. Since the partial pressure of each component in 
the miscibility gap must be less than the vapour pressure of that 
substance in the pure state, e,e, must lie below ee, but it will 
usually lie above bd. With positive deviation still present, but 
insufficient to cause the formation of two layers, a maximum is 
produced on the vapour pressure curve (curve be.d). Perfect agree- 
ment with Raoult’s law, that is,ideal behaviour, yields the straight 
line bd. Negative deviation from Raoult’s law leads,ifmarked, to 
the occurrence of a minimum on the vapour pressure curve (curve 
bed). 

The occurrence of a minimum, for instance in the case of formic 


acid and water, suggests chemical action—formationof ahydrate, for 
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instance. The azeotropic mixtures themselves are of course not 
chemical compounds, since their composition varies with pressure, 


but equilibria in which hydrates do take part may occur. 
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CHAPTER VIII 
C. SYSTEMS CONSISTING OF SOLID AND LIQUID PILASES ONLY 


It is now proposed to consider the behaviour of two-component 
systems in which equilibrium exists between a solid and a liquid 
phase only. Such systems are among the most important in the 
whole range of heterogeneous equilibria. The interest and impor- 
tance of the investigation of such systems lie in the determination 
not only of the conditions for the stable existence of the partici- 
pating substances, but also of the conditions under which chemical 
combination (if any) takes place between the two components. From 
such investigations, also, one may ascertain the nature of the com- 
pounds formed and the range of their existence. In all such inves- 
tigations the Phase Rule becomes of conspicuous value on account 
of the fact that its principles afford, as it were, a touchstone by 
which the character of the system can be determined, and that from 
the form of the equilibrium curves obtained, conclusions can be 
drawn as to the nature of the interaction between the two com- 
ponents. Except where otherwise stated these systems will be con- 
sidered as existing under a constant pressure (say atmospheric) 
greater than the vapour pressure of the system, so that there is no 
vapour phase. Fixing the pressure, of course, exhausts one degree 


of freedom. 


I. The Components are Completely Miscible in the Liquid 
State. 


(a) The only Solid Phases are the Pure Components. 

Since the two components in the liquid state are miscible in all 
proportions, only one liquid phase will exist, namely, ahomogeneous 
mixture or solution of the two components. Since, also, only the 
pure components can occur as solid (crystalline) phases, the only 
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systems possible are S;—L, Sy—L, and S;—Sy—L, where S, and 
S, represent the crystalline components, and L the liquid solution. 
A system which consists of only two phases, S;—L or S.—L 
will be bivariant, and two of the variables, pressure, temperature 
and composition, must be given definite values before the system 
is entirely defined. If the pressure is given a definite value, say 
atmospheric pressure, then the system will become univariant, or 
the composition will vary with the temperature; or, if the tempera- 
ture is fixed, the composition will vary with the pressure. On the 
other hand, the system S;—S,~—L is univariant, and if the pressure 
is fixed, the system will be entirely defined. Under a given pres- 
sure, the system S;—S,—L can exist only at a single definite tem- 
perature, and the composition of the liquid phase will also be def- 
inite. Such a system is isobarically invariant. If the condition of 
constant pressure is given up and the pressure reduced to the va- 
pour pressure of the system, the vapour phase will also make its 
appearance. A two-component system is then existing infour phases 
and itis therefore completely invariant, temperature, composition and 
pressure being all determined. If, now, the pressure is increased 
but still considered a variable, the vapour phase will disappear, 
and the system develops one degree of freedom, that is, temperature 
and composition will vary with pressure. This means that the com- 
position of the liquid phase and the temperature of equilibrium are 
not quite the same in the absence of vapour as they are in its pres- 
ence and the difference will in general be greater the greater the 
pressure. In condensed systems, however, the effect of pressure 
on temperature and composition is slight and therefore, to all intents 
and purposes, the temperature and composition under a relatively 
small constant pressure (say one atmosphere) will be indistinguish- 
able from temperature and composition in the presence of vapour. 
If the equilibria be represented in a temperature-concentration or 
temperature-composition diagram, the systems S;— L and S,—L 
will be represented by curves, and the system S;—S,—L by a point, 
We thus obtain an equilibrium diagram such as that shown in Fig. 
38. In this diagram, which represents the simplest possible equi- 


librium diagram fora two-component system in which solid solutions 
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are not formed, the points A and B represent the melting-points of 
the pure components. Since the freezing-point of a liquid is lowered 
by dissolving another substance in it, it follows that if a quantity 
of the component B be dissolved in molten (or liquid) A, the temper- 
ature at which solid A will be in equilibrium with the solution will 
be below the freezing-point of pure A; and the greater the concen- 
tration of B in the liquid, the lower will be the temperature at which 
A can exist in equilibrium with it. The curves AC and BC are fre- 
quently called freezing-point curves. [They can, however, be equally 
well described as solubility curves, as becomes immediately ob- 


vious if one of the components is water. Thus, if in Fig. 38 A were 


Temperature 


100%A Composition 100%B 
Fig. 38 

water and B a substance solid at room temperature, the reader im- 
mediately recognises the curve BC as the solubility curve of b in 
water. Curve AC, sometimes known as the ice curve, may equally 
well be designated the solubility curve of ice in liquid B. This 
conception leads to the conclusion that, in the absence of other 
complications, the solubility must become infinite at the melting- 
point of the solute. 

For small additions of BI the lowering of the freezing-point of A 
can be calculated by the simple van’t iloff formula which may ve 
written in the form, dT/dx, = RT2/L,x,,where x,is the molar frac- 
tion of the component A (the component crystallising as solid 


phase); T is its melting-point on the absolute scale; MR, the gas 
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constant (expressed in heat units); and L,, the latent heat of fu- 
sion of A per gram-molecule. For wider temperature ranges one 


may use the integrated expression 


-apinlt-7) 


where T is the equilibrium temperature and T) is the melting-point 


logyo Xa 


of pure A, on the absolute scale.'These expressions, however, hold 
strictly only in the case of ‘‘ideal’’ solutions. The above equation, 
while it gives the freezing-point of any solution of known composi- 
tion, can also be used to find the composition corresponding to any 
assigned temperature, in other words, the solubility. 

The curve AC represents the composition of solutions which are 
in equilibrium, at different temperatures, with the solid component 
A; and the curve BC, similarly, the composition of solutions in 
equilibrium with solid B. At the point C, where the two curves cut, 
both solid components can exist in equilibrium with a liquid solu- 
tion of definite composition, corresponding with the point C. Point 
C gives the conditions of temperature and composition of the liquid 
phase under which the system S;—S,—L can exist in stable equi- 
librium under constant pressure. This point, as is clear from the 
diagram, lies at a lower temperature than the melting-point of either 
component, It is, in consequence, called a eutectic point. The 
reaction taking place at the eutectic, when heat is added, known 
as a phase reaction, is A + B »L - AH where AH is the increase 
in heat content, or the “‘heat of the reaction’’. Actually, the true 
eutectic involves the presence of the vapour phase and it is truly 
invariant, while the eutectic as described above is really univar- 
iant; for instance, the composition will vary with changing pres- 
sure.” Thermodynamically speaking, the eutectic is a mixture of 
two phases, not a separate phase, and must always be so consid- 
ered when calculating degree of freedom, but the term ‘‘eutectic 
structure’? is often used when the microscopic structure of a solid- 
ified system is being studied. This is because the eutectic crys- 
tallisation is of a very intimate nature, the crystals of both phases 


being generated simultaneously. The microscopic characteristic of 
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a eutectic is therefore that of a very fine-grained closely-knit struc- 
ture, which can be readily discriminated from the relatively large 
crystals of the primary formation. This is of considerable impor- 
tance in geology and metallurgy since it is often possible for a 
skilled microscopist to say, from an examination of the solidified 
mass, what phase separated first, that is, prior to eutectic crystal- 
lisation. 

At all temperatures lying above the curves AC, BC, the system 
can exist only as a homogeneous, liquid solution, and at all temper- 
atures below the eutectic horizontal, DD’, only the solid compo- 
nents or mixtures of the solid components can exist as stable sys- 
tems. When the temperature and composition are represented by a 
point in the area ACD, solid component A can exist along with 
liquid solutions. Similarly, points in the area BCD’ give the 
conditions of temperature and composition for the coexistence 
of solid B and solution. 

If a liquid solution E, having a composition lying to the left of 
the eutectic point C, be cooled down, following an isopleth, the 
solid component A will commence to crystallise out (supersatura- 
tion supposed excluded) when the temperature reaches the point G 
on the curve AC corresponding with the initial composition of the 
solution. If the temperature be allowed to fall still further, more 
and more of the component A will crystallise out, and the composi- 
tion of the liquid solution will alter in the direction of C. When the 
composition of the point C is reached, solid B, also, can begin to 
erystallise out. If one continues to withdraw heat from the system, 
solid A and solid B will separate out together, while the tempera- 
ture remains constant. Since the composition of the solution must 
also remair constant (point C represents an invariant system when 
the pressure is constant), it follows that the components A and B 
must crystallise out from the eutectic solution in constant pro- 
portions. Although, therefore, the solution having the composition 
of the eutectic point freezes at constant temperature, the solid 
which separates out is not a compound but a mixture (or conglomer- 


ate) of two solid phases. 
On the other hand, if a liquid mixture having a composition rep- 
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resented by a point lying to the right of the eutectic point C be 
cooled down, the solid component B will separate out, and the com- 
position of the solution will change in the direction of C. When 
this point is reached, solid A also will crystallise out, and the tem- 
perature and composition of the solution will now remain constant 
while the solid components A and B crystallise out as a eutectic 
conglomerate. 

On cooling down a liquid mixture which has the composition 
represented by the eutectic point C, no solid will crystallise out 
until the temperature of the eutectic point is reached. At this tem- 
perature the eutectic mixture will separate out. 

A question of some practical importance is the following: if the 
temperature of the mixture E has fallen to that of the horizontal HK, 
what is the composition of the liquid in equilibrium with solid A, 
and what proportions of the original mixture exist as solution and as 
solid A? The point K, where the horizontal through the plotted 
conditions meets the equilibrium curve AC, gives the composition 
of the liquid phase. The amount of solution is to the amount of sep- 
arated A, as FH is to FK, where F represents the temperature of 
the problem on the vertical EGF. Since the total weight must be 
equal to the sum of the weights of solution and separated A, the 
problem is easily solved by this graphical method. 

Although a eutectic mixture is not a chemical compound, attempts 
have been made to establish general rules regarding the composition 
of eutectics. Thus Plato® found a connection between the composi- 
tion of the eutectic and the molecular (or atomic) weights of the 
components; and, more recently, Stockdale put forward a series of 
empirical rules which are claimed to give more accurate results than 
the majority of such rules.* The general validity of these rules, 
which would make it possible to predict the composition of a 
eutectic without experimental study of the system, has still to be 
established. 

An equilibrium diagram belonging to the class of systems just 
discussed is given bythe system potassium chloride—silver chloride 
(Fig. 39). The solid phase in equilibrium with solution represented 


by the left-hand branch of the curve is potassium chloride (m.p. 
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790°); that in equilibrium with the solutions represented by the 


Ae 


Temperature 


Mole Percent AgCl. 
Fig. 39 


right-hand branch, is silver chloride (m.p. 451°). At the eutectic 
point (306°), these two solid phases can coexist with the liquid 
phase. This equilibrium curve, therefore, shows that potassium 
chloride and silver chloride do not combine with each other in the 
solid state. 

Equilibrium diagrams such as the above are found frequently in 
the studies of metallurgy and geology. For instance, alloys of 
bismuth and cadmium® belong to this type, as does the system 
diopside—anorthite. ‘ 

Freezing Mixtures. In the case of systems in which water is 
one of the components, the eutectic point long ago received the 
name cryohydric point, a term which arose from a study of the freez- 
ing of salt solutions. On cooling a solution of common salt in 
water to a temperature of —3°, Guthrie observed that the hydrate 
NaCl, 21,0 separated out. This salt continued to be deposited un- 
til at a temperature —22° opaque crystals made their appearance, 
and the liquid passed into the solid state without change of temper- 
ature. A similar behaviour was found by Guthrie in the case of a 
large number of other salts, a temperature below that of the melting- 
point of ice being reached at which, on continued withdrawal of 


heat, the solution solidified at a constant temperature. When the 
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system had attained this minimum temperature, it was found that the 
composition of the solid depositing and the liquid phases was 
the same, and is shown by the figures in the table below which 
give the composition of different samples of the solid phases de- 
posited from the solytion at constant temperature. The system is 
obviously invariant within the error of experiment. 

Conversely, an intimate mixture of ice and salt containing 23.6 
per cent, of sodium chloride melts at a definite and constant tem- 
perature, and exhibits, therefore, a behaviour supposed to be char- 


acteristic of a pure chemical compound. This, then, combined with 


Temperature of 
solidification. 


= 212 ton—922- 
— 22° 
222 


the fact that the solid which was deposited was crystalline, and 
that the same constant temperature was attained, no matter with 
what proportions of water and salt one started, led Guthrie to the 
belief that the solid which thus separated at constant tempera- 
ture were definite chemical compounds, to which he gave the gen- 
eral name cryohydrate. A large number of such eutectics were 
prepared and analysed by Guthrie, and a few of these are given in 
the following table, (p. 141), together with the temperature of the 
eutectic point. 

The chemical individuality of these cryohydrates was, however, 
called in question by Pfaundler, and disproved by Offer, who showed 
that in spite of the constancy of the melting-point, the cryohydrates 
had the properties, not of definite chemical compounds, but of mix- 
tures; the arguments given being that the heat of solution and the 


specific volume are the same for the cryohydrate as for a mixture of 
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Eutectics involving Ice. 


p Kutectic Percentage of anhydrous 
emperature salt in the eutectic 


Sodium bromide 
Sodium chloride: 
Potassium iodide 
Sodium nitrate 
Ammonium sulphate 
Ammonium chloride 
Sodium iodide 
Potassium bromide 
Potassium chloride 
Magnesium sulphate 
Potassium nitrate 
Sodium sulphate 


ice and salt of the same composition; and it was further shown that 
the cryohydrate had not a definite crystalline form, but separated 
out as an opaque mass containing the two components in close 
juxtaposition. ‘lhe heterogeneous nature of eutectics can also be 
shown by a microscopical examination. Further evidence is to be 
found in the fact that, in the absence of vapour, the eutectic com- 
position changes with pressure. 

At the eutectic point, therefore, we are not dealing with a single 
solid phase, but with two solid phases, ice and salt; and, as we 
have already learned, the constancy of temperature and composi- 
tion at the eutectic point is due to the fact that we are dealing with 
an invariant system. The eutectic point is thus clearly seen to be 
the point of intersection of the solubility curve of the salt and the 
freezing-point curve of water. 

Not only will the composition of a univariant system undergo. 
change when the temperature is varied, but, conversely, if the com- 
position of the system is caused to change, corresponding changes 
of temperature must ensue. Thus, if ice is added to the univariant 
system salt —solution—vapour, the ice must melt and the tempera- 


ture fall; and if sufficient ice is added, the temperature of the 
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eutectic point must be at length reached, for it is only at this tem- 
perature that the four phases ice—salt — solution —vapour can co- 
exist. On the other hand, if salt is added to the system ice—solu- 
tion vapour, the concentration of the solution will increase, ice 
must melt, and the temperature must thereby fall; and this process 
also will go on until the eutectic point is reached. In both cases 
ice melts and there is a change in the composition of the solution; 
in the former case, salt will be deposited® because the solubility 
diminishes as the temperature falls; in the latter, salt will pass in- 
to solution. This process may be accompanied either by evolution 
or, more generally, by absorption of heat; in the former case the 
effect of the melting of ice will be partially counteracted; in the 
latter case it will be augmented. 

These principles are made use of in the preparation of freezing 
mixtures. The lowest lemperature which can be reached (under 
atmospheric pressure) by means of these, is the eutectic point. 
This temperature-minimum is, however, not always attained in the 
preparation of a freezing mixture, and that for various reasons. The 
chief of these are radiation and the heat absorbed in cooling the 
solution produced. The lower the temperature falls, the more rapid 
does the radiation become; and the rate at which the temperature 
sinks decreases as the amount of solution inereases. Both these 
factors counteract the effect of the latent heat of fusion and the 
heat of solution so that a point is reached (which may lie consid- 
erably above the eutectic point) at which the two opposing influences 
balance. The absorption of heat by the solution can be diminished 
by allowing the solution to drain off as fast as it is produced; and 
the effect of radiation can be paritally annulled by increasing the 
rate of cooling. This can be done by the more intimate mixing of 
the components, Since, under atmospheric pressure, the temperature 
of the eutectic point is constant, the eutectics are very valuable for 
the production of baths of constant low temperature. 

Method of Mixed Melting-Points. A common practice in organic 
chemistry for the confirmation of the identity of a substance, is to 
mix,the substance with a pure sample of the substance with which 


it is suspected to be identical, and determine the melting-point. 
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If the melting-point of the mixture is the same as that of the sub- 
stance by itself, the probability that the two substances are iden- 
tical is very great. The explanation for this results immediately 
from a consideration of Fig. 38. If the two substances are not 
identical, the second substance is a foreign substance with re- 
spect to the first and will therefore depress its melting-point. The 
melting-point is here considered to be the highest temperature at 
which solid persists and is thus identical with the freezing point 
defined as the highest temperature at which solid appears: obvious- 
ly a mixture neither freezes nor melts completely at one temperature. 
A limitation on the above method should be noticed. If the second 
substance is isomorphous with the first, it is possible that the melt- 
ing-point may be raised. It could not remain the same, except in the 
extremely unlikely case of an isomorphous substance having the 
same melting point. Perhaps the best criterion of all is the fact 
that mixtures do not melt sharply but over a range of temperature. 

Allotropy of Components. The curves AC and BC, shown inFig. 
38, represent diagrammatically the equilibrium relations which ob- 
tain when the pure components crystallise out from the fused or liq- 
uid mixture. We have seen, for example, that the solid phase in 
equilibrium with solutions of composition represented by points on 
the curve BC is the component B. So long as this solid phase 
undergoes no change, the curve BC must be a continuous curve, as 
shown in Fig. 38. If, however, the solid component can exist in 
enantiotropic, allotropic forms, the equilibrium curve will show a 
‘“‘break’”’ at the transition point of the crystalline forms, for, at the 
transition point, there will coexist two solid phases (allotropic 
forms) and a liquid phase. At constant pressure, therefore, the sys- 
tem will be invariant. Below the transition point the one crystalline 
form, and above the transition point the other crystalline form, will 
exist in equilibrium with solution. At the transition point these two 
equilibrium curves will cut. We shall consider this in more detail 
(pa242). 

Purification by Partial Liquefaction. Considering once again 
Fig. 38, if a solidified mixture of the composition C, that is, the 
eutectic composition, is heated, it melts completely at the constant 


144 THE PHASE RULE 


temperature of the horizontal DD ' (the eutectic temperature). If any 
other solidified mixture, e.g, E, is heated, partial melting will occur 
at the eutectic temperature and, in the case of mixture E lying to the 
left of the eutectic composition, the temperature willremain constant 
at the eutectic temperature until all of component B has melted out 
of the mixture. A will of course melt at the same time in the propor- 
tion called for by the eutectic composition. If, however, the temper- 
ature is maintained at the eutectic temperature, after melting is com- 
plete the excess of A over the eutectic composition will remain un- 
melted as a pure solid and itcan be removed by filtration or decanta- 
tion. If the original mixture contains more B than corresponds to the 
eutectic composition, the result of this process will be a liquid of 
the same eutectic composition, and excess of pure solid B. The 
proportions of eutectic liquid and solid A or B can be calculated by 
simple arithmetic as already shown. This process of purification by 


partial liquefaction is occasionally resorted to in metallurgy. 
(6) Compounds are Formed with a Congruent Me lting-point. 


When two components can form a stable compound possessing a 
congruent melting-point, i.e, capable of existing asa solid compound, 
in equilibrium with a liquid of the same composition, a third equili- 
brium curve (compound in equilibrium with liquid solution) must be 
added to the two curves discussed in the preceding section. More- 
over, since the compound has a definite congruent melting-point, 
and since this melting-point will be lowered by dissolving in the 
liquid either ofthe pure components, it follows that the melting-point 
of the compound must be a maximum point on the equilibrium curve. 
Such a maximum is known as a “‘dystectic’’, The equilibrium dia- 
gram, therefore, takes the general form shown in Fig. 40. A, B, 
and D are the congruent melting-points of component A, component 
B, and of the compound A,B, respectively. Curve AC gives the 
composition of liquid mixtures (solutions) of A and B in equilibrium 
at different temperatures with the component A assolidphase; curve 
BE gives the composition of solutions in equilibrium with component 
B as solid phase; and curve CDE gives the composition of solutions 
in equilibrium with the compound as solid phase. C and E are 


eutectic points at which eutectic conglomerates of A and ALB and 
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of B and A,B, respectively can coexist in contact with solutions of 


loo%B 


A ed) 
Fig. 40 Composition 


definite composition. The curve for the compound may occupy a 
large or a small part of the diagram, and the melting-point, D, of the 
compound may lie either higher or lower than that of either of the 
components, or it may have an intermediate position. If more than 
one compound with congruent melting-point can be formed, a series 
of curves similar to CDE will be obtained—»ne for each compound. 
In each case the maximum point on the curve gives the composition 
of the compound and its melting-point. 

With regard to the form of the curve CDE, it might be thought that 
since D is the melting-point of a pure substance, and since this 
melting-point (equilibrium point) will be lowered by addition of a 
second substance to the liquid phase, the two branches of the curve 
should not pass continuously one into the other, but intersect at the 
point D, This would be the case if the compound were completely 
undissociated into its components, even in the vapour phase, e.g, 
the compound of pyridine and methyl iodide.” When, however, dis- 
sociation of the compound into the components takes place in the 
liquid phase, we are dealing throughout with mixtures of molecules 
in the liquid phase and the composition of this mixture varies con- 
tinuously with the temperature. So long, therefore, as the solid 


phase remains unchanged, the equilibrium curve must be continuous, 
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and the crest of the curve, CDE, will be rounded. The less the 
degree of dissociation of the compound in the liquid phase, the 
sharper will be the bend of the curve; and the greater the degree of 
dissociation, the flatter will the curve become./°? From the extent 
of the flattening of the curve, it is possible, with some degree of 
approximation, to calculate the degree of dissociation of the com- 
pound in the fused state,’ 

Figure 40 is isobaric and we can predict from it the isobaric 
behaviour of any liquid mixture on cooling or, for that matter, of 
any solid mixture on heating. Consider mixture P at temperature 
Tp. It is under these conditions a homogeneous liquid. On cool- 
ing, the temperature drops down a vertical isopleth until the vertical 
through the point P meets the line AC. At this point, crystals of 
solid A first make their appearance and temperature and composition 
now change along AC in the direction of C. At C, a eutectic point, 
solid compound A,B, makesits appearance, and solidification goes 
to completion at constant temperature and composition. The final 
solid mass is a heterogeneous mixture of pure A and compound 
A,B, A mixture of composition Q, cooled from the temperature 
Tg will first deposit crystals of the componnd A,B, at the tempera- 
ture at which the vertical through Q meets the curve DC. Composi- 
tion and temperature then change in the direction of the eutectic C 
with progressive separation of A,By. At C, solid A makes its 
appearance and solidification goes to completion at constant tem- 
perature and with constant composition. Mixture R on cooling yields 
first compound A,B, followed at the temperature of the eutectic E 
by solid B: solidification to a heterogeneous mixture of A,B, and 
B. Mixture S yields first solid B, then the eutectic mixture of B 
and A,B,. 

The phase reaction occuring at eutectics has already been dis- 
cussed. At the maximum, D (Fig. 40), corresponding to the melting- 
point of the pure compound A,B,, the phase reaction on adding heat 
is: 


A,B >L - AH 
The Indifferent Point. A two-component system consisting of 


only two phases, a solid and a liquid, possesses, according to the 


SYSTEMS CONSISTING OF SOLID AND LIQUID PHASES ONLY 147 


Phase Rule, a variance of two. We have, however, just learned 
that a compound with a congruent melting-point may be formed in a 
two-component system, and that this melting-point varies only with 
the pressure. In other words, at the congruent melting-point of a 
compound of two components, the two-phase system, solid—liquid, 
is not bivariant, but univariant. The variance of the system has 
therefore been diminished. 

A point such as that to which reference has just been made, 
which represents the special behaviour of a system of two (or more) 
components in which two phases become identical in composition, 
is known as an indifferent point; and it has been shown that, under 
a given pressure, the temperature at the indifferent pointisthe max- 
imum or minimum temperature possible at the particular pressure !” 
(cf. critical solution temperature), At such a point a system loses 
one (or more) degrees of freedom, or behaves like a system of a 
lower order. 

An example of a system which forms compounds with congruent 
melting-points is that of water and ferric chloride which forms four 
stable compounds (hydrates), namely, FeCl, + 6H,O, FeCl, ° 
34H,0, FeCl, + 2%H,0, and FeCl, -2H,0. The equilibrium dia- 
gram is shown, in part, in Fig. 41. The points C, E, G, and J are 


Temperature 


Concentration of Ferric Chloride 


Fig. 41 


the melting-points of the hydrates with 6I1,0, 31,0, 2/H,0 and 
2H,O respectively; and the points D, F, H, and K are eutectic 
points at which the solid phases 6H,O and 34,0, 34H,O and 
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2'5H,O, 2%H.O and 2H,0, 2H,O and anhydrous salt respectively 
coexist with solution. 

After the detailed description, in connection with Fig. 40, of 
what happens on cooling any solution, the reader will have no 
difficulty in deciding what phases will separate on cooling any solu- 
tion of ferric chloride in water. There remains the interesting ques- 
tion of what happens when a solution of ferric chloride in water is 
evaporated at constant temperature. Consider the point X Fig.41, 
representing a solution rich in water and at a temperature lying be- 
tween those of the eutectic F and the dystectic E. As water is re- 
moved by evaporation at constant temperature, the solution becomes 
richer in ferric chloride its composition moving along the isothermal 
XZ. When the composition reaches the curve BC, the solid com- 
pound FeCl, *6I,0 begins to separate, the quantity of liquid solu- 
tion becoming less until, when the residual mass has the exact 
composition of the hexahydrate, all will be solid. Further removal 
of water vapour will result in partial liquefaction until the total 
composition, moving along XZ, has reached the curve CD when all 
has again become liquid. The system now remains liquid until the 
composition reaches the curve DE, when separation of the 3% hy- 
drate commences. ‘This continues, as before, to complete solidi- 
fication followed by partial liquefaction and then complete liquefac- 
tion as the line XZ passes through the curve EF. Solidification 
again commences when the point moving along XZ intersects the 
curve FG, with deposition of the 2 hydrate. Solidification be- 
comes finally complete when the residual composition is that of the 
2’ hydrate and from here on there is no further liquefaction, al- 
though the solid 2% hydrate is converted to solid dihydrate and 
eventually to anhydrous ferric chloride as water is progressively 
removed, 

Inevaporable Solutions. If a saturated solution in contact with 
two hydrates, or with a hydrate and anhydrous salt is heated, the 
temperature and composition of the solution will, of course, remain 
unchanged so long as the two solid phases are present, for such a 
system is invariant. In addition to this, however, the quantity of 


the solution will also remain unchanged, the water which evaporates 
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being supplied by the higher hydrate. The same phenomenon is also 
observed in the case of eutectic points when ice is a solid phase; 
so long as the latter is present, evaporation will be accompanied 
by fusion of the ice, and the quantity of solution will remain con- 


stant. Such solutions are called inevaporable, 


Temperature 
> 


AtAz By 


loohA AxBy 100%B 


Composition 


Fig. 42 


(c) Compounds are Formed with an Incongruent Me lting-point. 


When a compound is formed which undergoes decomposition with 
formation of another solid phase at a temperature below the congru- 
ent melting-point of the compound, the equilibrium diagram assumes 
the general form shown in Fig. 42. This corresponds to the case 
where a compound can exist only in contact with solutions contain- 
ing excess of one of the components. The metastable continuation 
of the equilibrium curve for the compound is indicated by the dotted 
line, '* the summit of which would be the congruent melting-point of 
the compound. Before this temperature is reached, however, the 
solid compound ceases to be stable, and undergoes decomposition 
into another solid phase’* and liquid at the point E. Since the 
composition of the liquid formed is not the same as that of the com- 
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pound, this point is spoken of as an incongruent melting-point, or 
peritectic point. This point, therefore, represents the limit of the 
existence of the compound A,B, under the particular constant 
pressure which is assumed. If a series of compounds can be formed 
none of which possesses a congruent melting-point, then a series 
of curves will be obtained none of which exhibits a temperature 
maximum, and there will be only one eutectic point. The limits of 
existence of each compound (or the incongruent melting-point) will 
in each case be marked by a break in the curve. 

It is instructive to follow the behaviour on cooling (at constant 
pressure) along the three isopleths indicated in Fig. 42 as P, Q and 
R respectively. These three compositions are so chosen that the 
first (P) contains less A than corresponds to the compound A,Bys 
the second (Q) more A than corresponds to the composition of the 
compound, but less A than there is at the peritectic point E; the 
third more A than there is at the peritectic but less A than there 
is at the eutectic C. On cooling P, there is no change in concen- 
tration of the melt until the isopleth meets the curve BE, when pure 
solid B begins to separate, the mother liquid becoming richer in A, 
and temperature and composition of melt moving along BE in the 
direction of E. E is a maximum temperature (under the given con- 
stant pressure) for the stable existence of compound A,B,. It is 
therefore a true transition point and is often spoken of as such, 
When temperature and composition of melt have reached the point EB, 
the separated solid B reacts (provided it has not been previously re- 
moved) with the melt to form the compound. As, however, there is 
insufficient Ain the melt toreact with all the B present to form com- 
pound, solidification goes to completion, resulting in the formation 
of a heterogeneous solid mixture of B and A,B, The behaviour 
along Q is similar until the point E is reached. As, however, there 
is now more than sufficient A in the original mixture to convert all 
the separated B into compound after the solid phase has been en- 
tirely converted to A,B,, liquid is still left at the point E. There- 
fore, after a halt of constant temperature at KE, solidification contin- 
ues along the curve EC, with separation of compound, until the 


eutectic C is reached, when the simultaneous separation of solid 
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A and compound begins and the system solidifies completely at 
this temperature. Whether in actual practice eutectic solidification 
would be observed is somewhat doubtful, since the mixture con- 
tains so small an excess of A over that required for the formation 
of the compound. On cooling the third mixture R, no transition tem- 
perature is observed, since the isopleth does not meet the curve BE 
The first solid phase to deposit is the compound, when the isopleth 
meets the curve EC. Eutectic solidification follows as before. 

At the peritectic point the phase reaction on addition of heat to 
the system is: S,;PS, +L - AH, (pressure constant). This will be 
seen by following in the direction of higher temperature any isopleth 
at a composition between that of E and pure B. The nature of the 
phase reaction emphasises the fact that the peritectic point is a 
transition point, that is, a temperature above which the compound is 
incapable of stable existence. 

An example of the type just discussed is found in the system 
sodium-potassium.'° These two elements combine to form the in- 
congruently melting compound NajK. Referring to Fig. 42 point A 
corresponds to the melting-point of potassium (62°), B to that of 
sodium (97.5°), and E to the incongruent melting-point of Na»k, 
7°C. Here the composition of E is not greatly different from that of 
Na kK. The solubility curve of the compound is, at the same time, 
nearly horizontal at its upper end, so that if the compound melted 
congruently, its melting-point would not be much higher than the 
actual incongruent melting-point. 

Sodium Sulphate and Water, Another example of incongruent 
melting, which possesses several features of interest, and to which 
we shall also refer later (p. 239) in another connection, is the sys- 
tem sodium sulphate-water. At the ordinary temperatures, sodium 


sulphate crystallises from water 


5 6° with ten molecules of water of crys- 
$50 Be ie: ; ; 

Ler tallisation, forming Glauber’s salt. 
8 30 On determining the solubility of 
$20 this salt in water, it is found that 


~y 
° 


the solubility increases as the tem- 
perature rises, the values of the 
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solubility being represented graphically by the curve AC (Fig. 43), 

On continuing the investigation at higher temperatures, it was 
found that the solubility no longer increases, but decreases with 
rise of temperature. At the same time, it was observed that the solid 
phase is now different from that in contact with the solution at tem- 
peratures below about 33°; for whereas in the latter case the solid 
phase is sodium sulphate decahydrate, at temperatures above 335 
the solid phase is the anhydrous salt. The course of the solubility 
curve of anhydrous sodium sulphate is shown by BD. 

As is evident from the figure, the solubility curve which is ob- 
tained when anhydrous sodium sulphate is present as the solid phase, 
cuts the curve representing the solubility of the decahydrate, ata 
temperature of about 32.4° (see below). 

If a solution of sodium sulphate which has been saturated at a 
temperature of about 34° be cooled down to a temperature below 
17° while care istaken that the solutionis protected against access 
of particles of Glauber’s salt, crystals of a second hydrate of sodium 
sulphate, having the composition Na,SO,, 7H,0, separate out. On 
determining the composition of the solutions in equilibrium with this 
hydrate at different temperatures, the curve FE (Fig. 43) was ob- 
tained. 

Since, as has already been stated, each solid substance has its 
own solubility curve, there are three separate curves to be consid- 
ered in the case of sodium sulphate and water. Where two curves 
cut, the solution must be saturated with respect to two solid phases; 
at the point B, therefore, the point of intersection of the solubility 
curve of anhydrous sodium sulphate with that of the decahydrate, 
the solution must be saturated with respect to these two solid sub- 
stances. But a system of two components existing in three phases, 
anhydrous salt —hydrated salt— solution, is invariant, if the pres- 
sure be constant. This is the case when solubilities are determined 
in open vessels; the pressure is then equal to atmospheric pres- 
sure. Under these circumstances, then, the system, anhydrous 
sodium sulphate —decahydrate — solution, will possess no degree 
of freedom, and can exist, therefore, only at one definite tempera- 


ture and when the solution has a certain definite composition. The 
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temperature of this point is 32.383°, or, in round figures, 32.4°, 1° 

and the solution contains 33.20 per cent. of anhydrous salt. This 
temperature is not quite the same as that of the quadruple point 
anhydrous salt hydrated salt —solution—vapour, because the 
latter is the temperature at which the System is under the pres- 
sure of its own vapour (see p.233). Since, however, the influence of 
pressure on the solubility is comparatively slight, the positions of 
the two points will not be greatly different. The quadruple point 
lies at 32.4° and 30.8 mm. of mercury. 

The curve showing the change of the incongruent melting-point 
with pressure has been determined by Tammann,?” and has been 
found to pass through a point of maximum temperature. 

Suspended Transformation. Although it is possible for the 
anhydrous salt to make its appearance at the temperature of the 
quadruple point B (Fig. 43) it will not necessarily do so; and it is 
therefore possible to follow the solubility curve of sodium sulphate 
decahydrate to a higher temperature. Since, however, the solubility 
of the decahydrate at temperatures above the quadruple point is 
greater than that of the anhydrous salt, the solution which is satu- 
rated with respect to the former will be supersaturated with respect 
to the latter. On bringing a small quantity of the anhydrous salt in 
contact with the solution, therefore, anhydrous salt will be deposi- 
ted; and all the hydrated salt present will ultimately undergo con- 
version into the anhydrous salt, through the medium of the solution. 
In this case, as in all cases, the solid phase, which is the most 
stable at the temperature of the experiment, has at that temperature 
the least solubility. 

Similarly, the solubility curve of anhydrous sodium sulphate has 
been followed to temperatures below 32.4°. Below this temperature, 
the solubility of this salt is greater than that of the decahydrate, 
and the saturated solution of the anhydrous salt will therefore be 
supersaturated for the decahydrate, and will deposit this salt if a 
“‘nucleus’’ is added to the solution. From this we see that at tem- 
peratures above 32.4° the anhydrous salt is the stable form, while 
the decahydrate is unstable (or metastable); at temperatures below 
32.4° the decahydrate is stable. This temperature, therefore, is the 
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transition temperature for decahydrate and anhydrous salt. 

From Fig. 43 we see further that the solubility curve of the 
anhydrous salt (which at all temperatures below 32.4° is metastable) 
is cut by the solubility curve of the heptahydrate; and this point 
of intersection (at a temperature of 24.2°) must be the transition 
point for heptahydrate and anhydrous salt. Since at alltemperatures 
the solubility of the heptahydrate is greater than that of the deca- 
hydrate, the former hydrate must be metastable with respect to the 
latter; so that throughout its whole course the solubility curve of 
the heptahydrate represents only metastable equilibria. Sodium 
sulphate, therefore, forms only one stable hydrate, the decahydrate. 

The solubility relations of sodium sulphate illustrate very clearly 
the importance of the solid phase for the definition of saturation and 
supersaturation. Since the solubility curve of the anhydrous salthas 
been followed backwards toa temperature of about 18°, it is readily 
seen, that at a temperature of, say, 20°, three different saturated 
solutions of sodium sulphate are possible, according as the an- 
hydrous salt, the heptahydrate or the decahydrate, is present as the 
solid phase. Two of these solutions, however, would be metastable 
and supersaturated with respect to the decahydrate. 

Further, the behaviour of sodium sulphate and water furnishes a 
very good example of the fact that a ‘‘break’’ in the solubility curve 
occurs when, and only when, the solid phase undergoes change. So 
long ‘as the decahydrate, for example, remains unaltered in contact 
with the solution, the solubility curve is continuous; but whenthe 
anhydrous salt appears in the solid phase, a distinct change in the 
direction of the solubility curve is observed. 

Dehydration by Means of Anhydrous Sodium Sulphate. The 
change in the relative stability of sodium sulphate decahydrate and 
anhydrous salt in presence of water at a temperature of 32.4° ex- 
plains why the latter salt cannot be employed for dehydration pur- 
poses at temperatures above the transition point. The dehydrating 
action of the anhydrous salt depends on the formation of the deca- 
hydrate; but since at temperatures above 32.4° the latter is un- 
stable, and cannot be formed in presence of the anhydrous salt, this 


salt cannot of course, effect a dehydration above that temperature. 
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Since at the incongruent melting-point (transition point) of 
Glauber’s salt, there are three phases in equilibrium, the system 
will, under constant pressure (say atmospheric) be invariant. The 
temperature, therefore, will be perfectly definite. On this account 
the proposal has been made to adopt this as a fixed point in ther- 
mometry. |® The temperature is, as we have seen, affected only 
comparatively slightly by change of pressure. 

Other Systems. In the case of sodium sulphate there is only 
one stable hydrate. Other salts are known which exhibit a similar 
behaviour; and we shall therefore expect that the solubility rela- 
tionships will be represented by a diagram similar to that for sodium 
sulphate. A considerable number of such cases have, indeed, been 
found, and in some cases there is more than one metastable hydrate. 
This is found, for example, in the case of nickel iodate, 1° the solu- 
bility curves for which are given in Fig. 44. As can be seen from 
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the figure, suspended transformation occurs, the solubility curves 
having in some cases been followed to a considerable distance be- 
yond the transition point. One of the most brilliant examples, how- 
ever, of suspended transformation in the case of salt hydrates, and 
the sluggish transition from the less stable to the more stable form, 
is found in the case of the hydrates of calcium chromate.” 

In the preceding cases, the solubility curve of the hydrated salt 
cuts the solubility curve of the anhydrous salt. It can, however, 
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happen that the solubility curve of one hydrate cuts the solubility 
curve, not of the anhydrous salt, but of a lower hydrate; in this 
case there will be more thanone stable hydrate, each having astable 
solubility curve; and these curves will intersect at the temperature 
of the transition point. Various examples of this behaviour are 


known. 
(d) Solid Solutions or ‘‘Mix-Crystals’’ are Formed. 


The introduction by van’t Hoff of the term ‘‘solid solution’’ re- 
sulted from the discovery of a number of deviations from the Raoult- 
van’t Iloff law for the depression of the freezing-point by dissolved 
substances. In all cases, the depression was too small; in some 
instances, indeed, the freezing-point was raised. To explain these 
irregularities, van’t Hoff assumed that the dissolved substance crys- 
tallised out along with the solid solvent; and he showed how this 
would account for the deviations from the law of the depression of 
the freezing-point, which had been developed on the assumption that 
only the pure solvent crystallises out from the solution. 

Crystalline solid solutions can be formed either by sublimation”! 
or from a liquid phase; and in the latter case the solid solution can 
be deposited either from solution in a common solvent or from a mix- 
ture of the fused components. In this method of formation, which 
alone will be discussed in the present chapter, we are dealing with 
the fusion curves of two substances, where, however, the liquid 
solution is in equilibrium not with one of the pure components, but 
with a crystalline solid solution. The simple scheme (Fig. 38, 
p. 135) which was obtained in the case of two components which 
crystallise out in the pure state, is no longer sufficient in the case 
of the formation of solid solutions. With the help of the Phase Rule, 
however, the different possible systems canbe classified; and ex- 
amples of the different cases predicted by the Phase Rule have also 
been obtained by experiment. 

Just as two liquids may show partial miscibility so also may 
two solids. If the components are completely miscible in the solid 
state an unbroken series of solid solutions is formed; if partial 
miscibility, a broken series. 

For the purpose of representing the relationships found here we 
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shall again employ a temperature-concentration diagram (under con- 
stant pressure), in which the ordinates represent the temperature 
and the abscissae the concentration of the components. Since there 
are two solutions, the liquid and the solid, and since the concen- 
tration of the components in these two phases is not, in general, the 
same, two curves will be required, one relating to the liquid phase, 
the other relating to the solid. The temperature at which solid be- 
gins to be deposited from the liquid solution will be called the 
freezing-point of the solution, and the temperature at which the solid 
solution just begins to liquefy will be called the melting-point 
of the solid solution. The temperature-concentration curve for the 
liquid phase will therefore be the freezing-point curve; that for the 
solid solution, the melting-point curve. The latter may be repre- 
sented by a dotted line. These curves are also very generally re- 


ferred to as the “‘liquidus’’ and the ‘‘solidus’’ curve respectively. 


(i) The Two Components can form an Unbroken Series of 
Solid Solutions. 

Since a solid solution constitutes only one phase it is evident 
that if the two components are miscible with each other in all 
proportions in the solid state, there can never be more than one 
solid phase present, viz. a solid solution of varying composition. 
If the components are completely miscible in the solid state they 
will also be completely miscible in the liquid state, and there can 
therefore be only one liquid phase. The system cannot become in- 
variant, (except in special cases) becausethere cannot be more than 
two phases present (under a constant pressure greater than the va- 
pour pressure), viz. solid solution and liquid solution. Since the 
system is one of two components existing in two phases and one 
of the variables has been fixed, the system is isobarically univari- 
ant and the equilibrium curve is continuous. Of these systems three 
types are found: 

(a) The freezing-points of all mixtures lie between the freezing- 
points of the pure components (Type I). 

(b) The freezing-point curve passes through a maximum (Type II). 


(c) The freezing-point curve passes through a minimum(Type Ill). 
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(a) The freezing-points of all mixtures lie between the freezing- 
points of the pure components (Curve I., Fig. 45). This type of curve 
is represented by the solid solutions of silver chloride and sodium 
chloride. The addition of sodium chloride to silver chloride raises 
the freezing point of the latter. The freezing-point curve is concave 
to the axis of concentration and joins the melting-points of the two 
components. The freezing-point curve thus lies above the straight 
line joining the freezing-points of the pure components. This is the 
usual form of the curve, although it sometimes lies below the straight 
line. The melting-point curve like the freezing-point curve, must 
also be continuous, and the melting-points of the different solid 
solutions willlie between the melting-points ofthe pure components. 
This is represented by the dotted line in Fig. 45, I. The relative 
position of the two curves, which can be deduced with the help of 
thermodynamics and also by experimental determination, is found 
in all cases to be in accordance with the following rule: At any 
given temperature, the concentration of that component by the addi- 
tion of which the freezing-point is depressed, is greater in the liquid 
than in the solid phase; or, conversely, the concentration of that 
component by the addition of which the freezing-point is raised, is 
greater in the solid than in the liquid phase. An illustration of this 
rule is afforded by the two substances silver chloride and sodium 
chloride, just mentioned. The addition of silver chloride lowers the 
melting-point of sodiumchloride. In accordance with the rule, there- 
fore, the concentration of the silver chloride in the liquidphase must 
be greater than in the solid phase; and this was found experimen- 
tally. 

From this it will also be clear that on cooling a fused mixture of 
two substances capable of forming solid solutions, the temperature 
of solidification will not remain constant during the separation of 
the solid; nor, on the other hand, will the temperature of liquefac- 
tion of the solid solution be constant. Thus, for example, if a lig- 
uid solution of two components, A and B, having the composition 
represented by the point x (Fig. 46), is allowed to cool, the system 
will pass along the line xx‘. At the temperature of the point a, a 


solid solution will be deposited, the composition of which will be 
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that represented by 6, As the temperature continues to fall, more 
and more solid will be deposited; and since the solid phase is rela- 
tively rich in the component B, the liquid will become relatively 
poorer in this, The composition of the liquid solution will there- 
fore pass along the curve ad, the composition of the solid solu- 
tion at the same time passing along the curve bc; _ at the point c 


the liquid will solidify completely. ?” 


II 


Composition 
Fig. 45 Fig. 46 


Conversely, if a solid solution of the composition and at the 
temperature x‘ is heated, liquefaction will begin at the temperature 
c, yielding a liquid of the composition d. On continuing to add heat, 
the temperature of the mass will rise, more of the solid will melt, 
the composition of the twophases will change as represented by the 
curves da and cb. When the temperature has risen to a, complete 
liquefaction will have occurred. The process of solidification or of 
liquefaction is therefore extended over a temperature interval ac, 

Even when the freezing-point curve is a straight line joining the 
melting-points of the pure components, the melting-point curve will 
not necessarily coincide with the freezing-point curve, although it 
may approach very near to it; complete coincidence can take place 
only when the melting-points of the two components are identical. 
An example of this will be given later (p. 192). 

Examples of this type are common in metallurgy and geology, 
e.g. the systems bismuth —antimony, copper—nickel and, in the 
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field of geology, anorthite—albite. 

A problem of great theoretical and practical interest is that of 
calculating the compositions of equilibrium liquid and solid solu- 
tions at any temperature. Since any phase transformation involves 
changes in the heat content, the composition and the volume, it 
should be possible thermodynamically to derive a relation between 
composition of the liquid and solid phases in equilibrium and the 
heat content of the system. A thorough discussion of the relative 
positions of liquidus and solidus curves has been given by van 
Laar,”> who has devised equations for the liquidus and solidus 
curves which are applicable to all concentrations of liquid and solid 
solutions. The most reliable equations for the solidus and 
liquidus curves are those derived more recently by Seltz,?* using 
the concepts of activity and fugacity. These equations were derived 
for a solid solution which obeys Raoult’s law and do not take into 
account the change of heats offusion withtemperature. Their appli- 
cation to any given case shows how far the system in question 
deviates from ideality. ”> The equations follow: 


(a) Liquidus: 


1 l- Ka eela/KT, 


r L}/KT 
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i 
and Kee : 


where K= b 
gte/RT, elb/RT, 


(b) Solidus: 


The symbols are: 
R = Gas Constant. 
L = Latent heat of fusion of Solid per mole. 


x = Concentration expressed as mole fraction. 
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T, = Absolute freezing temperature of the solution. 
T,, T, = Absolute freezing temperatures of pure components A 
and B respectively. 
The subscripts a and b refer to components A and B, the super- 
scripts | and s to the liquid and solid phases respectively. 
(6) The freezing-point curve passes through a maximum (Curve 
This curve exhibits the greatest degree of contrast 


with the freezing-point curve which is ob- 
tained when the pure components crys- 
tallise out. For since the curve passes 
through a maximum, it is evident that the 
freezing-point of each of the components 
must be raised by the addition of the 
other component. 

Very few cases belonging to this 
type are known. The best example is 
found in the freezing-point curve of mixtures of d- and /-car- 
voxime’° (C,)H,,N + OH). The freezing-points and melting- 
points of the different mixtures of d- and l-carvoxime are 
represented © graphically in Figure 47. In this figure, the 
melting-point curve, i.e, the temperature-concentration curve for 
the solid solutions, is represented by the lower curve. Since the 
addition of the laevo-form to the dextro-form raises the melting- 
point of the latter, the concentration of the laevo-form (on the right- 
hand branch of the curve) must, in accordance with the rule given, 
be greater in the solid phase than in the liquid. Similarly, since 
addition of the dextro-form raises the melting-point of the lavo- 
form, the solid phase (on the left-hand branch of the curve) must be 
richer in dextro- than in laevo-carvoxime. At the maximum point, the 
melting-point and freezing-point curves touch; at this point, there- 
fore, the composition of the solid and liquid phases must be identi- 
cal. It is evident, therefore, that at the maximum point the liquid 
will solidify, and the solid will liquefy completely without change 
of temperature; and, accordingly, a solid solution of the composi- 
tion represented by the maximum point will exhibit adefinite melting- 


point, and will in this respect behave like a simple substance. 
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Doubt has from time to time been cast upon the existence of this 
type of equilibrium curve, namely on the occurrence of a maximum. 2” 
Certainly, examples of the type are rare, though a number are quoted 
by Timmermans. 7° It seems, however, that the type is theoretically 
sound, despite its relatively infrequent occurrence. 

(c) The freezing-point curve passes through a minimum, (Curve 
Ill., Fig. 45). In this case, as in the case of those systems where 
the pure components are deposited, a minimum freezing-point is ob- 
tained. Unlike the latter case, however, only one solid phase is in 
equikibrium with liquid phase: at a binary eutectic, two solid phases 
are present. In the latter case also, there are two freezing-point 
curves which intersect at the eutectic point, but in the case where 
mix-crystals are formed there is only one continuous curve. On 
one side of the minimum point the liquid phase contains relatively 
more, on the other side relatively less, of the one component than 
does the solid phase; while at the minimum point the composition 
of the two phases is the same. At this point, therefore, complete 
solidification and complete liquefaction will occur without change 
of temperature, and the solid solution will accordingly exhibit a 
definite melting-point. 

As an example of this there may be taken the solid solutions of 
gehlenite and akermanite.*” Gehlenite melts at 1592°, and aker- 
manite at 1459°. The solid solution of constant melting-point (min- 
imum point) contains about 74 per cent akermanite, the melting-point 
being 1388°C, Fig. 48 is a diagrammatic representation ofthis sys- 
tem. 

The system KNO,—NaNOg, similarly, forms a continuous series 
of solid solutions with a minimum point at 225.7°, the composition 
being 55 per cent. KNO,.°° 


Fractional Crystallisation of Solid Solutions. With the help of 
the diagrams already given it will be possible to predict what will 
be the result of the fractional crystallisation of a fused mixture of 
two substances which can form solid solutions. Suppose, for ex- 
ample, a fused mixture of the composition x (Fig. 49) is cooled down; 
then, as we have already seen, when the temperature has fallen to 


a, a solid solution of composition b is deposited. If the tempera- 
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ture is allowed to fall to x’, and the solid then separated from the 
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liquid, all the solid solution so obtained will have the composition 
represented by e, If, now, the solid solution e is completely fused 
and the fused mass allowed to cool, separation of solid will occur 
when the temperature has fallen to the point f. The solid solution 
which is deposited has now the composition represented by g, 
t.e€, it,is richer in B than the original solid solution, By repeating 
this process, the composition of the successive crops of solid solu- 
tions which are obtained approxi- 
mates more and more to that of the 
pure component B, while, onthe 
other hand, the composition of the 
liquid phase produced tends to that 
of pure A. By a systematic and 
methodical repetition of the process 


of fractional crystallisation, there- 


fore, a practically complete sepa- 

Fig. 49 ration of the components. can be 
effected; a perfect separation is theoretically impossible. The 
similarity of this process to that of fractional distillation (Fig. 
29, p.116) will be obvious. 

From this it will be readily understood that in the case of sub- 
stances the freezing-point of which passes through a maximum, 
fractional crystallisation will ultimately lead to a solid solution 
having the composition of the maximum point, while the liquid phase 


will more and more assume the composition of either pure A or pure 
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B, according as the initial composition was on the A side or the B 
side of the maximum point. In those cases, however, where the 
curves exhibit a minimum, the solid phase which separates out will 
ultimately be one of the pure components, while a liquid phase will 
finally be obtained which has the composition of the minimumpoint. 
Again, the analogy with the fractional distillation of binary liquid 


mixtures having azeotropic maxima or minima is complete. 


(ii) The Two Components do not Form a Continuous Series of 
Solid Solutions. 


Partial miscibility in the solid state is possible, just as it is 
in the liquid state, that is, solid A may dissolve in solid B, and 
solid B in solid A, up to a limit of saturation only, the temperature 
and pressure being constant. The equilibrium diagram is then iden- 
tical with that of a partially miscible liquid pair: in both cases a 
critical solution temperature exists, which may or may not be real- 
izable. Since solid solubility, like liquid solubility, usually in- 
creases with rising temperature, the critical solution temperature 
is usually approached with rising temperature, but a lower critical 
temperature is sometimes met, as in the case of solid solutions of 
ammonium chloride and manganous chloride dihydrate.°? 

If, at constant pressure, such a curve of partial miscibility in 
the solid state exists and lies completely below a liquid—solid 
equilibrium curve of any of the types of Fig. 45 then, on cooling 
the completely solidified system, the solid phase which was at first 
homogeneous will break up into two solid phases and become 
heterogeneous: this phenomenon is called ex-solution. The con- 
dition is represented in Fig. 50, where a liquid-solid equilibrium of 
Type I is assumed, though the form of this curve has no bearing on 
the matter so long as there is complete miscibility in the solid state 
at temperatures at which liquid can exist. S, and S, in the figure 
represent the two immiscible series of solids. 

If a liquid of composition P is allowed to cool, it will commence 
to crystallise at temperature T, and, with sufficiently slow cooling, 
will eventually form a homogeneous solid of composition P at tem- 
perature T,. F'rom there down totemperature T,, where the isopleth 


through P enters the region of partial (solid) miscibility, the solid 
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remains homogeneous. At temperature T, aninfinitely small amount of 
a new solid phase having the composition B begins toseparate. As 
the temperature falls still lower, increasingly greater amounts of this 
phase separate, the composition varying, however, along the curve 
OC and that of the residual solid phase along OD. Then, at some 
lower temperature, say T,, aSsuming that cooling has been slow 
enough for thermodynamic equilibrium to be estabiished, the solid 
will consist of a heterogeneous mixture of two crystal forms hav- 
ing the compositions E and F and the amounts of which can be cal- 
culated from the inverse ratio of the intercepts XG and XH. 

It is conceivable that at some pressure other than that of Fig. 
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50, the partial miscibility curve may approach and intersect the 
curve of liquid—solid equilibrium, giving rise to a liquidus curve 
with a break. This means, in effect, that the two components do 
not form a continuous series of solid solutions at temperatures at 
which liquid can exist. Two types of curve then arise, depending 
on whether the curve of partial miscibility in the solid state inter- 
sects an equilibrium diagram of type | or type III (Fig. 45): inter- 
section with type I] is impossible. We shall now consider these two 
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types. 
(a) The freezing-point curve exhibits a transition point (Fig. 


51). 

As is evident from the figure, addition of B raises the melting- 
point of A, and, in accordance with the rule previously given, the 
concentration of B in the solid solution will be greater than in the 
liquid solution. This is represented in the Figure by the dotted 
curve AD. On the other hand, addition of A lowers the melting-point 
of B, and the two curves BC and BE are obtained for the liquid and 
solid phases respectively. At the temperature of the line CDE the 
liquid solution ofthe composition represented by C isin equilibrium 
with the two different solid solutions represented by D and KE. At 
this temperature, therefore, the t-c curve for the solid phase exhibits 
a discontinuity; and, since the solid phase undergoes change at 
this point, the freezing-point curve must show a break(p. 143). Such 
a break is a peritectic point of the same type as is observed with 
an incongruently melting compound. It has been suggested that the 
the term ‘‘meritectic’’ be used for the latter kind of discontinuity, 
that is, where a chemical change is involved, and that ‘‘peritectic”’ 
be applied only to the case at present under discussion, that is, the 
break is due to change from one series of solidsolutions to another. 
The term ‘‘peritectic’’ is, however, in common use for both phenom- 
ena. It is instructive to follow two isopleths, one lying between 
C and D, the other between D and FE. The former (composition P) 
is initially a homogeneous solid solution of the series S,. As it 
is heated, it begins to melt at temperature 1, giving rise to an in- 
finitely small amount of liquid of composition F, As melting pro- 
ceeds the temperature rises to that of the peritectic horizontal, the 
liquid composition changing to C and that of the solid to D. At 
this point there is still solid unmelted and the phase reaction 
S,» L +S, takes place, that is, the solid D is converted completely 
to solid E, and more liquid of composition C. The temperature 
remains constant since three phases afe present and the pressure 
is constant. When the last trace-of D has disappeared, temperature 
rises along CL to T, when the last trace of solid, having the com- 


position G, melts. Mixture Q is, at lowtemperature, a heterogene- 
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ous mixture of solid solutions S$, and S,. In this case, on heating, 


Temperature 


100%A 


Composition H  100%8 


Fig. 51 


no melting occurs until the peritectic temperature is reached, but 
the two solid solutions alter their compositions along their respec- 
tive solid solubility lines. When the peritectic temperature is 
reached, the equilibrium solids have the compositions D and E 
respectively. Melting now takes place, at constant temperature, 
with production of liquid C, the phase reaction again being 
S,;>L +S». When the solid of composition D(S,) has completely 
melted, the system is now isobarically univariant one phase having 
disappeared. With further rise of temperature, the liquid changes 
in composition along CB up to the temperature T,, when the last 
trace of solid having the composition H, melts. 

Curves of the form given in Fig. 51 have been found experimen- 
tally in the case of silver nitrate and sodium nitrate. *” The follow- 
ing table (p. 168) contains the numerical data, which are also rep- 
resented graphically in Fig. 52. 

The temperature of the transition point is 217.5°; at this point 
the liquid contains 19.5, and the two conjugate solid solutions 26 
and 38 molecules of sodium nitrate per cent. respectively. 

(b) The freezing-point curve exhibits a eutectic point (Fig. 53). 

In this case the freezing-point of each of the components is 


lowered by the addition of the other, until at last a point is reached 
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Molecules NaNO, H 7 Melting-point. 


at which the liquid solution solidifies to a mixture or conglomerate 
of two solid solutions. 

After what has been said of the preceding type of diagram, the 

308° isobaric behaviour along an isopleth can 

be disposed of shortly. An entirely solid 

mixture of composition P is heterogeneous, 

consisting of a mixture of solids, S, and 

ome Sj. The composition of the mixture is 

208-6 chosen to the left of the vertical through 


NO, the eutectic composition. On heating, 


oo Conc. in Mol.% : 

Fig. 52 melting commences at the eutectic temper- 
ature, the phase reaction being, S,; + S. %L. Since the original 
mixture contains an excess of S, over the eutectic composition, So 
disappears before S,, and the system S, +L is left. On further 
heating, the liquid composition follows the path CA, melting being 
complete at temperature T,. Similarly ,the mixture Q melts at the 
eutectic temperature to give, eventually, S, + L after which the 
liquid composition moves along the curve CB until melting is com- 
plete at temperature T,, 

At the eutectic point the liquid solution is in equilibrium with 
two different solid solutions, the composition of which is repre- 
sented by D and E respectively. If, therefore, a fused mixture con- 
taining the two components A and B in the proportions represented 
by C is cooled down, it will, when the temperature has reached the 


point C, solidify completely to a conglomerate of two solid solu- 
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Examples of this class are numerous, e.g. potassium nitrate 
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thallous nitrate, naphthalene——monochloracetic acid, mercuric 
iodide —silver iodide, silver chloride——cuprous chloride, lead— 
antimony, silver—copper, lead--tin, cadmium —zinc, AeA 

(c) A sixth type of solid solution is said to exist.” 

According to this, solid B is not soluble in solid A until a 
certain minimum concentration of B is reached. Quantities of 
B larger than this critical minimum concentration dissolve to 
to give a homogeneous solid solution until a critical maximum con- 
centration of B is reached beyond which it is no longer dissolved. 
In some cases one of these two critical concentrations corresponds 
to the composition of a known chemical compound, but in none is 
this true for both critical concentrations. A freezing-point dia- 
gram suggested by the case in which neither critical concentra- 
tion corresponds to that ofa compound is shown inFig. 54, in which 
S denotes the solid solution and the other symbols have their usual 
meaning. 

Several experimental examples of the occurrence of this type are 
quoted by Ricci, but, if it is real, it is difficultto see how itcanbe 
explained in terms of lattice behaviour. If the lattice of A will 
tolerate the entrance of B at all, why does it refuse to do so until 
the concentration of B in the liquid phase has attained a certain 
value? On the other hand, if it is claimed that a type of lattice 
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different from those of either A or B exists in the region of solid 
solubility, then this new lattice would be considered, at least in 
metallography, as conclusive evidence of the existence of a com- 


pound, however unsymmetrical the empirical formula might be. 


Temperature 


A Composition B 
Fig. 54 


Changes in Solid Solutions with the Temperature. Referring 
again to Figs. 51 and 53, suppose that a solid solution of the com- 
position x is cooled down, It will remain unchanged until, when 
the temperature has fallen to ¢', the homogeneous solid solution 
breaks up into a conglomerate of two solid solutions the composition 
of which is represented by x’ and x” respectively. From this, then, 
it can be seen that in the case of substances which form two solid 
solutions, the solid solutions which are deposited from the liquid 
fused mass need not remain unchanged inthe solid state, but may at 
some lower temperature lose their homogeneity. This fact is of 
considerable importance for the formation of alloys and the mecha- 
nism of the process is at present being actively investigated by the 
method of X-ray analysis. °* 

When allotropic transformation takes place in completely solid 
systems which form solid solutions, the transition temperatures 
of the pure phases are altered and solid solubility curves are gener- 
ated which may give rise to a eutectoid. For instance, the transi- 
tion temperature for NH,NO3 IV <= NH,NOg III lies at 32.3° C 
(cf. p. 78). By addition of potassium nitrate, in the form of solid 
solution in ammonium nitrate, this transition temperature is lowered, 


so that NH, NO, III becomes the form stable at room temperature. °° 
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In other cases, the transition temperature is raised: it depends on 
whether the added substance is more or less soluble in the form 
disappearing than in the form appearing. In the system NH,NO;— 
KNO3, potassium nitrate is more soluble in NH,NO3 III than it is 
in NI,NO, IV; hence the transition point is lowered. When transi- 
tion temperatures are altered in this way by formation of solid solu- 
tion with a foreign body, there will always be two solid solubility 


o 


Temperature 


Fig. 55 Casog. Sr$04 
curves expressing the solubility of the added substance in the two 
allotropic modifications. Such curves of solid solubility may inter 
sect other curves of solid solubility, giving rise to eutectoid points, 
at which (in binary system) three solid phases are in equilibrium. 
The term “‘eutectoid’”’ is identical in meaning with ‘‘eutectic’’, 
except that the change in the last syllable indicates that the sys- 
tem is entirely solid. In a binary system under constant pressure, 
invariance will be produced whenever three solid phases are in 
equilibrium: this invariant point will be a eutectoid if it is also a 
minimum temperature for the existence of the phase of intermediate 
composition. These points are well illustrated by a study of the 
system calcium sulphate—strontium sulphate, °° (Fig. 55). A is the 
melting point of pure calcium sulphate (1450°), B that of pure 
strontium sulphate(1605°). Both substances are completely isomor- 
phous in the high temperature (a) form. Hence the continuous curve 


AB (drawn dotted because it was not determined experimentally) is 
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the freezing point curve (liquidus) for mixtures of calcium and 
strontium sulphates. If AB is the liquidus it must, of course, be 
accompanied by a solidus about which nothing is known. The 
area ABFEDC represents the region of stable existence of homo- 
geneous mix-crystals of the a-series of calcium and strontium sul- 
phates. C is the trarisition point (1193°) at which aCaSO, passes 
into 6CaSO,. Since strontium sulphate is at first more soluble in 
the 6 form of calcium sulphate than it is in the a form, the transi- 
tion point is at first raised to the point D (11° above the transition 
point of pure calcium sulphate), where the solubility of strontium 
sulphate in the two forms of calcium sulphate becomes the same 
(about 20 mole per cent strontium sulphate). From here on, strontium 
sulphate is more soluble in the a form of calcium sulphate than it 
is in the 6 form. Hence the transition temperature is now depressed 
to the point E (1006°), when the 8 form of calcium sulphate is 
saturated with strontium sulphate (the point G represents this 
Saturation capacity). Point F is the a= transition point of pure 
strontium sulphate. Since calcium sulphate is always more soluble 
in aSrSO, than it is in 6S:SO, this transition temperature is con- 
tinuously depressed by addition of calcium sulphate until the 
eutectoid temperature EF is reached, when ASSO, is saturated with 
calcium sulphate (point H). On the eutectoid horizontal GEH the 
three phases G, E and H coexist; these phases are: saturated solu- 
tion of strontium sulphate in calcium sulphate of series (6), 
saturated solution of calcium sulphate in strontium sulphate of B- 
series (,) and equilibrium solid solution of the a-series of compo- 
sition EK, The phase reaction on heating any mixture in the gap GH 
is £, + Po. Such eutectoids are common in the more complicated 
systems: for instance, there is a well-known one in the iron— 
carbon system (v. infra). 


I]. The Components are not Completely Miscible in the 
Liquid State. 


When one passes to the consideration of the equilibrium relations 
which exist in the case of two components which are not completely 
miscible in the liquid state, the additional complexity is introduced 


that at a certain value of the temperature and composition two liquid 
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phases are formed. Since, at this point, there now coexist three 
phases, solid and two liquids, the system is invariant, at constant 
pressure. Not only the temperature, therefore, but also the compo- 
sitions of the two liquid phases must have definite values. If the 
solid phase is allowed to be absent, then the system becomes uni- 
variant, and the composition of the two liquid phases will alter 
with the temperature. Into the ordinary equilibrium diagram-there 
will be introduced a curve for the relation between the temperature 
and the composition of the two liquid phases. 

To illustrate the behaviour of such a system, we may consider 
the complete equilibrium diagram for the system watere—phenol, 


which was fully studied by Campbell.*’ 


Water Composition Phenol 


Fig. 56 


If to the system ice water at 0° phenol is added, the tempera- 
ture will fall; and continued addition of phenol will lead at last 


to the eutectic point b (Fig. 56), at which solid phenol, ice and 
solution can coexist. The temperature of the eutectic point is 
-1.3°,andthe composition of the solution is 5.8 per cent phenol. 
Froma to bthe solid phase in contact with the solution is ice. If 
the temperature be now raised so as to cause the disappearance of 
the ice, and the addition of phenol be continued, the concentration 
of the phenol in the solution will increase as represented by the 


curve be. The solid phase in equilibrium with the solutions repre- 
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sented by the curve bc is phenol. At the point c, (1.3°), when the 
concentration of the phenol in the solution has increased to 6.8 per 
cent, the phenol melts and two liquid phases are formed; the con- 
centration of the phenol in these two phases is given by the points 
c andc ° As there are now three phases present, viz. solidphenol, 
solution of fused phenol in water and solution of water in fused 
phenol, the system is invariant, at constant pressure. Since at this 
point the concentration, temperature, and pressure are completely 
defined, addition or withdrawal of heat can only cause a change in 
the relative amounts of the phases, but no variation of the concen- 
trations of the respective phases. As a matter of fact, continued 
addition of phenol and addition of heat will cause an increase inthe 
amount of the liquid phase containing excess of phenol (i.e, the 
solution of water in fused phenol), whereas the other liquid phase, 
the solution of fused phenol in water, will gradually disappear. 
When it has completely disappeared, the system will be represented 
by the point c , where the concentration of phenol is now 76.0 per 
cent, and it again becomes univariant, and the two phases being 
solid phenol and liquid phase containing excess of phenol. As the 
amount of the water is diminished the temperature of equilibrium 
rises, until at 42.5° the melting point of the pure phenol is reached. 

Return now to the point c. At this point there exists the invar- 
iant system, solid phenol and two liquid phases. If heat be added, 
and the total composition kept between c and c’, the solid phenol 
will disappear, and there will be left the univariant system consist- 
ing of two liquid phases. Such a system will exhibit relationships 
similar to those already studied ina previous chapter. 

At all temperatures and concentrations lying above the curve 
abcdce there can be onlyone liquid phase. At all temperatures be- 
tween 1.3° and 66.8°, mixtures having a total composition repre- 
sented by a point within the area cdc’ will separate into two liquid 
phases. As the temperature rises, the mutual solubility of the two 
fused components becomes greater and, when the curve cde is 
crossed, homogeneity results. One mixture, namely that having the 
critical composition, will remain heterogeneous until the critical 
solution temperature (66.8°) is reached. 
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In this discussion of the system phenol——water, it should be 
pointed out that it is claimed that a solid compound of phenol and 
water, a hydrate, exists and that, therefore, the diagram as given 
here represents a metastable system.*° Even if this is true it does 
not in the least diminish the validity of the diagram as a represen- 
tation of the general behaviour. In any case, this hydrate never 
comes into existence under ordinary conditions. 

“‘Melting Under the Solvent.’’ It is a common observation in the 
practice of organic chemistry that when a solid substance is heated 
with a solvent, with the object, say, of recrystallising the solid, it 
appears to melt at a temperature much below the normal melting- 
point. The phenomenon is illustrated by the behaviour of benzoic 
acid heated with water, the equilibrium diagram for which system is 
reproduced in Fig. 57. After what has been said about the behaviour 
of the system phenol—water, the explanation is almost self-evident. 
Addition of water to benzoic acid lowers its melting point from 
about 120 to 95°. Further addition of water, at constant tempera- 
ture, causes the formation of two liquid layers, a saturated solu- 
tion of water in benzoic acid and of benzoic acid in water. At the 
invariant point, the concentrations of the two layers are about 5 


and 75 per cent benzoic acid, respectively: the critical solution 
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Fig. 57 


temperature is about 115°. Hence, if benzoic acid is mixed with 


water in any proportions lying between 10 and 70 per cent benzoic 
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acid and the solution heated say, tol00°itwill separate into two 
liquid layers, that layer, however, which appears to be molten 
benzoic acid being actually a solution of water in benzoic acid. 

Suspended Transformation. Just as suspended transformation is 
rarely met with in the passage from the solid to the liquid state, so 
also it is found that in the case of the melting of substances under 
the solvent suspended fusion does not occur, but that when the tem- 
perature of the invariant point is reached at which, therefore, the 
formation of two liquid layers is possible, these two liquid layers, 
as a matter of fact, make their appearance. Suspended transforma- 
tion can, however, take place from the side of the liquid phase, just 
as water or other liquid can be cooled below the normal freezing- 
point without solidification occurring. The question, therefore, 
arises as to the position of the equilibrium curve for the metastable, 
supercooled liquid phase. 

The answer to this question can atoncebe given when we reflect 
that at temperatures at which the two liquid phases are metastable, 
the stable system, solid + liquid, must be capable of being formed 
from the metastable by separation of the solid phase. If, however, 
separation of the solid phase takesplace, the residual liquid, which 
is in equilibrium with the solid phase, must contain a lower propor- 
tion of the crystallising component than does the metastable liquid. 
This was first proved experimentally in the case of benzoic acid 
and water (Fig. 57). As can be seen from the figure, the prolonga- 
tion ba of the curve for liquid —liquid, which represents the solu- 
bility of the supercooled liquid benzoic acid, lies above that for the 
solubility of the solid benzoic acid in water; the solution saturated 
with respect to the supercooled liquid is therefore supersaturated 
with respect to the solid form. 

Binary Equilibria at Lower Temperatures. While freezing-point 
diagrams give valuable information regarding the state of a system 
within the temperature limits of the diagram, the information ob- 
tained for high-melting solids does not necessarily remain valid, 
for example, at room temperature. For the study of binary systems 
at lower temperatures, the method is frequently applied of adding a 


third component which does not react with either of the two 
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: 39 
solids. The system thus becomes one of three components, the 
inert diluent (frequently water) functioning as a solvent. Such sys- 


tems will be considered under three-component systems (Chap. 


XVID. 
III. Factors Affecting Solubility. 


From what has been said earlier it will be clear that in aqueous 
systems of the type represented in Fig. 38, p. 135, in which no com- 
pound is formed between the components, the so-called solubility 
curve, or the curve which represents the composition of solutions in 
equilibrium with the solid solute at different temperatures, is iden- 
tical with the equilibrium curve or freezing-point curve of the fused 
solute in presence of water. While it is of importance always to 
bear this fact in mind, it is nevertheless advantageous to give 
separate and special consideration to the question of solubility and 
solubility curves, owing both to differences in experimental method 
and to the special interests involved in their study. 

When a solid is brought into contact with a liquidin whichit can 
dissolve, a certain amount of it passes into solution; and the 
process continues until the concentration reaches a definite value 
independent of the amount of solid present. A condition of equi- 
librium is established between the solid and the solution; the solu- 
tion becomes saturated. Since the number of components is two, and 
the number of phases three, viz. solid, liquid solution, vapour, the 
system is univariant. If, therefore, one of the factors, pressure, 
temperature, or concentration of the components (in the solution), 7° 
is arbitrarily fixed, the state of the system becomes perfectly 
defined. Thus, at any given temperature, the vapour pressure of 
the system and the concentration of the components have a definite 
value. If the temperature is altered, the vapour pressure and also, 
in general, the concentration, will undergo change. Likewise, if 
the pressure varies, while the system is isolated so that no heat 
can pass between it and its surroundings, the concentration and the 
temperature must also undergo variation until they attain values 
corresponding to the particular pressure. 

Considering, for the present, those systems in which only solid 
and liquid phases are present, it is clear that the system solid— 
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liquid (solution) will be bivariant. If the pressure is maintained 
constant, the composition of the solution will vary with the temper- 
ature; or, on the other hand, if the temperature is maintained con- 
stant, the composition of the solution will vary with the pressure. 
The influence of temperature on the solubility of a solid in water is 
sufficiently appreciated; the effect of pressure, although not so 
well known, is no less certain. 

The Saturated Solution. From what has been said above, it will 
be seen that the condition of saturation of a solution canbe defined 
only with respect to a certain solid phase; if no solid is present, 
the system is undefined, for it then consists of only two phases, and 
is therefore bivariant. Under such circumstances not only can there 
be at one given temperature solutions of different concentration, 
all containing less of one of the components than when that com- 
ponent is present in the solid form, but there can also exist solu- 
tions containing more of that component than corresponds to the 
equilibrium when the solid is present. In the former case the solu- 
tions are unsaturated, in the latter case they are supersaturated 
with respect to a certain solid phase; in themselves, the solu- 
tions are stable, and are neither unsaturated nor supersaturated. 
Further, if the solid substance can exist in different allotropic 
modifications, the particular form of the substance which is in 
equilibrium with the solution must be known, in order that the 
statement of the solubility may be definite; for each form has its 
own solubility, and, as we shall see presently, the less stable 
form has the greater solubility (cf. p. 183). In all determinations 
of the solubility, therefore, not only must the concentration of the 
components in the solution be determined, but equal importance 
should be attached to the characterisation of the solid phase present. 

In this connection, also, one other point may be emphasised. 
For the production of the equilibrium between a solid and a liquid, 
time is necessary, and this time not only varies with the state of 
division of the solid and the efficiency of the stirring, but is also 
dependent on the nature of the substance.*° Considerable care 
must therefore be taken that sufficient time is allowed for equilib- 


rium to be established. Such care is more especially needful when 
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changes may occur in the solid phase, and neglect of it has greatly 
diminished the value of many of the older determinations of solu- 
bility.4! 

(a) The Pressure Factor. 

The direction in which change of concentration will occur with 
change of pressure can be predicted by means of the principle of Le 
Chatelier, if it is known whether increase or diminution of volume 
takes place when the substance dissolves in an almost saturated 
solution. If diminution of the total volume of the system occurs on 
solution, increase of pressure will increase the solubility; in the 
reverse case, increase of pressure will diminish the solubility. 

The effect of pressure on the solubility has been made the sub- 
ject of both mathematical and experimental investigation. The 


following equation is easily derived thermodynamically: 


= 7 rea 
ey AV aie 


where (dI./dp)7 is the pressure coefficient of solubility, (oL/0T), 
the temperature coefficient of solubility, AV the total change of 
volume when one mole of the solute goes into solution under equi- 
librium conditions (that is, into an infinite amount of the nearly 
saturated solution), AI] the heat absorbed when one mole dissolves 
under the same conditions, and T the absolute temperature. Be- 
cause at least two of the above quantities may have different alge- 
braic signs in any one case, it is apparent that the quantity 
(OL/op)p may be positive or negative, depending on the substance 
investigated, that is, the solubility may increase or may decrease 
with increasing pressure, depending on the system investigated. 

Accurate determinations of the influence of pressure on solu- 
bility, extending over a great range of pressure, have been carried 
out by Cohen and his collaborators’? and by others. Some of their 
results are given in the following tables (p. 180). 

The values of Av for thallous sulphate — water, naphthalene 
tetrachlorethane, and m-dinitrobenzene-+ethylacetate are -0.0491, 
+ 0.1313, and + 0.0442 c.c. per gram respectively. 

From the values of the solubility, more especially of m-dinitro- 
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: Solubility of 
Solubility of mannitol pap naphthalene in 
at 24°05° (grams of (grams of cat a tetrachlorethane at 
solute in 100 grams Too grams of 30°00° (grams of 
of water). saturated solution). |  Slute in too grams 


Solubility of m-dinitrobenzene 
in ethyl acetate at 30‘00° 


(grams of solute in 100 grams 
of solvent) / 


benzene inethyl acetate and of naphthalene in tetrachlorethane, it 
will be clear that the pressure may, in some cases, bring about a 
very considerable change in the solubility. For all practical pur- 
poses, however, the solubility determined under atmospheric pres- 
sure may be taken as equal to the solubility when the system is 


under the pressure of its own vapour. 


(b) The Temperature Factor. 


The solubility curve~that is, the curve representing the change 
of concentration of the components in the solution with the temper- 
ature — differs markedly from the curve of vapour pressure (p. 2b 
in that it possesses no general form, but may vary in the most diverse 
manner. Not only may the curve have an almost straight and hori- 
zontal course, or slope or curve upwards at varying angles; but 
it may even slope downwards, corresponding to a decrease in the 
solubility with rise of temperature (known as retrograde solubility); 
may exhibit maxima or minima of solubility, or may, as in the case 
of some hydrated salts, pass through a point of maximum tempera- 
ture. In the latter case the salt may possess two values of solu- 


bility at the same temperature. Examples of this type belong to 
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the class of congruently melting compounds (cf. Figs.40 and 41). 

The great variety of form shown by solubility curves is at once 
apparent from Fig. 58, in which 
the solubility curves of various 
substances (not, however, drawn 
to scale) are reproduced. 

Varied as is the form of the 
solubility curve, its direction, 
nevertheless, can be predicted by 


Concentration 


means of the principle of Le 
Chatelier; for in accordance with 


that theorem (p. 22) increase of 


solubility with the temperature 

Temperature must occur in those cases where 

Fig. 58 the process of solution is accom- 

panied by an absorption of heat; 

and a decrease in the solubility with rise of temperature will be 

found incases where solution occurs with evolution of heat. Where 

there is no heat effect accompanying solution, change of tempera- 

ture will be without influence on the solubility; and if the sign of 

the heat of solution changes, the direction of the solubility curve 

must also change, i.e. must show a maximum or minimum point. 
This has in all cases been verified by experiment. 

When applying the principle of Le Chatelier to the course of the 
solubility curve, the partial molal heat of solution to be considered 
is the heat absorption attending the solution of a mole of solute in 
a very large quantity of almost saturated solution: it is obvious 
that this quantity cannot be obtained by direct experiment, but it 
can by graphical extrapolation. Not only may be the magnitude of 
this so-called ‘‘last heat of solution’’ be very different from that 
of dissolving solute in pure solvent, but it may even differ as to 
sign. 

Despite its many forms, it should be particularly noted that the 
solubility curve is, for any given substance, continuous, so long 
as the solid phase, or solid substance in contact with the solution, 


remains unchanged. If any ‘*break’’ or discontinuous change in the 
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direction of the curve occurs, it is a sign that the solid phase has 
undergone alteration. Conversely, if it is known that a change 
takes place in the solid phase, a break in the solubility curve can 


be predicted 
(c) The Nature of the Solid Phase (Allotropy). 


If the discussion is limited to those cases where the solute 
forms no compound (hydrate) with the water, and where the fused 
solute is completely miscible with water, then it follows that a 
break in the solubility curve must be due to a change in the crys- 
talline form of the solid solute. 

We have already learned that certain substances are capable 
of existing in various crystalline forms, and these forms are so re- 


lated to one another that at a given temperature the relative sta- 


170° 


125° 


84° 


ore 


60 70 80 90 100 
% NH,4NO; 
Fig. 59 


bility of each pair of allotropic forms undergoes change. Since 
each crystalline variety of a substance must have its own solu- 
bility, there must be a break in the solubility curve at the tem- 
perature of transition of the two enantiotropic forms (chp. 154): 
At this point the two solubility curves must cut, for since the 
two forms are in equilibrium with respect to their vapour (Danae 
they must also be in equilibrium with respect to their solutions. 


The break in the solubility curve of an enantiotropic substance 
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has been verified, more especially in the case of ammonium 
i 43 : 44 

nitrate ~ and thallous picrate. 

In the following table are given the values of the solubility of 


ammonium nitrate in water from 0° to the melting-point, 169.6°: 


SoLUBILITY OF AMMONIUM NITRATE. 


Solubility (grams of 
NH,NO, in 100 grams 
of solution). 


” 
” 


NH,NO, (a-rhombic) 


NH,NO, (rhombohedral) 
NH,NO, (regular) 


” 


On plotting these values, the curve shown in Fig. 59 is ob- 
tained. The curve shows distinct breaks at 32° (transition point 
for G- and a-rhombic) and at 125° (transition point forrhombohedral 
and regular or cubic). No detectible break, however, was observed 
at 84° (transition point for a-rhombic and rhombohedral), showing 
that the temperature coefficients of solubility of a-rhombic and 
rhombohedral ammonium nitrate are practically the same. 

Suspended Transformation and Supersaturation. As has already 
been learned, the transformation of the one crystalline form into the 
other does not necessarily take place immediately the transition 
point has been passed; and it has therefore been found possible 
in a number of cases to follow the solubility curve of a given crys- 
talline form beyond the point at which it ceases to be the most 
stable modification. Now, it will be evident from Fig. 59 that if the 
solubility curves for rhombohedral and regular ammonium nitrate be 
prolonged beyond the point of intersection, the solubility of the less 
stable form is greater than that of the more stable (cf. p. 153). 


Above 125°, for example, rhombohedral ammonium nitrate (meta- 
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stable) is more soluble than regular ammonium nitrate (stable). A 
solution, therefore, which is saturated with respect to the less 
stable form, i.e. which is in equilibrium with that form, is super- 
saturated with respect to the more stable modification. If, there- 
fore, a small quantity of the more stable form is introduced into the 
solution, the latter must deposit such an amount of the more stable 
form that the concentration of the solution corresponds to the solu- 
bility of the stable form at the particular temperature. Since, how- 
ever, the solution is now unsaturated with respect tothe less stable 
variety, the latter, if present, must pass into solution; and the two 
processes, deposition of the stable and solution of the metastable 
form, must go on until the latter form has entirely disappeared and a 
saturated solution of the stable form is obtained. There will thus 
be a conversion, through the medium of the solvent, of the less 
stable into the more stable modification. This behaviour is of 
practical importance in the determination of transition points. 

From the above discussion it will be seen how important is the 
statement of the solid phase for the definition of saturation and 


supersaturation. 22 
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CHAPTER IX 


MISCELL ANEOUS EXAMPLES OF FREEZING-POINT CURVES 


In this chapter it is proposed to discuss the application of the 
principles of the Phase Rule, as developed in the preceding pages, 
to a number of systems of two components, so as to show more fully 
how the Phase Rule has been applied to the elucidation of certain 
problems connected with the equilibria between two components and 
how it has been employed for the interpretation of the data obtained 
by experiment. It is hoped that the practical value of the Phase 
Rule may thereby become more apparent, and its application to other 


cases be rendered easier. 
J. Optically Active Substances. 


The question as to whether a resolvable inactive body is a mix- 
ture of the two oppositely active constituents (a d/-mixture), or a 
racemate, is one which has given rise to considerable discussion; 
and several investigators have endeavoured to establish general rules 
by which the question could be decided. In the case of inactive 
liquids it is a matter of great difficulty to arrive at a certain conclu- 
sion as to whether one is dealing with a mixture or a compound, for 
in this case the usual physical methods give but a dubious answer. 
There is, however, no doubt that racemic molecules exist in the 
liquid state in certain cases. 1 Their existence in solution is more 
doubtful. 

Even in the case of crystalline substances, where the differences 
between the various forms are greater, it is not always easy to dis- 
criminate between the d/-mixture and the racemate. The occurrence 
of hemihedral faces was considered by Pasteur to be a sufficient 
criterion for an optically active substance. It has, however, been 
found that hemihedry in crystals, although a frequent accompaniment 
of optical activity, is by no means a necessary or constant expres- 
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sion of this property. Other rules, also, which were given, al- 
though in some cases reliable, were in other cases insufficient; 
and all were in so far unsatisfactory that they lacked a theoretical 
basis. 

With the help of the Phase Rule, however, it is possible from a 
study of the solubility or fusion curves of the optically active and 
inactive substances, to decide the nature of the inactive substance, 
at least under certain conditions. On account of the interest and 
importance which these compounds possess, a brief description 
of the application of the Phase Rule tothe study of such substances 
will be givenhere;* the two optical antipodes being regarded as the 
two components. 

In the present chapter we shall consider only the fusion curves, 
the solubility curves being discussed in the next section on three- 
component systems. ‘The rules which are hereby obtained have 
reference only to the nature of the inactive substance in the neigh- 
bourhood of the melting-points. 


(a) The inactive substance is a dl-mixture. 


In this case the fusion curves will have the simple form shown 
in Fig. 38. A and B in Fig. 38 would represent the melting-points 


oi the two optical isomerides (the temperature, howe ver, being the 


100 ¢ 1004 
Fig. 60 | Fig. 61 

same for both isomerides), and C the eutectic point at which the 

inactive mixture (conglomerate), consisting of equal amounts of 

d- and /- form, melts. Owing to the similar effect of the one form 

on the freezing-point of the other, the figure is symmetrical. The 


only known example of this type of system is found in the case of 
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d- and ]-pinene.® The melting-point of the active isomerides is 
_63° to—64°, and the euteetic temperature is about—120°. 


(b) The two components form a racemate. 


In this case there will be three melting-point curves as in Fig. 
40. In this case also the figure must be symmetrical. 

As examples of this there may be taken dimethyl tartrate and 
mandelic acid, the freezing-point curves of which are given in Figs. 
60 and 61.* As can be seen, the curve for the racemic tartrate oc- 
cupies a large part of the diagram, while that for racemic mandelic 
acid is much smaller. In the case of dimethyldiacety] tartrate, this 
middle portion is still less. 

Active dimethyl tartrate melts at 43.3°; racemic dimethy] tartrate 
at 89.4°. Active mandelic acid melts at 132.8°; the racemic acid 
at 118.0°. In the one case, therefore, the racemic compound has a 
higher, in the other a lower, melting-point than the active forms. 

Camphoric acid and o-methylhydrogen camphorate also yield 
curves indicating the formation of a.crystalline racemate with acon- 


gruent melting-point. : 


Fig. 62 


In the case of partially racemic compounds (i.e, the compound of 
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a racemate with an optically active substance) the type of curve 
will be the same, but the figure will no longer be symmetrical. Such 
a curve has been found in the case of the /-menthyl esters of d- and 
l-mandelic acid (Fig. 62). ° The freezing-point of /-menthyl d-mande- 
late is 97.2°, of l-menthy] /-mandelate 77.6°, and of l-menthy] r- 
mandelate 83.7°. It will be observed that the summit of the curve 
for the partially racemic mandelate is fairly flat, indicating that 
the compound is dissociated to a considerable extent in the liquid 
State. 


(c) The inactive substance is a pseudo-racemic mix-crystal (solid 


Solution). 


In cases where the active components can form mix-crystals or 
solid solutions, the freezing-point curve will exhibit one of the 
forms given in Figs. 45 and53. The inactive mix-crystal con- 
taining 50 per cent. of the dextro and lavo compound, is known as 
a pseudo-racemic mix-crystal.’ So far, only curves of the types I. 
and II. have been obtained. 

The two active camphor oximes are of interest from the fact 
that they form a continuous series of solid solutions, all of which 
have the same melting-point. The curve which is obtained in this 
case is, therefore, a straight line joining the melting-points of the 
pure active components; the melting-point of the active isomerides 
and of the whole series of solid solutions being 118.8°. Curves of 
this type are also given by borneol, camphor, camphoric anhydride, 
bornyl hydrogen phthalate and camphene. ® 

In the case of the carvoximes solid solutions are also formed, 
but the equilibrium curve in this case exhibits a maximum (Fig. 47). 
At this maximum point the composition of the solid and of the liquid 
solution is the same. Since the curve must be symmetrical, this 
maximum point must occur in the case of the solution containing 
90 per cent. of each component, which will therefore be inactive, 
Further, this inactive solid solution will melt and solidify at the 
Same temperature, and behave, therefore, like a chemical compound 
(p. 161). The melting-point of the active compounds is 72°; that of 
the inactive pseudo-racemic mix-crystal is 91.4°. A similar behav- 


iour is shown by the monobornyl malonates. ° 
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Transformations. As has already been remarked, the conclu- 
sions which can be drawn from the fusion curves regarding the na- 
ture of the inactive substances formed, hold only for temperatures 
in the neighbourhood of the melting-points. At temperatures below 
the melting-point transformation may occur; e.g. a racemate may 
break up into a dl-mixture, or a pseudo-racemic mix- crystal may 
form a racemate. We shall at a later point meet with examples of a 
racemate changing into a dl-mixture at a definite transition point; 
and the pseudo-racemic mix-crystal of camphoroxime is an example 
of the second transformation. Although at temperatures in the neigh- 
bourhood of the melting-point the two active camphoroximes form 
only mix-crystals but no compound, 10 2 racemate is formed at tem- 
peratures below 103°. At this temperature the inactive pseudo- 
racemic mix-crystal changes into a racemate; and in the case of 
the other solid solutions transformation to racemate and (excess of) 
active component also occurs, although at a lower temperature than 
in the case of the inactive solid solution. 

Iiere, as in so many other cases, the X-ray method may be applied 
+n order to decide definitely whether a given inactive solid form con- 
tains racemic molecules.!! The existence or non-existence of 
racemic molecules in the liquid state may also be decided by the 
same method of investigation. 


II. Alloys. 


One of the most important classes of substances in the study of 
which the Phase Rule has been of very considerable importance, is 
that formed by the mixtures or compounds or solid solutions of 
metals with one another known as alloys. Although in the inves- 
tigation of the nature ofthese bodies various methods are employed, 
one of the most important is the determination of the character of 
the freezing-point curve; for from the form of this valuable informa- 
tion can, as we have already learned, be obtained regarding the 
nature of the solid substances which separate out from the molten 
mixture. 

Although it is impossible here to.discuss fully the experimental 
results and the oftentimes very complicated relationships which the 


study of the alloys has brought to light, a brief reference to these 
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bodies will be advisable on account both of the scientific interest 
and of the industrial importance attaching to them. +? 

The essential problem in metallurgy is a knowledge ofthe phases 
present in the cold alloy. Thermal analysis and a knowledge of the 
freezing-curve provide important information in this respect, at least 
as regards temperatures in the neighbourhood of the freezing-point 
of the alloy. Thermal analysis can also provide information regard- 
ing changes in the completely solidified alloy, i.e. changes in the 
solid phases, provided the thermal effects accompanying these 
changes are sufficiently marked. (Cf. Appendix II for thermal 
analysis.) 

Although the method of thermal analysis retains its importance 
as a standard metallurgical method, it is less frequently used than 
formerly and is nowadays supplemented by several other techniques, 
notably that of X-ray analysis, (Cf. section on X-ray analysis, p. 
229, ), while the microscopic examination and microphotographic 
examination of the solidified alloy have long been used in conjunc- 
tion with the method of thermal analysis. As subsidiary aids may 
be mentioned the determination of: (1) the electrical conductiv- 
ity, (2) the magnetic susceptibility, (3) the electrode potential, 
(4) the heat of mixture of the molten metals, (5) the intensity of re- 
flection of light, (6) the atomic heats of the components and of the 
alloy, (7) the specific volumes of alloy and components. 

We have already seen that there are three chief types of freezing- 
point curves in systems of two components, viz. those obtained 
when (1) the pure components crystallise out from the molten mass; 
(2) the components form one or more compounds; (3) the components 
form solid solutions. In the case of the metals, representatives of 
these three classes are also found. A mathematical analysis of the 
freezing-point curves on the basis of the formulae for ideal solutions 
(p. 160) has been carried out by Andrews and Johnston, 38 


(a) The components separate out in the pure state. 

In this case the freezing-point curve is of the simple type (Fig. 
38). This type of alloy is not so common as was at one time sup- 
posed, since the tendency of metals to form solid solutions is very 
marked. It appears, however, that in the case of bisrnuth—cadmium 
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there is little or no formation of solid solution. 
(b) The two metals can form one or more compounds. 


In this case there will be obtained not only the freezing-point 
curves of the pure metals, but each compound formed will have its 
own freezing-point curve. If the compound have a congruent melt- 
ing-point, the equilibrium curve will exhibit a point of maximum tem- 
perature, and will end, on either side, in an eutectic point. The 
simplest curve of this type will be obtained when only one compound 


is formed, as is the case with zinc and magnesium. 
(c) The two metals form solid solutions. 


The simplest case in which the metals crystallise out together 
in solid solution is found in silver and gold.’> The freezing-point 
curve in this case is an almost straight line joining the freezing- 
points of the pure metals (cf. curve I., Fig. 45 p. (159). These two 
metals, therefore, can form an unbroken series of solid solutions. | 

In some cases, however, the two metals do not form an unbroken 
series of solid solutions. In the case of zinc and silver, }° for ex- 
ample, the addition of silver raises the freezing-point of the mixture, 
until a transition point is reached. This corresponds with Fig. 51. 
Silver and copper, and gold and copper, on the other hand, do not 
form unbroken series of mixed crystals, but the freezing-point curve 
exhibits an eutectic point, as in Fig. 53. In these cases, liquid 
mixtures having the composition of the point C deposit, on freezing, 
a mixture of two solid solutions, the composition of which is repre- 
sented diagrammatically by the points D and k. 

Not only may there be these three different types of curves, but 
there may also be combinations of them. Thus the two metals may 
not only form compounds, but one of the metals may not separate 
out in the pure state at all, but form solid solutions. In this case 
the freezing-point may rise (as in the case of silver and zinc), and 
one of the eutectic points will be absent. 

The equilibrium diagram of the system aluminium - gold'® forms 
an interesting study for the beginner, since it presents in one dia- 
gram most of the variations hitherto discussed, namely, two con- 
eruently melting compounds, at least two incongruently melting com- 
pounds and limited solid solubility accompanied by eutectics. The 
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equilibrium diagram, simplified for the purpose of clarity, is repro- 
duced in Fig. 63. The isoplethal behaviour and the nature of the 
1100" 
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cooling curves, together with the interpretation of the stable con- 
dition of any completely solidified alloy, should form an instruc- 
tive exercise for the reader. 

The Brasses. Ye Common brass 1s an alloy of copper and zinc. 
The (complete) equilibrium diagram is given in Fig. 64, and its 
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interpretation should now present no difficulty. There are six 
regions of homogeneous solid solution, described as a, (bey Oe 
e, and 7. The true brasses, containing about 30 to 33% zinc, con- 
sist therefore of homogeneous a crystals. One of the advantages of 


brass is that it is ductile and can be drawn into tubes and wires. 
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Before this operation is performed, it is usual to anneal the brass, 
that is, to heat it up to 600- 650° and then to allow it to cool slow- 
ly. Since no phase change takes place in ordinary brass, up to its 
melting point (say 900°), the only effect of the annealing process 
is to homogenise the a crystals, which may have been ‘‘cored” 
through rapid chilling in the original casting, and to cause them to 
grow in size, but this increase in particle size renders the alloy 
more ductile. 

Another group of alloys belonging to this system, and known as 
Muntz metal and similar alloys, contain from 37 to 46% zinc. Exam- 
ination of the equilibrium diagram shows that alloys of this series, 
when in equilibrium at room temperature (annealed) consist of a 
mixture of a and # crystals. 

The question of the chemical nature of these homogeneous sys- 
tems naturally arises. The a-series might be described, though not 
necessarily correctly, as a solid solution of zinc in copper, and the 
7-series as a solid solution of copper in zinc, since the space 
lattices of the solid forms are essentially those of pure copper and 
pure zinc. Such an explanation cannot, however, be applied to the 
intermediate regions of solid solution, since they possess lattice 
structures fundamentally different. Ilere it is usual to assume the 
existence of intermetallic compounds, e.g, the y region is supposed 
to contain the compound Cu;Zng in solid solution with excess of 
copper or zinc. ‘The experimental evidence for the existence of 
such compounds rests chiefly on microscopic and X-ray work: a 
pronounced change in structure can only receive some such expla- 
nation. 


(d) Amalgams. 


When one of the constituents of an alloy is mercury, the alloy is 
referred to as an amalgam. Commercial amalgams are usually of a 
liquid or semiliquid (pasty) consistency, which has given rise to 
the description of them as solutions of metals in mercury. Apart, 
however, from the fact that mercury is liquid at ordinary tempera- 
tures, there is no reason why its alloys should be treated as dif- 
ferent from the alloys of any other metal. Mercury may form com- 


pounds, congruently or incongruently melting, and solid solutions, 
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with other metals, and the equilibrium diagrams are similar in char- 
acter to those of other binary alloys. For example, Figure 65 rep- 
400 
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resents the equilibrium diagram of the system sodium—mercury. 

There are two congruently melting compounds, NaHg, and Na3Hg, 
and two incongruently melting compounds, NaHg and Na,Hg.. The 
composition of the eutectic formed between Na,Hg, and Naglg is 
so close to the composition of Na3Hg that the two are indistinguish- 
able on the diagram. Similarly the liquid compositions at the in- 
congruent melting points of Nalig and Na;Hg, are indistinguishable 
from the compositions of these compounds. 

The Nature and Formulae of Intermetallic Compounds. The ex- 
istence of a maximum on a freezing-point curve is unquestionable 
evidence of the existence of a true chemical compound of the metals, 
if we rule out the very rare case of the occurrence of a maximum 
associated with complete solid solubility, The existence of a peri- 
tectic point on the freezing curve means that the nature of the solid 
phase has changed, and this may involve the assumption of the for- 
mation of an intermetallic compound, to which a formula is assigned 
which is most consistent with the position of the peritectic point. 
Again any discontinuity in the succession of physical properties as 
a function of concentration seems to point to the existence of a 
chemical compound. It is difficult, however, to assign exact formu- 
lae to these so-called compounds for they almost all seem to have 
the power of forming solid solutions with adjacent compounds or 
component metals. A region of homogeneity is thus produced and 
the question of where within this region the exact composition of 
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the compound lies becomes a very real one. The application of X- 
rays to the problem has only added to the difficulty. It appears 
that, within limits, different atoms can replace one another within 
the lattice without disturbing its fundamental structure. From this 
point of view it is difficult to visualise anything of the nature of 
a compound of the orthodox kind. 

Another difficulty with intermetallic compounds lies in the for- 
mulae assigned to them, which are often not compatible with any 
ordinary chemical valence of the metal. In fact, Dalton’s law of 
multiple proportions, which calls for a small whole number ratio 
between the components in two or more intermetallic compounds of 
the same elements, no longer applies. Order has been introduced, 
to some extent, into this confused subject by the application of a 
principle due to Hume-Rothery, ’® but the subject is one with which 


Phase Rule, as such, is scarcely concerned. 


(e) The Components are not Completely Miscible in the 
Liquid State. 
The theoretical aspects of this case have already been dealt 
with in connection with the system phenol—water. A good example 
in the field of alloys is that of the system iron—tin. The equilib- 


rium diagram, as given by Ehret and Gurinsky,?° is reproduced in 
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Fig. 66 


Fig. 66 (liquidus only). A and G are the melting points of iron and 
tin respectively. F is the eutectic lying very close to the melting 
point and composition of pure tin. BC is the miscibility gap, D and 
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; peritectic points indicating phase change in the solid alloy at the 
corresponding temperatures. It is instructive to follow the fate of 
alloy X from a temperature of about 1400°C. On cooling, the com- 
pletely molten alloy follows the isopleth XY. At the temperature of 
Y, solid begins to separate in the form of a solid solution of tin in 
a-iron. This process continues until the temperature of the point 
Bis reached. At this temperature, a second liquid of the composi- 
tion C begins to make its appearance and the temperature remains 
constant until all liquid LB has transformed to C. Further separation 
of the a-iron solid solution continues along CD until the peritectic 
point D is reached, The temperature now remains constant, the liq- 
uid of composition Dreacting with separated solid to produce a com- 
pound of iron and tin described as y. Since the composition of the 
compound 7 is well to the right of the composition X, solidification 
now goes to completion at constant temperature, with formation of 
a completely solid heterogeneous mixture of solid solution of tin 
in a-iron and compound y% This heterogeneous mixture then under- 


goes further phase changes with falling temperature. 
III. Iron-Carbon Alloys. ?! 
Of all the different binary alloys, probably the most important are 


those formed by iron and carbon: alloys consisting not of two 
metals, but of a metal and a non-metal. On account of the impor- 
tance of these alloys, an attempt will be made to describe in brief 
some of the most important relationships met with. 

Before proceeding to discuss the application of the Phase Rule 
to the study of the iron-carbon alloys, however, the main facts with 
which we have to deal may be stated very briefly. 

Iron is capable of existing in three distinct solid phases, known 
as a-, y-and $-ferrite respectively. a-ferrite and S-ferrite have 
been shown by X-ray examination22 to have body-centred cubic 
lattices, varying only in dimensions with temperature,7° while 
y- ferrite has a face-centred cubic lattice. 5- ferrite 24 is the stable 
form of iron above 1400°, and undergoes change to y- ferrite below 
this temperature. Between 1400° and 910°C y-ferrite is stable 
while below 910° a- ferrite becomes the stable form. 

With regard to @-ferrite, it has been fully established that the 
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change formerly spoken of as the A, or a—f change, does not rep- 
resent a phase transformation at all, but a magnetic transformation 
which, unlike a polymorphic or phase transformation, does not take 
place at a definite temperature, but is a progressive change, the 
velocity of which is a function of the temperature. (-ferrite, there- 
fore, does not exist as a distinct phase. 

Owing to the fact that the phase changes 6»y and y-»a are 
accompanied by evolution of heat, the cooling curve of iron, below 
its melting-point, shows an arrest at the temperatures at which the 
phase changes occur. The arreston the cooling curve corresponding 
with the change $y is referred to as Ar,(A =arrét = arrest; r = re- 
froidissement = cooling); and the arrest at the temperature of 
change y-»a is known as Ar3. Similarly, the arrests on the heating 
curve (chauffage) are known as Ac, and Ac, _ For Ary and Ary the 
values are 1400° and 910° respectively. 

A short description may now be given of the application of the 
Phase Rule to the two-component system iron—carbon; and of the 
diagram showing how the different systems are related, and with 
the help of which the behaviour of the different mixtures under given 
conditions can be predicted. 

The most important equilibrium relations met with in the case 
of the iron-carbon alloys are represented graphically in Figs. 67 
and 68. 

In Fig. 67 are represented the equilibrium relations for 5-ferrite, 
determined by Ruer and Goerens”° and by Andrew and Dinnie: 46.in 
the diagram the figures of Andrew and Binnie are preferred. In this 
diagram, D represents the transition point for 5- and y-ferrite 
(1400°C.). This transition point is greatly raised by addition of 
smal] amounts of carbon, as indicated by the curve DE, until at the 
point E, when the amount of carbon is about 0.1 per cent., the tran- 
sition point lies at 1494°, and the transition curve ends inthe curve 
of complete solidification, AE.?! This curve, AE, gives the com- 
position of the solid solutions of S-ferrite and carbon in equilib- 
rium with the molten solutions AB. At the temperature of the hori- 
zontal EFB (1494°), the molten solution is in equilibrium with the 
two solid phases, 5-ferrite solid solutions (E) and y-ferrite solid 
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solutions (F). At B, the melt contains about 0.71 per cent. of car- 
bon. The position of F (composition of the y- ferrite solid solu- 


tions) is not known with accuracy. 
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From melts containing less than 0.1 per cent. of carbon (E), 5- 
solid solutions first separate out, and these then, on cooling, under- 
go transformation (along ED) into y-solid solutions. From melts 
containing between Q,] and 0.2 per cent. of carbon, 5- ferrite solid 
solutions first separate, and these on cooling to 1494°, change, 
through reaction with the melt, into §- and y- solid solutions (E 
and I’). It is here assumed that equilibrium is constantly being 
established (see p- 186). From melts containing more than 0.71 per 
cent. of carbon, y- solid solutions only separate out (curve FG). 

The area ADE represents the region of stability of §-ferrite; 
the area DEF the region in which §- ferrite solid solutions and y- 
ferrite solid solutions are in equilibrium; and the area AEB is the 
area for 6-solid solutions and liquid. 

In Fig. 68 is given the more complete equilibrium diagram, 78 
The curves AB and BC are the freezing-point curves for solutions 
of carbon in iron ($-ferrite and +y-ferrite respectively), starting from 
the melting-point of pure iron (S- ferrite). C is a eutectic point. 
Suppose that we start with a molten mixture of iron and carbon, 
represented by the point x, containing more than 0.71 per cent. of 
carbon.*? On allowing the temperature to fall, a point, y, will be 
reached at which solid begins to separate out. This solid phase, 
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however, is not pure iron, but a solid solution of carbon in ‘y-ferrite 
known as austenite, having a composition represented by y' (cf. p. 
186). As the temperature continues to fall, the composition of the 
liquid phase changes in the direction yC, while the composition of 
the solid phase which separates out changes in the direction y _E; 
and, finally, when the composition of the molten mass is that of 
the point C (4.3 per cent. of carbon), the whole mass solidifies to a 
heterogeneous mixture of saturated austenite (saturated solution of 
carbon in y- ferrite) and cementite, Fe,C, represented respectively 
by E and by a point on an extension of the line EC corresponding 
with 6.7 per cent. of carbon (F). The saturated austenite (point E) con- 
tains 1.7 per cent. of carbon. The temperature of the eutectic point 
is 1130° to 1145°.2° An alloy which crystallises with the eutectic 


composition is known as ledeburite. 
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Even below the solidification point, changes can take place. 
As the saturated austenite is cooled below 1125°, separation of 
cementite takes place along ES, the *percentage of carbon in the 
saturated austenite diminishing with fall of temperature, until at 


about 700°,2! the limit of saturation is reached at 0.89 per cent. 
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of carbon (point S). Below this eutectoid point S, separation into 
a-ferrite and cementite takes place (A, transformation). This eu- 
tectoid mixture is known as pearlite. 

From the above discussion it follows that if we start with a 
molten mixture of iron and carbon, the composition of which is 
represented by any point between E. and C (1.7 to 4.3 per cent. of 
carbon), we shall obtain, on cooling the mass, first of all solid 
solutions, the composition of which will be represented by points 
on the curve JE; then, after the mass has completely solidified at 
1130°, further cooling will lead to a separation of cementite and a 
change in the composition of the austenite (from 1.7 to 0.89 per 
cent. of carbon), until, at temperatures below about 700° the 
austenite becomes heterogeneous and forms pearlite and cementite. 

It has already been mentioned that y- ferrite undergoes trans- 
formation into a~ferrite at about 912°. This transition point is 
represented in Fig. 68 by the point G. Since y- ferrite dissolves 
carbon, the transition point depends on the amount of carbon 
present, and falls with increase inthe percentage of carbon as shown 
by the curve GS. If an austenite containing less carbon than is 
represented by the point S is cooled down slowly from atemperature 
of, say, 912°, then when the temperature has fallen to that repre- 
sented by a point on the curve GS, a-ferrite will separate out; and, 
as the temperature falls, the composition of the solid solution will 
alter as shown by the curve GS. When the temperature reaches that 
represented by the point S, the solid solution will break up into 
pearlite (a-ferrite and cementite), 

We see, therefore, that when austenite is allowed to cool slowly, 
it yields a heterogeneous mixture either of ferrite and pearlite (when 
the original mixture contained up to 0.8 per cent. of carbon), or 
pearlite and cementite (when the original mixture contained between 
0.9 and 1.7 per cent. of carbon). These heterogeneous mixtures 
constitute soft steels, or, when the carbon content is low, wrought 
iron, 

The case, however, is different if the solid solution of carbon in 
iron is rapidly cooled (quenched) from a temperature above the curve 
GSE to a temperature below this curve. In this case, although the 
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rapid cooling does not completely prevent the resolution of the solid 
solution, austenite, into ferrite or cementite, the resolution is not 
so complete as when cooling takes place slowly; and in this way 
hard steel is obtained. Ly varying the rapidity of cooling, as is 
done in the tempering of steel, varying degrees of resolution of the 
austenite are produced, and so varying degrees of hardness ob- 
tained. °” 

The diagram below the curve AIlJECF represents a completely 
solid system and it will be observed that this area is divided up 
into smaller areas marked ‘‘austenite’’, ‘‘ferrite”, ‘‘pearlite’’, 
‘‘cementite’’, and ‘‘ledeburite’’, These names, as shown above 
do not all represent homogeneous phases of the system. There 
are only three phases in this part of the diagram, viz. ferrite (a 
component), austenite (a solid solution) and cementite (a compound). 
The remaining terms refer to mixtures; they might be described as 
the names of microscopic ‘‘constituents”. For example, the term 
““ledeburite’’ refers to the eutectic mixture C. This mixture con- 
sists of two phases, saturated austenite, ik, and pure cementite. 
Nevertheless, eutectic mixtures have a fine grained structure rec- 
ognisable in the microscope and it is sometimes convenient to 
treat eutectic mixtures as if they were individuals. Thus the 
mixture, x (Fig. 68), on cooling, will give a primary crystallisation 
of austenite, followed by the eutectic crystallisation of ledeburite. 
This completely solidified alloy is thus described as a mixture of 
proeutectic austenite and ledeburite, as long as the temperature 
remains above that of the line PSK. At the temperature of the line 
PSK, the austenite (which has been diminishing in carbon content 
along ES) breaks up completely into pearlite (a mixture of ferrite 
and cementite). Since ledeburite is itself amixture of cementite and 
austenite this likewise breaks up into a mixture of cementite and 
pearlite, so that the alloy as a whole is now a mixture of cementite 
and pearlite. 

Similarly a hypereutectic alloy (one containing more carbon than 
the eutectic mixture C) gives a _ proeutectic crystallisation of 
cementite, followed by ledeburite. Above the temperature of PSK 


it is therefore described as a mixture of cementite and ledeburite. 
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Again, on further cooling, the ledeburite breaks up into a mixture 
of cementite and pearlite. 

An alloy containing less carbon than corresponds to the point 
E will give a primary crystallisation of austenite, but complete 
solidification will take place before the eutectic temperature is 
reached, to give a homogeneous austenite. When the vertical line 
of falling temperature (isopleth) crosses ES, primary or proeutectoid 
separation of cementite begins, followed, at the temperature of the 
point S, by complete decomposition of the austenite into pearlite. 
The cold alloy is therefore a mixture of proeutectoid cementite and 
pearlite. Finally, an alloy containing less carbon than the mixture 
S will give a proeutectoid crystallisation of ferrite followed by 
eutectoid transformation of austenite into pearlite: such alloys are 
therefore described as mixtures of ferrite and pearlite. 

The horizontal dotted line MO shown in Fig. 68 represents what 
is known as the A? transformation. This, as has already been men- 
tioned, was formerly thought to be a phase transformation of a- into 
/-ferrite, but it is now known to represent merely a magnetic trans- 
formation, which takes place progressively, beginning at a low 
temperature and ending at about 768°C.3° This transformation 
differs from a phase transformation in the fact that it begins but 
does not progress to completion with time at temperatures below 
768°. This is the temperature at which the A2 transformation be- 
gins on cooling and ends on heating, and it is independent of the 
carbon content, as shown by the horizontal, dotted line. This line 
was first detected by Carpenter and Keeling,** but has been more 
fully studied in recent times by Honda. °° 

The dotted line marked SAG 21022 represents a magnetic trans- 
formation of cementite, in every way similar to the magnetic trans- 
formation of pure iron, represented by the line MO. 


IV Minerals. 


Important and interesting as is the application of the Phase Rule 
to the study of alloys, its application to the study of the conditions 
regulating the formation of minerals is no less so; and although we 
do not propose to consider different cases in detaj] here, attention 


must be drawn to certain points connected with this interesting sub- 


MISCELLANEOUS EXAMPLES OF FREEZING-POINT CURVES 207 


ject. 

In the first place, it will be evident from what has already been 
said, that the mineral which first crystallises out from a molten 
magma is not necessarily the one with the highest melting-point. 
The composition of the fused mass must be taken into account. 
When the system consists of two components which do not form a 
compound, one or other of these will separate out in a pure state, 
according as the composition of the molten mass lies on one or other 
side of the eutectic composition; and the separation of the one 
component will continue until the composition of the eutectic point 
is reached. Further cooling will then lead to the simultaneous 
separation of the two components. 

If, however, the two components form a stable compound (e.g. 
orthoclase, from a fused mixture of silica and potassium aluminate), 
then the freezing-point curve will resemble that shown in Fig. 40, 
i.e. there will be a middle curve possessing a dystectic point, and 
ending on either side at a eutectic point. This curve would repre- 
sent the conditions under which orthoclase is in equilibrium with 
the molten magma. If the initial composition of the magma is repre- 
sented by a point between the two eutectic points, orthoclase will 
separate first. The composition of the magma will thereby change, 
and the mass will finally solidify to a mixture of orthoclase and 
silica, or orthoclase and potassium aluminate, according to the 
initial composition. °° 

A subject closely allied to that of geology is ceramics. Ref- 
erence to such a publication as “‘Phase Diagrams for Ceramists.”’ 
(J. Amer. Ceramic Soc., 1947, 30, No. 11], 1-152), will show that 
the equilibria are described in terms of the now familiar Phase Rule 
diagrams. It should always be borne in mind however that phase 
rule deals only with true (thermodynamic) equilibrium and that to 
attain this melts must cool very slowly and in contact with the 
solid which separates. In practice, this is frequently not the case. 
The separated solid may be removed before solidification is com- 
plete, so that further interaction of magma and solid is impossible, 
or the chemical nature of the environment may change during the 


long history of a cooling magma, so that chemical interaction be- 
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tween the magma and the surrounding rock may take place. Rapid 


66 


chilling may result in ‘‘coring’’ or ‘‘zoning’’, that is, the deposi- 
tion of successive layers which are not in equilibrium with one 
another. Finally, siliceous materials are very prone to supercool- 
ing with formation of the vitreous state. This latter phenomenon is 
so marked, indeed, that the method of thermal analysis is not usually 
applicable. (See Appendix II on ‘‘Determination of the Equilibrium 
Curve in Binary Systems.’’) 

The study of the formation of minerals from the point of view of 
the Phase Rule is now attracting considerable attention,?’ and 


reference to some recent work in this department will be made later 


(p. 334). 
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CHAPTER X 
SYSLfEMS CONSISTING OF SOLID AND GAS PHASES ONLY 


I. Two Volatile Solids which do not Interact Chemically or 
Form Solid Solutions. 


At constant temperature, the vapour pressure of a pure solid is 
constant. If, therefore, to excess of solid A, a small quantity of B 
is added, so that b volatilises completely, the total pressure will 
be increased in accordance with Dalton’s law. As more of DB is 
added this will continue until the partial pressure of Bin the gas 
phase exceeds its vapour pressure, when solid Bwill deposit. When 
both solid A and solid B are present, the total vapour pressure is 
constant, at constant temperature, in accordance with the Phase 
Rule. Similarly, if successive additions of A are made to excess 
of B, the total vapour increases in the same way until isothermal 
invariance is produced. Hence, the p-x diagram assumes the form 
of Fig. 69, where the ordinate of C equals the sum of the vapour 
pressures of pure A and B, and where the composition of C corres- 


ponds to a ratio of A to B equal to the ratio of the vapour pressures 
of the respective solids. 
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If, on the other hand, the total pressure is kept constant, say 
DAWA 
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at one atmosphere, then, as successive additions of B to A are 
made, it will be necessary to lower the temperature, in order to 
lower the vapour pressure of A (present in excess) and keep the 
total pressure constant. When, however, B is also present in 
excess, the vapour pressure of each is constant at constant temper- 
ature, and therefore at only one temperature will the total pressure 
be equal to the assigned constant pressure. The system is now 
isobarically invariant. The t-x diagram which is an approximate 
mirror image of the p-x diagram, is given in Fig. 70. The resem- 
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blance of the point C to a eutectic point, in its appearance and 
characteristics, is obvious. 
II. A Gaseous and a Solid Component which can only Form 
Compounds. 

As an example of this, we may first consider the system formed 
by the two components CaO and CO,, which can combine to form 
the compound CaCO3- This substance, on being heated, dissociates 
into calcium oxide and carbon dioxide, and gives rise to the equi- 
librium CaCO, = CaO + CO,. In accordance with the definition 
given on p. 7, there are present here two solid phases, the carbon- 
ate and the quicklime, and one vapour phase; the system is there- 
fore univariant. To each temperature, therefore, there will corres- 


pond a certain definite maximum pressure of carbon dioxide (disso- 
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ciation pressure) and this will follow the same general law as the 
vapour pressure of a pure liquid (pp. 20 and 21). More particularly, 
it will be independent of the relative or absolute amounts of the 
two solid phases, and of the volume of the vapour phase. If the 
temperature is maintained constant, increase of volume will cause 
the dissociation of a further amount of the carbonate until the pres- 
sure again reaches its maximum value corresponding to the given 
temperature. Diminution of volume, on the other hand, will bring 
about the combination of a certain quantity of the carbon dioxide 
with the calcium oxide until the pressure again reaches its original 
value. ! 

The most recent determinations of the dissociation pressure of 
calcium carbonate, carried out with great care by Southard and 
Royster” gave the following values: 


=e 


The experimental numbers are in close agreement with the equation: 
log p = -9140/T +0.382 log T -0.668X 10-3 T +9.3171 
If p is plotted against t, using the above equation, a steeply 


ascending curve, exactly similar to the vapour pressure curve of a 
pure liquid, is obtained. Indeed, the Clapeyron equation applies to 
dissociation pressure, just as it does to vapour pressure, and the 
heat of dissociation can be calculated from experimental measure- 
ments of dissociation pressure at different temperatures in the same 
way that the latent heat of evaporation of a liquid can be calculated. 

The temperature at which the dissociation pressure is equal to 
1 atm. is 894.4°C. In an atmosphere of carbon dioxide, therefore, 
under one atmosphere pressure, decomposition of the calcium car- 
bonate would not take place below this temperature. If, however, 


the carbon dioxide is removed as quickly as it is formed, say by a 
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current of air, the entire decomposition can be made to take place 
at a much lower temperature. For the dissociation equilibrium of 
the carbonate depends only on the partial pressure of the carbon 
dioxide, and if this is kept small, then the decomposition can 
proceed, even at temperatures at which the pressure of the carbon 
dioxide is less than atmospheric pressure. From the above equa- 
tion, and taking the mean partial pressure of carbon dioxide in the 
atmosphere as 0.3 mm., decomposition should result above about 
520°. 

Cadmium carbonate behaves similarly to calcium carbonate and, 
on being heated, gives rise to the equilibrium CdCO,=CdO +CO,. 
The equilibrium pressure at different temperatures has been deter- 
mined by Centnerszwer and Andrusov, °who find that the dissociation 
pressures are expressed by the formula log p = - 12.44 + 0.02439 T. 
The reaction CdO + CO_®CdCO, takes place about fifty times more 
slowly than the reaction CdCO,*CdO + CO>. 

In the case of the systems CaQ—CO, and Cd(O—COz, only one 
compound is formed by the components, and only two solid phases, 
therefore, are possible. * In many cases, however, more than one 
dissociating compound can be formed between a solid and a gaseous 
component, and two or more stable univariant systems may therefore 
be produced consisting of two solid phases and one gas phase. The 
behaviour which is found in such cases will best be understood by 
the consideration of definite systems which have been investigated 
experimentally. 

Ammonia Compounds of Metal Chlorides. Ammonia possesses 
the property of combining with various substances, chiefly the 
halides of metals, to form compounds which again yield up the 
ammonia on being heated. Thus, for example, on passing ammonia 
over silver chloride, absorption of the gas takes place with forma- 
tion of the compounds AgCl.NH,, 2AgCl.3NH, and AgCl. 3NHs, 
according to the conditions of the experiment. These were the first 
known substances belonging to this class, and were employed by 
Faraday in his experiments on the liquefaction of ammonia. Similar 
compounds have also been obtained by the action of ammonia on 


silver bromide, iodide, cyanide, and nitrate, and on the halogen con- 
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pounds of calcium, zinc, magnesium and other metals. The behav- 
iour of the ammonia compounds of silver chloride is typical of the 
compounds of this class, and may be briefly considered here.» 

The equilibria in the two-component system AgCl —NIi, have 
been most fully investigated by Biltz and Stollenwerk,° who have 
established the existence of the three compounds AgC]!.3NH,, 
2AgCl .3Nli, and AgCl.Nil,. On being heated, these compounds 
decompose and give rise to the equilibria: 

2 AgCl (NH el == (AgCl SSI) H3Ni 

(AgCl) 2. (NH3),== 2(AgCl. NII) + NH. 
AgCl.NH, == AgCl + NH3. 
In each case, therefore, there are three phases present, two solid 
phases and one gas phase. ‘The systems are, therefore, univariant 
and to each temperature there must correspond a definite pressure of 
dissociation, quite irrespective of the amounts of the phases present. 
The values of these dissociation pressures are given in the follow- 
ing tables (p, 217). 

Since the dissociation pressure of the triammonia mono-chloride 
becomes equal to atmospheric pressure at a temperature of about 
20°, this compound cannot be formed at temperatures above 20° by 
the passage of ammonia at atmospheric pressure over silver chloride. 
The triammonia di-chloride, however, can be formed, for at this 
temperature its dissociation pressure amounts to only about 160 mm. 

Emphasis may again be laid on the fact that two solid phases 
are necessary in order that the dissociation pressure at a given 
temperature shall be definite; and for the exact definition of this 
pressure itis necessary to know, not merely what is the substance 
undergoing dissociation, but also what is the solid product of dis- 
sociation formed, For the definition of the equilibrium, the latter 
is as important as the former. We shall presently find proof of this 
in the case of an analogous class of phenomena, viz. the dissocia- 
tion of salt hydrates. 

The behaviour whichis observed when ammonia is withdrawn 
from or added to the system AgC1— NI, at constant temperature is 
of interest and importance. If, at constant temperature, the volume 


of the system is increased, or, if the ammonia which is evolved is 
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2[AgCl.(NHg)3] == (AgCl) 9. (NH3)3 = 
(AgCl) 9. (NH3)3 + 3NH3 2 AgCl.NH3) + NHg 


AgCl. NH;=2AgCl + NHs. 


pumped off, the pressure will remain constant so long as two solid 
phases are present, i.e. until the compound richer in ammonia is 
completely decomposed. There will then ensue a sudden fall in the 
pressure to the value appropriate to the next system of lower 
ammonia content. On continually withdrawing ammonia at constant 
temperature, therefore, there will be a step-wise diminution of the 
ammonia pressure. 

The reverse changes take place when the pressure of the 
ammonia is gradually increased. If ammonia is passed into a 
vacuous vessel containing silver chloride at a suitable and constant 
temperature, the pressure will increase until it has reached a certain 
value; the compound AgCl.NH, is then formed, and the pressure 
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will nowremain constant until all the silver chloride has combined 
with ammonia. On continuing to add ammonia, the pressure will 
again rise until it has reached the value at which the compound 
2AgCl.3NH, can be formed, and it will again remain constant 
until the lower compound has entirely disappeared. Thereafter, 
the pressure will increase, and will become constant when the 
compound AgCl.3NH, begins to be formed. There is no gradual 
change of pressure on passing from one system to another; the 
changes are abrupt, as is demanded by thePhase Rule (cf.p. 222), and 
as experiment has conclusively proved. ‘These relationships are 
represented graphically in Fig. 71 which is based on the measure- 
ments of Biltz and Stollenwerk at 16.3°. On passing ammonia into 
a vessel containing silver chloride at 16.3°, the pressure rises 
until it reaches the value of 42 mm. of mercury. The compound 
AgCl. NH, is then formed, and as there 
are now two solid phases present, the 
pressure remains constant (line A). 
Continued addition of ammonia leads 
to the complete conversion of AgCl to 
AgCl.NH,. When this has taken place, 
i.e. when the ratio NH,/AgCl in the 
solid equals unity, further addition of 
ammonia produces an increase of pres- 
sure up to 116 mm., when the compound 
2AgCl].3NH, begins to be formed. 
Again, the pressure remains constant 
(line B) until the compound AgCl. NIJ, 
has been completely converted into 
2AgCl.3NH, and the ratio NH,/AgCl 


in the solid becomes 1.5. Thereafter, 


the pressure rises to 70] mm. and re- 


Ratio S43 in solid 
Agct 


mains constant at this value until con- 
Fig. 71 version of 2AgC] . 3NII, into AgCl. 3NEH, 
has taken place (line et 
The reverse series of changes is observed on withdrawing 


ammonia from the system at 16.3°. It is important to note that the 
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step-wise change in equilibrium pressure (dissociation pressure) at 
constant temperature is indicative of the formation of more than one 
definite, dissociating compound. 

At temperatures above 33°, solid solutions are formed between 
2AgC].3NH, and AgCl.NII,,and the changes of pressure, as shown 
in Fig. 71 ,are no longer so abrupt. The behaviour shown in such a 
case will be mentioned later in the case of water and silicates 


(p. 228). 

Formation of Oxy-carbonates, The step-wise change in equili- 
brium pressure (dissociation pressure) at constant temperature which 
is shown by the systems formed from AgCl and NH, and which is 
indicative of the formation of more than one dissociating compound, 
is shown also by certain carbonates. Thus lead carbonate, on being 
heated, gives rise not only to carbon dioxide and the solid phase, 
PbO, but also to the oxy-carbonates 3PbO.5PbCO,, PbO. PbCO,, 
and 2PbO.PbCO,; and there exist, as Centnerszwer, Falk, and 
Awerbach® have shown, the following equilibria: 

Temperature at which the 


dissociation pressure 


equals ] atm. 


A. 8PbCO, ==3PbO.5PbCO3 + 3CO ; 274° 
B. 3PbO.5PbCO,=© 4[ PbO. PbCO4| + COs. ; 286° 
C. 3[PbO.PbCG,] 2[2PbO.PbCO3] +CO, . 360° 
D. 2PbO. PbCO3 = 3PbO + CO, i ; 412° 


The relationships are shown in Fig. 72, where the dissociation 
temperatures are plotted against the total composition of the solid, 
considered as a mixture of PbO and PbCO,. Points a, 6, and c on 
the composition axis represent the composition of the compounds 
3PbO.5PbCO;, PbO.PbCO; and 2Pb0.PbCO, respectively, and 
the letters A, B, C, and D refer to the systems mentioned in the 
above table. From the diagram it will be seen that when lead car- 
bonate is heated in an open vessel under a pressure of one atmos- 
phere of carbon dioxide, decomposition does not take place till the 
temperature has risen to 274°. At this temperature the pressure of 
the carbon dioxide becomes equal to that of the atmosphere, and 


continuous decomposition of the PbCO, takes place with formation 


220 THE PHASE RULE 
of 3PbO.5PbCG, and CO. 


If the pressure is constant, the temperature also will remain con- 
stant so long as the two solid phases are present (system A). When 
all the PbCO3 has undergone decomposition, the temperature must 
be raised to 286° before the oxy-carbonate, 3PbO.5PbCO3, under- 
goes decomposition into PbO.PbCO, and COy. The temperature 
will again remain constant until complete decomposition of 
3PbO.5PbCO, has taken place (System B). At 360°, decomposi- 
tion of PbO. PbCO, takes place (System C), and at 412° decompo- 
D 


350 


p = 1 atmosphere 


300 


50 
PLCO; 20 40 60 80 PbO 
Mole percent PbO 


Rigwer ce 


sition of 2PbO.PbCO; (System D). At 412°, therefore, complete 
decomposition of lead carbonate to lead oxide and carbon dioxide 
can take place. 

lagnesium carbonate, also, on being heated, gives rise to oxy- 
carbonates, and shows a behaviour similar to that found in the case 
of lead carbonate.” 

Salts with Water of Crystallisation. In the case of the dehydra- 
tion of crystalline salts containing water of crystallisation, we 
meet with phenomena which arein all respects similar to those just 
studied. A salt hydrate on being heated dissociates into a lower 
hydrate (or anhydrous salt) and water vapour. Since we are dealing 
with two components — salt and water? ___ in three phases, viz., 


hydrate a, hydrate b (or anhydrous salt), and vapour, the system is 
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univariant, and to each temperature there will correspond a certain 
definite vapour pressure (the dissociation pressure), which will be 
independent of the relative or absolute amounts of the phases, i.e. 
of the amount of hydrate which has already undergone dissociation 
or dehydration. 

The constancy of the dissociation pressure had been proved ex- 
perimentally by several investigators a number of years before the 
theoretical basis for its necessity had been given. *! In the case of 
salts capable of forming more than one hydrate, we should obtain a 


series of dissociation curves (p-t curves), as in the case of the 


Unsaturated 
solution 


Pressure 


ie) ae Temperature 
Fig. 73 


different hydrates of copper sulphate. In Fig. 73 there are repre- 
sented diagrammatically the vapour pressure curves of the follow- 


ing univariant systems of copper sulphate and water: 


Curve OA: CuSO,, 5hi,0 2 CuSO,, 3H,0 + 2H,0. 
Curve OB: CuSO,, 3H.O == CuSO, H,O + 20,0. 
Curve PC: CuSO,, 11,0 = CuSO, + H,0. 

Curve OD: Sat. Solution = CuSO, *5H,O0 + xH,0. 

Let us now follow the changes which take place on increasing 
the pressure of the aqueous vapour in contact with anhydrous copper 
sulphate, the temperature being meanwhile maintained constant. If, 
starting from the point m, we slowly add water vapour to the system, 
the pressure will gradually rise, without formation of hydrate taking 


place; for at pressures below the curve OC only the anhydrous salt 
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can exist. At E, however, the hydrate CuSO,,H,0 will be formed, 
and as there are now three phases present, viz. CuSO,, CuSO,,H,0, 
and vapour, the system becomes univariant; and since the tempera- 
ture is constant, the pressure must also be constant. Continued 
addition of vapour will result merely in an increase in the amount of 
the hydrate, and a decrease in the amount of the anhydrous salt. 
When the latter has entirely disappeared, i.e, has passed into hy- 
drated salt, the system again becomes bivariant, and passes along 
the line EF; the pressure gradually increases, therefore, until at F 
the hydrate 31,0 is formed, and the system again becomes univar- 
iant. The three phases present are CuSO,,H,0, CuSO,,3H,0, va- 
pour. The pressure will remain constant, therefore, until the hydrate 
11l,0 has disappeared, when it will again increase till Gis reached; 
here the hydrate 51i,0 is formed, and the pressure once more re- 
mains constant until the complete disappearance of the hydrate 
311.0 has taken place. Further addition of water vapour causes the 
pressure to rise to D, when saturated solution begins to form. The 
pressure again remains constant (vapour pressure of the saturated 
solution), untilall solid CuSQ, *51H,O has dissolved, after which 
the pressure increases as a progressively more dilute solution is 
formed. 

Conversely, on dehydrating a dilute aqueous solution of copper 
sulphate at constant temperature (say at 50°), we should find that 
the pressure would at first fall along the curve LM (Fig. 74) as the 
dilute solution becomes more concentrated. (Point L is, of course, 
the vapour pressure of pure water at 50°.) At point M the solution 
has become saturated as a consequence of the loss of water vapour. 
Crystals of CuSO,°5H,O then deposit and the vapour pressure re- 
mains constant (MN) until the last trace of liquid has evaporated. 
Further dehydration results in the formation of some CuSO ,°3H,0 
and the pressure drops suddenly to that of the invariant system 
CuSG4°5Hi,0—CuSO,°31i,.G—vapou (OP), and the pressure maintains 
the value corresponding to the dissociation pressure (47 mm.) of this 
system, until all the hydrate 5I1,0 has disappeared. Further removal 
of water then causes the pressure to fall abruptly to the pressure 


(30 mm.) of the system CuSO 4,3H,G6 — CuSO,,11,0 — vapour, (QR), at 
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which value it again remains constant until the trihydrate has passed 
into the monohydrate, when a further sudden diminution of the pres- 
sure occurs. The line of constant pressure, ST, gives the value of 
the vapour pressure (4.4 mm.) of the system CuSO ,-H,O0 —CuSO ,— 
HO at 50°.” 


Pressure mm 


Fig. 74 


To the dissociation pressure of a salt hydrate we may apply the 
equation (p. 24), dlog,p/dT = Q/RT2, where Q is the heat of dis- 
sociation per gram molecule of water vapour. Since, for the vapor- 
isation of pure water, we have the expression dlog,p,/dT = L/RI?, 
where L is the latertt heat of vaporisation per gram-molecule, it 


follows that 


dlog, = 
v Q-L 
= -__—_- 
dv Ra 


Q-L represents the heat of combination of the salt with one gram- 
molecule of liquid water (heat of hydration). 
In Fig. 73, pressure is plotted against temperature, and in Fig. 


74, pressure against composition. A third plot would be that of 
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Composition against temperature (pressure constant). All these 
plane diagrams, however, are merely projections or sections of the 
solid model which expresses all three variables. This solid model 
is given in Fig. 75.13 It is obvious that the plane diagrams of 
Figs. 73 and 74 result from Fig. 75. 
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Efflorescence. From p-t diagrams such as Fig. 73 we are en- 
abled to predict the conditions under which a given hydrated salt 
will effloresce when exposed to the air. We have just learned that 
copper sulphate pentahydrate, for example, will not be formed unless 
the pressure of the aqueous vapour reaches a certain value; and 
that, conversely, if the vapour pressure falls below the dissociation 
pressure of the pentahydrate, this salt will und ergo dehydration. 
From this, then, it is evident that a crystalline salt hydrate will 
effloresce when exposed to the air, if the partial pressure of the 
water vapour in the air is lower than the dissociation pressure of 
the hydrate. At room temperature the dissociation pressure of 
copper sulphate pentahydrate is ordinarily less than the pressure 
of water vapour in the air, and therefore copper sulphate does not 
effloresce. In the case of sodium sulphate decahydrate, however, 
the dissociation pressure is greater than the normal vapour pressure 
in a room, and this salt therefore effloresces. 

Indefiniteness of the Vapour Pressure of a Hydrate, Reference 
has already been made (p. 216), in the case of the ammonia com- 
pounds of the metal chlorides, to the importance of the solid 
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product of, dissociation for the definition of the dissociation pres 
sure. Similarly also in the case of a hydrated salt. A salt hydrate 
in contact with vapour constitutes only a bivariant system, and can 
exist therefore at different values of temperature and pressure of 
vapour, as is seen from Fig. 73. Anhydrous copper sulphate can 
exist in contact with water vapour at all values of temperature and 
pressure lying in the field below the curve OC; and the hydrate 
CuSO,,H,O can exist in contact with vapour at all values of tem 
perature and pressure in the field BOC. Similarly, each of the other 
hydrates can exist in contact with vapour at different values of 
temperature and pressure. 

From the Phase Rule, however, we learn that, in order that at a 
given temperature the pressure of a two-component system may be 
constant, there must be three phases present. Strictly, therefore, 
we can speak only of the vapour pressure of a system; and since, 
in the cases under discussion, the hydrates dissociate into a solid 
and a vapour, any statement as to the vapour pressure of a hydrate 
has a definite meaning only when the second solid phase produced 
by the dissociation is given. The everyday custom of speaking of 
the vapour pressure of a hydrated salt acquires a meaning only 
through the assumption, tacitly made, that the second solid phase, 
or the solid produced by the dehydration of the hydrate, is the next 
lower hydrate, where more hydrates than one exist. That a hydrate 
always dissociates in such a way that the next lower hydrate is 
formed is, however, by no means certain; indeed, cases have been 
met with where apparently the anhydrous salt, and not the lower 
hydrate (the existence of which was possible), was produced by the 
dissociation of the higher hydrate. 

That a salt hydrate can exhibit different vapour pressures ac- 
cording to the solid product of dissociation, can not only be deduced 
theoretically, but it has also been shown experimentally to be a 
fact. Thus CaCl,,6H,0 can dissociate into water vapour and either 
of two lower hydrates, each containing four molecules of water of 
crystallisation, and designated respectively as CaCl,,411,0a and 
CaCl ,,4H,OP. 


By reason of the non-recognition of the importance of the solid 
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dissociation product for the definition of the dissociation pressure 
of a salt hydrate, many of the older determinations lose much of 
their value. 

The constancy of vapour pressure (at constant temperature) of 
a hydrate in contact with the next lower hydrate has given rise to 
a method of preserving any given hydrate unchanged. It is apparent 
that if a given hydrate is placed in a desiccator over water it will 
deliquesce (cf. p. 237), whereas placed over sulphuric acid it will 
dehydrate progressively. The practical problem is that of drying a 
hydrate without dehydrating it. This can be accomplished by plac- 
ing the moist hydrate on a tray above a mixture of the hydrate with 
the next lower hydrate, in a desiccator. For example, if moist 
copper sulphate pentahydrate is placed over a mixture of penta- 
hydrate and trihydrate, water will pass from the pentahydrate solu- 
tion until nothing but dry pentahydrate is left, some of the trihydrate 
at the same time transforming to pentahydrate. Similarly, the tri- 
hydrate could be preserved indefinitely over a mixture of trihydrate 
and monohydrate. 

Suspended Transformation. Just as in systems of one com- 
ponent we found that a new phase was not necessarily formed when 
the conditions for its existence were established, so also we find 
that even when the vapour pressure is lowered below the dissocia- 
tion pressure of a system, dissociation does not necessarily occur. 
This is well known in the case of Glauber’s salt, first observed by 
Faraday. Undamaged crystals of Na,SO,,10H.O could be kept un- 
changed in the open air, although the vapour pressure of the system 
Na,SO4,10H,O —— Na,SO,—— vapour is greater than the ordinary 
pressure of aqueous vapour in the air. That is to say, the possi- 
bility ef the formation of the new phase Na,SO, was given; never- 
theless, this new phase did not appear, and the system therefore 
became metastable, or unstable with respect to the anhydrous salt. 
When, however, a trace of the new phase —the anhydrous salt— 
was brought in contact with the hydrate, transformation occurred; 
the hydrate effloresced. 

Range of. Existence of Hydrates. In Fig. 73 the vapour pressure 
curves of the different hydrates of copper sulphate are represented 
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as maintaining their relative positions throughout the whole range 
of temperatures. But this is not necessarily the case. It is possi- 
ble that at some temperature the vapour pressure curve of a lower 
hydrate may cut that of a higher hydrate. At temperatures above 
the point of intersection, the lower hydrate would have a higher va- 
pour pressure than the higher hydrate, and would therefore be meta- 
stable with respect to the latter. The range of stable existence of 
the lower hydrate would therefore end at the point of intersection. 
This appears to be the case with the two hydrates of sodium sul- 
phate, to which reference will be made later. 

Constancy of Vapour Pressure and the Formation of Com- 
pounds. We have seen in the case of the systems discussed in this 
section that the continued addition of the vapour phase to the sys- 
tem, at constant temperature, causes an increase in the pressure 
until at a definite value of the pressure a dissociating compound is 
formed; the pressure then becomes constant, and remains so, until 
one of the solid phases has disappeared. Conversely, on withdraw- 
ing the vapour phase, the pressure remains constant so long as any 
of the dissociating compound is present, independently of the degree 
of the decomposition (p. 222). In other words, when compounds are 
formed which dissociate with formation of a solid and of a gaseous 
phase, there is a step-wise change in the equilibrium pressure when 
the gas phase is added to or withdrawn from the system at constant 
temperature. This behaviour has been employed for the purpose of 
determining whether or not definite chemical compounds are formed. 
Bancroft!4 has employed the method in studying reactions between 
proteins and hydrogen chloride. 


Ill. (a) The Cas is Absorbed by the Solid Component and 
No Compound is Formed. 


As only one solid phase is formed when the gas is absorbed by 
the solid component without formation of a compound, the system is 
bivariant. There will therefore be no ‘‘breaks”’ in the pressure- 
composition curve. Continued addition of the vapour phase will lead 
to a continuous change in the composition of the solid phase (a 
solid solution), and to a continuous increase of the pressure. Sim- 


ilarly, withdrawal of the gaseous product of dissociation will lead 
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to a continuous change in the composition of the solid phase and 
diminution of the gas or vapour pressure. Thus, Tammann?® found 
that when the hydrated silicates, known as zeolites, are dehydrated 
at constant temperature, there is a continuous diminution of the va- 
pour pressure. Similarly, the dehydration curve of the so-called 
white tungstic acid is continuous and gives no indication of the 
existence of the compound WO, .2H,0. 16 Continuous dehydration 
curves are obtained also in the case of the hydrates of silicic acid, 
and of the oxalates of thorium, zirconium, lanthanum, yttrium, and 


, 1 ; 5 A 
cerium i. also with calcium sulphate hemihydrate.*® 


(b) The Gas is Absorbed by the Solid Component and a 


Compound is also Formed. 
When sodium ammonium ferric oxalate, Na3(NH,)3Fe,(C 204)6> 
7H,O, and sodium ammonium aluminium oxalate, 
Na3(NH,)3,A1,(C .04)¢,7H .0, 
17-53 
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1. Sodium ammonium ferric oxalate. 
2.Sodium ammonium aluminium oxalate. 


Fig. 76 


are dehydrated at 25°, the vapour pressure diminishes continuously 
with loss of water from the hydrated salts until .wo gram molecules 
of water have been lost. The vapour pressure then remains constant 
until the pentahydrate has been converted into the monohydrate 
(Fig. [6a o 
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Application of X-ray Analysis to Phase Rule Problems. As a re- 
sult of the classical experiment of von Laue on the diffraction of 
X-rays by the crystal lattice, methods have been developed by W.H. 
and W.L. Bragg 7° (the reflection method) and by Debye and 
Scherrer”! (the powder method), whereby the arrangement of struc- 
tural units in the crystal lattice, as well as the absolute dimensions 
of the crystal lattice can be determined. Apart from the obvious 
application of this to the science of crystallography, its importance 
here lies in the fact that it enables a change in the nature of the 
solid phase to be demonstrated with certainty, even although that 
solid phase may be opaque and microcrystalline in structure. 7” 
Prior to the introduction of the X-ray method, the determination of a 
change in asolid phase rested on the fact that many physical proper- 
ties (such as density, colour, optical properties), change discontin- 
uously at the transition point. Other properties, such as solubility, 
vapour pressure, electrode potential, although the same for both 
forms at the transition point, vary differently with respect to tem- 
perature, so that an inflection is obtained at the transition point. 
All these methods, though in many cases entirely satisfactory, 
frequently fail to give the desired information, either because the 
magnitude of the discontinuous change is small, or because the sys- 
tem remains obstinately meta-stable. This behaviour is frequently 
met with in the case of the allotropic modifications of the metals. ”° 

Nevertheless, however small the difference between the phys- 
ical properties of two crystalline solid phases may be, their exist- 
ence as two separate phases requires that they possess different 
space lattices. This property is the most fundamental of all,24 The 
importance of this behaviour for the sciences of me tallurgy and 
mineralogy, where the crystal forms are frequently opaque and dis- 
torted, will be obvious. For details of the X-ray method, the spe- 
cial treatises dealing with this subject should be consulted.” 4P The 
method has also been applied to the structure’ of liquids.” 

As an example of the application of this method to problems of 
heterogeneous equilibria, we shall consider the work of G. Hagg?’ 
on the sorption of nitrogenby manganese. The behaviour is formally 
similar to the sorption of ammonia by the halides of silver (p. 215) 
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although itis complicated somewhat by the occurrence ofsolid solu- 
tions. It remains true, however, that the occurrence of a second 
solid phase will always produce constancy of gas pressure at con- 
stant temperature. The principal difficulty is, as very frequently, 
the persistence of metastability. Although manganese takes up 
nitrogen readily at high temperatures (above 600°), at lower temper- 
atures the nitride or solid solution produced does not come into 
equilibrium with the gaseous phase. 

Hlagg heated manganese in a closed tube with nitrogen to a tem- 
perature sufficiently high to ensure the absorption of the nitrogen. 
In this way he procured solutions of nitrogen in manganese of vary- 
ing concentrations up to a limit. Still higher concentrations of 
nitrogen can be obtained by heating in a stream of ammonia gas. 
These solutions were caused to assume internal equilibrium by 
appropriate heat treatment and then examined by the method of X-ray 
analysis. Starting with pure manganese, the dimensions of the unit 
crystal and its crystal system were obtained. In the neighbourhood 
of 0 per cent. nitrogen two allotropic forms of manganese, alpha and 
beta, exist. Investigation of the changes between 0 and about 14 per’ 
cent. nitrogen by weight, revealed four crystallographically distinct 
nitride phases. The phase poorest in nitrogen is the delta phase, 
which shows homogeneity in the region of 2 per cent. nitrogen by 
weight. It exists only above 500°, and decomposes below this 
temperature to give alpha manganese and the epsilon phase. The 
epsilon phase occurs in the neighbourhood of concentration of 6 per 
cent. nitrogen by weight. The homogeneous state of the next richest 
nitride phase, the zeta phase, begins at about 9 per cent. nitrogen. 
The fourth nitride phase, the eta phase, was only found in the hom- 
ogenised, highly nitrogenated phase, obtained by the action of 
ammonia. The formulae which correspond to the various phases may 
be written as follows: eta phase, Mn,N, (14.2 per cent. nitrogen); 
zeta phase, Mn,N, (9.2 per cent. nitrogen); epsilon phase Mn,N 
(6.8 per cent. nitrogen). No formula can be written for the delta 
phase. This is thought to be either a solid solution, or a crystalline 
modification of the epsilon phase. 


An interesting example of the simultaneous application of the 
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three techniques, viz.: phase-rule, microscopy and X-ray analysis, 
is presented in the study by Bunn, Clark and Clifford, 7° of the old 
problem of the constitution of bleaching powder. 
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CHAPTER XI 
E. COEXISTENCE OF SOLID. LIQUID AND GAS PHASES. 


I. Only One Component is Volatile. 


Pressure—Temperature—Concentration Model. Since,in a two-com- 
ponent system there are three variables, viz. temperature, pressure 
and concentration, the complete and simultaneous representation 
of these variables requires three axes, that is, a solid model. The 
solid model is giveninFig.77A for the case of water and an in- 
volatile salt which forms no hydrate. The lines BC, BD and BO 
all lie on the back face of the solid; they are, in fact, the vapour 
pressure curve, melting-point curve and sublimation curve, respec- 
tively, of water. Point D is therefore the triple point of water. 
Similarly FH and FG are the vapour pressure curve and melting-point 
curve for the salt so that F is its triple point, lying at zero pressure 
because of the assumed involatility of the salt. The curve Ff} is 
included for purposes of clarity but actually it would more or less 
coincide with the edge of the solid model, again because of in- 
volatility. As usual, on this model points correspond to invariance, 
lines to univariance and surfaces to bivariance. It therefore follows 
that every surface represents the coexistence in equilibrium of two 
phases, every space curve the coexistence of three phases, and 
every point (within the model) the coexistence of four phases. 
The nature of these phases is sufficiently described on the diagram. 
Only one invariant point is to be found on the diagram, viz., point 
A, which marks the conditions of coexistence of four phases: salt, 
ice, solution and vapour. Such a point is called a quadruple point 
(cf. triple point in unary systems). It is also a eutectic point (cf. 
p. 136). If each of these four phases is eliminated in turn, 4C3 = 4 
systems of univariant behaviour are obtained, each corresponding to 
the equilibrium of three phases. Three of these are shown in the 

233 


23.4, THE PHASE RULE 


Figure by the lines AB, AMF and AE, and are appropriately 
labelled. 

Changes at the Quadruple Point. Since the invariant system solid 
solvent —solute —solution —vapour can exist only at a definite tem- 
perature, addition or withdrawal of heat must cause the disappear- 
ance of one of the phases, whereby the system will become uni- 
variant. So long as all four phases are present the temperature, 
pressure, and concentration of the components in the solution must 
remain constant. When, therefore, heat is added to or withdrawn 
from the system, mutually compensatory changes will take place 
within the system whereby the condition of the latter is preserved. 
These changes can in all cases be foreseen with the help of the 
principle of Le Chatelier; and, after what was said on pages 22 
and 23, need only be briefly referred to here. In the first place, 
addition of heat will cause solvent to melt, and the concentration 
of the solution will be thereby altered; solute must therefore dis- 
solve until the original concentration is reached, and the heat of 
fusion of solvent will be counteracted by the heat of solution of the 
solute. Changes of volume of the solid and liquid phases must 
also be taken into account; an alteration in the volume of these 
phases being compensated by condensation or evaporation. All 
four phases will therefore be involved in the change, and the final 
state of the system will be dependent on the amounts of the different 
phases present; the ultimate result of addition or withdrawal of 
heat or of change of pressure at the quadruple point will be one of 
the four univariant systems: solid solvent — solution — vapour; 
solute— solution —vapour; solid solvent—solute—vapour; solid 
solvent— solute —solution. If the vapour phase disappear, there 
will be left the univariant system solid solvent —solute —solution, 
and the temperature at which this system can exist will alter with 
the pressure. Since in this case the influence of pressure is com- 
paratively slight, the temperature of the quadruple point will differ 
only slightly from that of the eutectic point as determined under 
atmospheric pressure. 

Pressure—Temperature Plane Diagram. If the space curves of the 
solid model, Fig. 77A, are projected on the p-¢ plane a plane repre- 
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sentation of pressure as a function of temperature is obtained, the 
concentration variable being sacrificed. ‘This is frequently done, 
but it is advisable to introduce the solid model first, in order that 
it may be clear that the curves are really space curves, that is, 
they do not really lie in one plane. 

Since in systems of two components the two phases, solution 
and vapour, constitute a bivariant system, the vapour pressure is 
undefined, and may have different values at the same temperature, 
depending on the concentration. In order that there may be for each 
temperature a definite corresponding pressure of the vapour, a third 
phase must be present. This condition is satisfied by the system 
solid—liquid (solution)— vapour; that is, by the saturated solution 
(v. infra). In the case of a saturated solution, therefore, the pressure 
of the vapour at any given temperature is constant. 

Vapour Pressure of Solid—Solution—Vapour. It has long been 
known that the addition of a non-volatile solid to a liquid in which 
it is soluble lowers the vapour 
pressure of the solvent; and the 
diminution of the pressure is 
approximately proportional to the 
amount of substance dissolved. 
The vapour-pressure curve, there- 


fore, of a solution of a salt in 


water must lie below that for pure 


water. Further, in the case of a 


Fig. 77B pure liquid, the vaporisation curve 
is a function only of the temperature (p. 21), whereas, in the case 
of a solution, the pressure varies both with the temperature and the 
concentration. These two factors, however, act in opposite direc- 
tions; for although the vapour pressure in all cases increases as 
the temperature rises, increase of concentration, as we have seen, 
lowers the vapour pressure. For saturated solutions, therefore, since 
the concentration itself varies with the temperature, two cases have 
to be considered, viz. where the concentration increases, and where 
the concentration diminishes, with rise of temperature. 


The relations which are found here will be best understood with 
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the help of Fig.77B,! which is a projection of Fig.77A onthe p-t 
plane of the model, In this figure, OB represents the sublimation 
curve ofice,and BC the vaporisation curve of water; the curve for the 
saturated solution must lie below this, and must cut the sublimation 
curve of ice atsome temperature below the melting-point. The point of 
intersection A is the eutectic point. If the solubility increases with 
rise of temperature, the increase of the vapour pressure due to the 
latter willbe partially annulled. Since at first the effect of increase 
of temperature more than counteracts the depressing action of in- 
crease of concentration, the vapour pressure will increase on raising 
the temperature above the eutectic point. If the elevation of tem- 
perature is continued, however, to the melting-point of the salt, the 
effect of increasing concentration makes itself more and more felt, 
so that the vapour-pressure curve of the solution falls more and more 
below that of the pure liquid, and the pressure will ultimately be- 
come equal to that of the pure salt; that is to say, practically equal 
to zero. The curve will therefore be of the general form AMF shown 
in Fig. 77B. If the solubility should diminish with rise of tempera- 
ture ,the two factors, temperature and concentration, will act in the 
same direction, and the vapour-pressure curve will rise relatively 
more rapidly than that of the pure liquid; in this case the curve 
must end on the face representing pure water. In this case, critical 
phenomena may be observed, before the solubility has become zero. 
(Cf. the system sodium sulphate—water, p. 243.) 

Other Univariant Systems. Besides the univariant system salt 
—solution—vapour already considered, three others are possible, 
viz. ice—solution—vapour, ice—salt—solution, and ice—salt— 
vapour. 

The fusion-point of a substance is lowered, as we have seen, 
by the addition of a foreign substance, and the depression is all the 
creater the larger the quantity of substance added. The vapour 
pressure of the water, also, is lowered by the solution in it of other 
substances, so that the vapour pressure of the system ice—solution 
—vapour must decrease as the temperature falls from the fusion- 
point of ice to the eutectic point. This curve is represented by 
BA(Fig. 77B), and is coincident with the sublimation curve of ice. 
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The curve AO represents the pressures of the system ice—salt 
—vapour. This curve will also be coincident with the sublimation 
curve of ice, on account of the non-volatility of the salt. 

The equilibria of thé fourth univariant system ice—salt—solu- 
tion are represented by Ak. Since this is a condensed system, the 
effect of a small change of temperature will be to cause a large 
change of pressure, as in the case of the fusion point of a pure sub- 
stance. The direction of this curve will depend on whether there 
is an increase or diminution of volume on solidification; but the 
effect in any given case can be predicted with the help of the prin- 
ciple of Le Chatelier, and calculated by means of the Clapeyron 
equation. 

Bivariant Systems. Besides the univariant systems already dis- 
cussed, 4Cy = 6 bivariant systems are possible, representing the 
coexistence of the two phases. For at least two of these the equilib- 
rium conditions as to temperature, pressure and composition, are 
shown in the solid model of Fig.77A and the key to them given on 
the side of the diagram. It is difficult and misleading to interpret 
the pressure-temperature relations of the bivariant systems from the 
projection diagram of Fig. 77B however, since some of the surfaces 
cover one another, when projected. For instance, a bivariant point 
in the area CBAMFG, of Fig.77B may refer to either of the binary 
equilibria, solution—vapour or salt—solution, as well as to either 
of the component unary systems; but no such ambiguity exists on 
the solid model (if the construction lines are shown.) 

Deliquescence. The conditions under which a salt will deli- 
quesce may now be considered. As is evident from Fig. 77B, 
salt can exist in contact with water vapour at pressures and tem- 
peratures lying below OAMF. If, however, at a constant temperature 
higher than that of the eutectic A, the pressure of water vapour is 
sncreased until it reaches a value lying on this curve, solution will 
be formed; for this curve AMF represents the equilibrium salt— 
solution—vapour. From this, therefore, it is clear that if the pres- 
sure of the aqueous vapour in the atmosphere is greater than that 
of the saturated solution of a salt, that salt will, on being placed 


in the air, form a solution: it will deliquesce. 
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Whether or not any given salt will deliquesce, depends on the 
vapour pressure lowering of its saturated solution, that is, on 
whether a point on AMF, representing the vapour pressure of a sat- 
urated solution of the salt at the given temperature (usually room 
temperature) is above or below the point representing the pressure 
of aqueous vapour in the atmosphere. ‘This again depends on the 
vertical displacement of curve AMF below BC, and this will bea 
function of the concentration of the salt in saturated solution. 
Generally speaking, the more soluble the salt, the lower the vapour 
pressure, and hence we find that all deliquescent substances are 
very soluble; the converse, however, does not always appear to be 
true. 

Separation of Salt on Evaporation. With the help of Fig. 77B it is 
possible to state in a general manner whether or not salt will be 
deposited when a solution is evaporated under a constant pressure. 

The curve AMF (Fig. 77B) is the vapour-pressure curve of the 
saturated solutions of the salt, i.e. it represents, as we have seen, 
the naximum vapour pressure at whichsalt can exist in contact with 
solution and vapour. The dotted line aa represents atmospheric 
pressure. 

Since the boiling-point is defined as that temperature at which 
the vapour pressure is equal to the superincumbent pressure, it is 
obvious that, in this case, the solution has two boiling-points, that 
is, two solutions exist, differing distinctly in concentration, which 
possess the same vapour pressure at two different temperatures: 
this has been verified experimentally for silver nitrate solutions in 
water, whose boiling-points, under atmospheric pressure, are 133° 
and 19] °C.!7. If, now, an unsaturated solution, the composition of 
which is represented by the point x, is heated in an open vessel, 
the temperature will rise, and the vapour pressure of the solution 
will increase. The system will, therefore, pass along a line repre- 
sented diagrammatically by xx’. At the point x’ the vapour pres- 
sure of the system becomes equal to | atm.; and as the vessel is 
open to the air, the pressure cannot further rise; the solution boils. 
If the heating is continued water passes off, the concentration 


increases, and the boiling-point rises. The system will therefore 
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pass along the line x'm, until at the point m solid salt separates 
out (provided supersaturation is excluded). The system is now in- 
variant, the pressure being constant, and continued heating will no 
longer cause an alteration of the concentration; as water passes 
off, solid salt will be deposited, and the solution will evaporate to 
dryness. 

If, however, the atmospheric pressure is represented not by aa 
but by 6b, then, asFig.77Bshows, the maximum vapour pressure of 
the system salt—solution—vapour never reaches the pressure of 1 
atm. Further, since the curve bb lies in the area of the bivariant 
system solution—vapour, there can at no point be a separation of the 
solid form; for the system solid—solution—vapour can exist only 
along the curve AMF. 

On heating the solution of such a salt continuously in an open 
vessel, therefore, there is no separation of the solid. Only a homo- 
geneous fused mass is obtained. This is found to be the behaviour 
of aqueous solutions of sodium hydroxide and of potassium hydrox- 
ide, under atmospheric pressure. If, however, the heating is carried 
out under a pressure which is lower than the maximum pressure of 
the saturated solution, separation of the solid substance will be 
possible. 

The System Sodium Sulphate-Water. The consideration of the 
pressure-temp erature relations of two components, such as sodium 
sulphate and water, where the formation of crystalline hydrates 
takes place, must include not only the vapour pressure of the satu- 
rated solutions, but also that of the hydrates. The vapour pres- 
sures of salt hydrates have already been treated ina general 
manner (Chap. X), so that it is only necessary here to point out 
the connection between the two classes of systems. 

In most cases the vapour pressure of a salt hydrate, i.e. the 
vapour pressure of the system hydrate—anhydrous salt (or lower 
hydrate)—— vapour, is at all temperatures lower than that of the 
system anhydrous salt (or lower hydrate)—solution—vapour. This, 
however, is not a necessity; and cases are known where the va- 
pour pressure of the former system is, under certain circumstances, 


equal to or higher than that of the latter. An example of this is 
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found in sodium sulphate decahydrate. 

On heating Na,SO,,10H,O a point is reached at which the dis- 
sociation pressure into anhydrous salt and water vapour becomes 
equal to the vapour pressure of the saturated solution of the anhy- 
drous salt. This occurs at 32.6°, where the vapour pressures of | 
the two systems 


Na.SO,,10H,O™Na,SO,—vapour, 
Na.SO,—solution — vapour 
are, therefore, equal; at this temperature the four phases, Na.SQ,, 
10H,0; Na,SO,; solution; vapour, can coexist. From this it is 
evident that when sodium sulphate decahydrate is heated to 32.6°, 
in a closed system the two new phases, anhydrous salt and solution’ 
will be formed (suspended transformation being supposed excluded) 


and the hydrate will appear to undergo partial fusion; and during th 


99 


process of ‘‘melting’’ the vapour pressure and temperature will r 
main constant. ; 

The vapour pressure of the different systems of sodium sulphat 
and water can best be studied with the help of the diagram in Fig 
78. The curve ABCD represents the vapour pressure curve of th 
saturated solution of anhydrous sodium sulphate. GC is the pres 
sure curve of decahydrate + anhydrous salt, which, as we have seen 
cuts the curve ABCD at the quadruple point, 32.6°, Since at this 
point the solution is saturated with respect to both the anhydrous 
salt and the decahydrate, the vapour pressure curve of the saturate: 
solution of the latter must also pass through the point C. As a 
temperatures below this point the solubility of the decahydrate is 
less than that of the anhydrous salt, the vapour pressure of the 
solution will, in accordance with Babo’s law, be higher than that 
of the solution of the anhydrous salt; which was also found ex- 
perimentally to be the case (curve HC). 

In connection with the vapour pressure of the saturated solu- 
tions of the anhydrous salt and the decahydrate, attention must be 
drawn to a conspicuous deviation from what was found to hold in 
the case of one-component systems in which a vapour phase was 
present (p. 48). There, it was seen that the vapour pressure of © 


the more stable system was always lower than that of the less — 
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stable; in the present case, however, we find that this is no longer 
so. We have already learned that at temperatures below 32.6° the 
system decahydrate—solution—vapour is more stable than the sys- 
tem anhydrous salt —solution—vapour; but the vapour pressure of 
the latter system is, as has just been stated, lower than that of the 
‘ormer. At temperatures above the transition point the vapour pres- 
jure of the saturated solution of the decahydrate will be lower than 
hat of the saturated solution of the anhydrous salt. 

This behaviour depends on the fact that the less stable form is 
‘e more soluble, and that the diminution of the vapour pressure in- 
eases with the amount of salt dissolved. 

With regard to sodium sulphate heptahydrate, the same considera- 
sns will hold as in the case of the decahydrate. Since at 24° the 
ir phases heptahydrate, anhydrous salt, solution, vapour can co- 
-ist, the vapour pressure curves of the systems hydrate—anhydrous 

alt—vapour (curve EB) and hydrate—solution— vapour (curve FL) 
ast cut the pressure curve of the saturated solution of the anhy- 


us salt at the above temperature, as represented in Fig. 78 by 
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1e point B. This constitutes, therefore, a second quadruple point, 
hich is, however, metastable. 

From the diagram it is also evident that the dissociation pres- 
ure of the heptahydrate is higher than that of the decahydrate, 
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although it contains less water of crystallisation. The system hep- 
tahydrate—anhydrous salt—vapour must be metastable with respect 
to the system decahydrate—anhydrous salt—vapour, and will pass 
into the latter. Whether or not there is a temperature at which the 
vapour pressure curves of the two systems intersect, and below 
which the heptahydrate becomes the more stable form, is not known. 
It is apparent that Fig. 78 is the projection of a solid model, 
since the concentration variable is ignored. For the sake of com- 
pleteness, several other curves are drawn. Thus, J is the triple 
point of the system water, H is the binary eutectic of the system 
sodium sulphate—water, at which ice, solid decahydrate, solution 
and vapour are in equilibrium, HM represents the effect of pressure 
on the condensed system ice— decahydrate— solution, and FN is 
the corresponding curve for the system ice—heptahydrate—solution. 
We now turn from the projection on the pressure-temperature face 
of the solid model to the projection on the temperature-concentration 
face, thereby supplementing the short discussion already given on 
pp- 235 and 236. Using the results obtained by Wuite? Fig. 79 is ob- 
tained. In this figure, at A we have a eutectic point at which ice 
and sodium sulphate decahydrate coexist with solution and vapour. 
The temperature is -1.286°, and the solution contains 4.669 grams 


(0.58 moles) of anhydrous sodium sulphate in 100 grams of water. 
The curve AB is the equilibrium curve for the decahydrate in 


contact with solution and vapour, and ends at the point B (32.6°), 
where transition to the rhombic form of anhydrous sodium sulphate 
occurs. The equilibrium curve for rhombic anhydrous sodium sul- 
phate in contact with solution and vapour shows a minimum at 
about 125°, and ends at EF (234°), the vapour pressure at this 
point being 27.5 atm.. Here transition of rhombic to monoclinic 
sodium sulphate takes place, the solubility of the latter decreas- 
ing with rise of temperature (KF). At these high temperatures and 
pressures the concentration of sodium sulphate in the coexisting 
vapour becomes noticeable. This is shown by the curve GI’, which, 
below about 320°, coincides with the water axis. GF therefore rep- 
resents vapour compositions and EF the coexisting liquid composi- 


tions in the three-phase system monoclinic sodium sulphate — liq- 
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uid—vapour. (Point F is actually nearer the water axis than shown 
on the diagram.) The liquid and vapour compositions become iden- 
tical at F, which is therefore a critical point, and must lie on the 
critical curve which runs from Hi (the critical point of water, 374°) 
to the critical point of sodium sulphate, although the portion imme- 
diately to the right of F is metastable. (See the discussion of crit- 
ical phenomena, p. 257. Point F in Fig. 79 corresponds to point p 

in Fig. 89 (b). 
Potassium lodide and Sulphur Dioxide. In order stil] further to 
illustrate the application of the principles of 


Sy *flvid the Phase Rule to the study of systems formed 


by a volatile and a non-volatile component, a 
brief description may be given of the behav- 
iour of sulphur dioxide and potassium iodide. 
After it had been found that liquid sulphur di- 
oxide has the propertyof dissolving potassium 
iodide, and that the solutions thus obtained 
present certain peculiarities of behaviour, the 


Temperature 


question arose as to whether or not compounds 


5 
Mol. Na,SO4 


are formed between the sulphur dioxide and the 
Fig. 79 potassium iodide, and if so, what these com- 
pounds are. To find an answer to this ques- 

tion, Walden and Centnerszwer® made a complete investigation of 
the solubility curves of these two components, the investigation 
extending from the freezing-point to the critical point of sulphur 
dioxide. For convenience of reference, the results which they ob- 
tained are represented diagrammatically in Fig. 80. The fre ezing- 
point (A) of pure sulphur dioxide was found to be -72. 7°. Addition 
of potassium iodide lowered the freezing-point, but the maximum 
depression obtained was very small, and was reached when the 
concentration of the potassium iodide in the solution was only 
0.336 mols. per cent. Beyond this point, an increase inthe con- 
centration of the iodide was accompanied by an elevation of the 
freezing-point, the change of the freezing-point with the concentra- 
tion being represented by the curve BC. The solid which separated 
from the solutions represented by BC was a bright yellow crystalline 
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substance. At the point C (-23.4°) a temperature-maximum was 
reached; and as the concentration of the potassium iodide was con- 


tinuously increased, the temperature of equilibrium first fell and then 
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slowly rose, until at +0.26° (£) a second temperature-maximum was 
registered. On passing the point D, the solid which was deposited 
from the solution was a red crystalline substance. On withdraw- 
ing sulphur dioxide from the system, the solution became turbid, and 
the temperature remained constant. The investigation was not pur- 
sued further at this point, the attention being then directed to the 
equilibria at higher temperatures. 

When a solution of potassium iodide in liquid sulphur dioxide 
containing 1.49 per cent. of potassium iodide was heated, solid 
(potassium iodide) was deposited at a temperature of 96.4°. Solu- 
tions containing more than about 3 per cent. of the iodide separated, 
on being heated, into two layers, and the temperature at which the 
liquid became heterogeneous fell as the concentration was in- 
creased, a temperature-minimum being obtained with solutions con- 
taining 12 per cent. of potassium iodide. On the other hand, solu- 
tions containing 30.9 per cent. of the iodide, on being heated, de- 
posited potassium iodide; while a solution containing 24.5 per 
cent. of the salt first separated (metastably) into two layers at 
89.3°, and then, on cooling, solid was deposited and one of the 
liquid layers disappeared. 

Such are, in brief, the results of experiment; their interpretation, 
with the aid of Fig. 80 should present no difficulty to the reader, as 
far, at least, as concerns the low temperature part of the diagram. 
Passing to higher temperatures, FG is the solubility curve of potas- 
sium iodide in sulphur dioxide; at G two liquid phases are formed, 
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and the system therefore becomes invariant (cf. p. 174). The curve 
GHK is the solubility curve for two partially miscible liquids; and 
since complete miscibility occurs on lowering the temperature, the 
curve is similar to that obtained with triethylamine and water (p. 
98. K is also an invariant point at which potassium iodide is in 
equilibrium with two liquid phases and vapour. 

The complete investigation of the equilibria between sulphur 
dioxide and potassium iodide, therefore, shows that these two 
components form two compounds (KI. 14SO, and kI.4SO.);_ — and 
that when solutions having a concentration between those repre- 
sented by the points G and K are heated, separation into two 


layers occurs. 
II. Both Components are Volatile. 


General. In the preceding pages certain restrictions were im- 


posed on the discussion of the equilibria between two components; 


3, Composition of the solutions 1~Cl, 
28 in equilibrium with the solid phases| 
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Fig. 81 


but in the present section the restriction that only one of the com- 
ponents is volatile will be allowed to fall, and the general be- 
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haviour of two volatile* components, each of which is capable of 
forming a liquid solution with the other, will be studied. As we 
shall see, however, the removal of the previous restriction produces 
no alteration in the general aspect of the equilibrium curves for 
concentration and temperature, but changes to some extent the 
appearance of the pressure-temperature diagram. The latter will 
become still more complicated when account is taken not only of the 
total pressure but also of the partial pressures of the two com- 
ponents in the vapour phase. In the example we are about to des- 
cribe, viz. the system iodine-chlorine, we shall not introduce this 
complication, in other words, the concentration of the vapour will 


not be shown. We shall, however, refer to it later (p. 248). 
lodine and Chlorine. 


‘he different systems furnished by iodine and chlorine, rendered 
classical by the studies of Stortenbeker,° form an instructive ex- 
ample of equilibria in a two-component system. The study is com- 
plete, as far as concentrations in the liquid phase and total equi- 
librium pressure are concerned, although the concentrations in the 
vapour phase and therefore the partial pressures of the components 
in the vapour phase are still lacking. 

Concentration—Temperature Diagram Stortenbeker’s results are 
represented graphically in Fig. 81 which, however, covers only a 
part of the complete range of concentration. (See Fig. 82 for com- 
plete diagram.) The two congruently melting compounds are the tri- 
chloride and the monochloride. ‘Lhe diagram is slightly com- 
plicated by the fact that two allotropic forms of the monochloride 
exist. ‘lhe stable, high-melting form, is described as ICla, the un- 
stable as ICI. So complete was Stortenbeker’s work that there 
has been little or no further study of this system, although Karsten® 
has given a clearer insight into the stability of ICI in the liquid and 
the gaseous phase, while Walden’ has given more detailed data on 
the states of stable existence of the monochloride. 

Pressure—Temperature Diagram. In this diagram there are repre- 
sented the values of the vapour pressure of the saturated solutions 
of chlorine and iodine. To give a complete picture of the relations 


between pressure, temperature, and concentration, a solid model 
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would be required, with three axes at right angles to one another 
along which could be measured the values of pressure, temperature, 
and concentration of the components in the solution. Instead of 
this, however, there may be employed the accompanying projection 
figure (Fig. 82), the lower portion of which shows the projection of 
the equilibrium curve on the surface containing the concentration 
and temperature axes, while the upper portion is the projection on 
the plane containing the pressure and temperature axes. The lower 
portion is therefore a concentration-temp erature diagram; the upper 
portion, a pressure-temperature diagram. The corresponding points 
of the two diagrams are joined by dotted lines. 

Corresponding to the point C, the melting-point of pure iodine, 
there is the point C, which represents the vapour pressure of iodine 
at its melting-point. At this point four curves cut: (1) the sublima- 
tion curve of iodine; (2) the vaporisation curve of fused iodine; 
(3) C,B,, the vapour pressure curve of the saturated solutions in 
equilibrium with solid iodine; and (4), the melting curve of iodine 
under pressure. Starting, therefore, with the system solid iodine — 
liquid iodine, addition of chlorine will cause the temperature of 
equilibrium to fall continuously, while the vapour pressure will first 
increase, pass through a maximum® and then fall continuously until 
the eutectic point, B(B,), is reached.” At this point the system is 
invariant, and the pressure will therefore remain constant until all 
the iodine has disappeared. As the concentration of the chlorine 
increases in the manner represented by the curve BfH, the pressure 
of the vapour also increases as represented by the curve Byf, Hy. 
At H,, the eutectic point for iodine monochloride and iodine tri- 
chloride, the pressure again remains constant until all the mono- 
chloride has disappeared. As the concentration of the solution 
passes along the curve HF, the pressure of the vapour increases as 
represented by the curve Ii,F,; Fy represents the pressure of the 
vapour at the melting-point of iodine trichloride. If the concen- 
tration of the chlorine in the solution is continuously increased 
from this point, the vapour pressure first increases and then de- 
creases, until the eutectic point for iodine trichloride and solid 
chlorine is reached (D,). Curves Cl,—solid and Cl,— liquid repre- 
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sent the sublimation and vaporisation curves of chlorine, the melt- 


ing-point of chlorine being —102°. 
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Fig. 82 


Although complete measurements of the vapour pressure of the 
different systems of pure iodine to pure chlorine have not been 
made, the experimental data are nevertheless sufficient to allow 
of the general form of the curves being indicated with certainty. 

Partial Pressures of the Components and the Composition of 
the Vapour Phase. Although Fig. 82 contains an axis of composi- 
tion, the composition-temperature diagram is of course that of the 
liquid phase. It would be interesting and instructive to plot a 
similar diagram for the vapour phase, but the data, viz. the analyses 
of the vapour phase, are lacking for this. 


The same data, assuming the validity of Dalton’s law of partial 
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pressure, would also permit of the calculation of the partial pres- 
sures of the components in the vapour phase, and these could be 
plotted on the same pressure-temperature diagram which expresses 
the total vapour pressure. It could then be said that the study of 
this system was complete. 

Bivariant Systems. To these, only a brief reference need be 
made. Since there are two components, two phases will! fom a bi- 
variant system. The fields in which these systems can exist are 
shown in Fig. 82 and Fig. 83, which is a more diagrammatic repre- 


sentation of a portion of Fig. 82. 


|. Iodine —vapour. 
II. Solution—vapour. 
Ill. Iodine trichloride—vapour. 


IV. Iodine monochloride—vapour. 


The conditions for the existence of these systems will probably be 
best understood from Fig. 83. Since the curve B‘A’ represents the 
pressures under which the system iodine — solution— vapour can 
exist, increase of volume (diminution of pressure ) will cause the 
yolatilisation of the solution, and the system iodine — vapour will 
remain. If ,therefore, we start with a system represented by a, dim- 
inution of pressure at constant 
temperature will lead to the con- 
dition represented by x. On the 
other hand, increase of pressure 
at a willlead to the condensation 
of a portion of the vapour phase. 
Since the concentration of chlo- 
rine in the vapour is greater than 
in the solution, condensation of 


vapour would increase the con- 


centration of chlorine in the solu- 


Fig. 83 


tion; a certain amount of iodine 
must therefore pass into solution in order that the composition of 
the latter shall remain unchanged. © If, therefore, the volume of 
vapour be sufficiently great, continued diminution of volume will 


ultimately lead to the disappearance af all the iodine, and there 
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will remain only solution and vapour (field II.). As the diminution 
of volume is continued, the vapour pressure and the concentration 
of the chlorine in the solution will increase, until, when the pres- 
sure has reached the value b, iodine monochloride can separate out. 
The system, therefore, again becomes univariant; and at constant 
temperature the pressure and composition of the phases must remain 
unchanged. Diminution of volume will therefore not effect an in- 
crease of pressure, but a condensation of the vapour; and since 
this is richer in chlorine than the solution, solid iodine monochloride 
must separate out in order that the concentration of the solution re- 
main unchanged.'} As the result, therefore, we obtain the bivariant 
system iodine monochloride—vapour. 

A detailed discussion of the effect of a continued increase of 
pressure will not be necessary. From what has already been said, 
and with the help of Fig. 83, it will readily be understood that this 
will lead successively to the univariant system (c), iodine mono- 
chloride—solutionvapour; the bivariant system solution—vapour 
(field II.); the univariant system (d), iodine trichloride—solution— 
vapour; and the bivariant system x’, iodine trichloride — vapour. 
If the tempereture of the experiment is above the melting-point of 
the monochloride, then the systems in which this compound occurs 
will not be formed. 

Generalised p, t, x Model. '? In order to represent simultane- 
ously and completely the behaviour of any system with respect to 
variations in temperature, pressure and composition, three axes of 
reference are necessary and a solid model results. If all pos sibili- 
ties are considered, such as compound fomation and solid solution, 
the model becomes extremely complex and we therefore confine our- 
selves to the simple case where no compound formation takes place 
where the solid forms are mutually insoluble and where there is 
complete miscibility in the liquid state. The solid model is given 
in Fig. 84. 

It is apparent that a vertical plane parallel to the plane of XAA 
gives a t-p diagram (constant composition), that a vertical plane 
parallel to the plane of XABZ gives a p-x diagram (temperature 
constant) and that a horizontal plane parallel to the plane of AALB 


’ 
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gives a t-x diagram (pressure constant). All these plane diagrams 
have already been discussed and, although it is perhaps illogical to 
discuss the sections before dealing with the solid model, it would 
be practically impossible to discuss the solid model until physical 
meaning had been given to the subject by a discussion of the sec- 


tions. It remains then to consider the solid model in its totality. 


ressure 


F 


n= 


Fig. 84—(An enlarged view will be found facing p. 232). 


O, and Og are the triple points and C and D the critical points 
of A and B respectively. The regions of liquid and vapour are 
separated by two eurved surfaces forming an irregular lens-shaped 
envelope within which both liquid and vapour can coexist. This 
envelope is bounded by the critical curve CD (see p. 257), the plane 
curves CO, and DOg (vapour pressure curves of pure liquid A and 
B respectively), the space curves O,F and OgF, the space curves 
O,E and Opk and the straight line EF (E and F being the respec- 
tive liquid and vapour compositions at the eutectic point). ° 

The liquid region is limited by the planes UO,C and VOpD, the 
upper surface of the envelepe just described, the surface UO, EP 
which represents the coexistence of liquid and solid A, and the 
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surface VO,FP which is the corresponding surface for solid B. 
The line EP therefore gives the conditions for equilibrium between 
solids A and B and liquid. 

The region of vapour is limited in one direction by the vapour 
surface which corresponds to the limit of existence of liquid, that is 
the surface bounded by the critical curve CD, the plane curves CO, 
and DOg and the space curves O,F and OpF. F is at the same 
pressure and temperature as EF, but differs in composition, since it 
represents the composition of the vapour in equilibrium with a liquid 
of eutectic composition F. The limit in the other direction is formed 
by the vapour surface IG,FL and vapour surface KOpF'L, which 
represent the equilibrium of vapour with solids A and B respectively. 
The resemblance of the space curves O,F Og to a eutectic diagram 
has already been pointed out when dealing with the vapour pressures 
of solids: F gives the only conditions of pressure, temperature and 
concentration under which vapour can be in equilibrium with solid 
A and solid B and liquid. 

It will be seen, therefore, that the region of liquid only and the 
region of vapour only are both volumes and, as such, represent tri- 
variant systems for which all three of pressure, temperature and 
concentration need be fixed in order to define the system. 

Systems of two phases in equilibrium (bivariant behaviour) are 
represented by surfaces. Since there are four possible phases, there 
are 4C, = 6 systems oftwo phases. Owing to the fact that the com- 
position of the two phases is not in general the same, each system 
of two phases is represented by two surfaces, in which the equi- 
librium concentrations of the two phases refer tothe same p,t values. 


The two-phase systems and corresponding surfaces are as follows: 


Vapour + Liquid: surfaces FO,CDOgF and FO,CDO,E. 
Vapour + solid A: surfaces IO, FL and IO, GM. 

Vapour + Solid LE: surfaces KO, FL and KO,HN. 

Liquid + Solid A: surfaces UO, EP and UO, GQ. 

Liquid + Solid B: surfaces VOgEP and VOgHR. 

6. Solid A + Solid B: surfaces MGQX and NHRZ. 


If corresponding points of these pairs of surfaces are joined by 


horizontal lines, all points on these lines represent systems of these 


oe 
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pairs of phases. The spaces enclosed by the surfaces represent- 
ing the coexistence of the six pairs of phases fill up the space in 
the solid model not occupied by the regions of homogeneous liquid 
and vapour. 

The three liquid surfaces cut in pairs in the three curves O,E, 
OE and EP, and the vapour surfaces in pairs in the curves O,F, 
OF and FL. Each curve represents the univariant behaviour of a 
system of three phases, in three of which liquid is always present 
and in the other three vapour. Since, in general, the three phases 
will have different composition, atsthe same temperature and pres- 
sure, any one curve must always be associated with two others. 
There will be 4C3 = 4 such univariant systems for the complete rep- 
resentation of each of which, three curves will be necessary, as 


follows: 


1. Solid A + liquid + vapour: curves O,G, Oak, O,F. 
2. Solid B + liquid + vapour: curves CgH, Opk, OpF. 
3. Solid A + solid B + vapour: curves GM, HN, FL. 
4. Solid A + solid B + liquid: curves GQ, HR, EP. 


Finally, for the type of system under consideration there is only one 
invariant point at which four phases coexist and for which, of course, 
temperature, pressure and concentration are fixed. Since, however, 
the four phases will have different (though fixed) composition, four 
points, having the same temperature and pressure coordinates, will 
be necessary for the complete representation of this invariant point. 
The points are G, expressing the compositioh of pure A, Il that of 
pure B, F that of the vapour, and FE that of the liquid. 

Only a solid model can give full information as to the values of 
the variables of a system, but since it is practically almost impos- 
sible to work with such a model, it is usual to project on one or 
other of the planes of reference, thus, projection on the rear vertical 
plane gives a diagram, such as has been given for the iodine — 
chlorine system, which represents the variation of equilibrium pres- 
sure with respect to temperature, but ignores composition: similarly 
projection on the horizontal base gives a diagram which represents 
change of composition as a function of temperature, but ignores 
change of pressure. Finally, isothermal, isobaric or isoplethal sec- 
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tions can be drawn. A number of isothermal sections are drawn in 
the figure, at points of interest, but their interpretation may be left 
to the reader, since many of them have already been given. Fora 
more detailed discussion of the model, the reader should consult the 
reference to Roozeboom, ‘‘Die Heterogenen Gleichgewichte”’, given 
at the commencement of this section. It is suggested that the stu- 
dent draw the isotherm at temperature ¢ (Fig. 84) to give a type 
which has not been discussed. 

Pressure — Temperature — Composition Model for Aniline and 
Sulphur Dioxide. ‘This system has been studied very fully by A.E. 
Hill,’* and is a good example of a complete representation of the 
behaviour of a binary system in the form of a solid model, the three 
variables being temperature, pressure and concentration. 

Sulphur dioxide combines with anhydrous aniline to form the 
compound C,li;NH,. SO.; and on adding sulphur dioxide to aniline 
the isothermal vapour pressure curve (Fig. 85) is obtained. The 
initial sloping portion of the curve represents the vapour pressures 
of solutions of sulphur dioxide in liquid aniline. 

When the pressures corresponding to the horizontals of such 
isothemmals as that of Fig. 85, are plotted against temperature, the 
vapour pressure curve of the compound is obtained (Fig. 86). 

The complete representation of the system is given by the solid 
model shown in Fig.87.19The curve b g e is the solubility curveof 
the compound, which in the case of condensed systems is usually 
represented as a projection upon the composition-temperature sur- 
face. What is left out of the familiar projection, however, is that 
not only is the solubility curve bg moving in the direction of higher 
pressures with increase in temperature, but also that ge is moving 
in the direction of higher pressures with decrease in temperature. 
To the well-known fact that the solid phase may be in equilibrium 
at a constant temperature with either of two liquid phases of differ- 
ing composition is to be added the fact that of course, the two liq- 
uids have different vapour pressures. The front view of the figure 
shows in perspective the regions of stability for the solid, for lig- 
uid solution and for vapour alone. 


A section of the solid model representing a typical isotherm at 
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the temperature ¢, is shown in Fig.88.!9 This is a complete repre- 
sentation of what is shown in part in Fig. 85. ‘The line uw 6 rep- 
resents the change in solubility of sulphur dioxide in liquid aniline 
with increase in pressure; at pressures lower than b the system can 
consist only of a liquid phase coexisting with vapour of the same 
pressure and a different composition, expressed by a point on the 


vapour curve axyf. At the pressure b solid appears, and addition 
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of sulphur dioxide results only in variation in the amounts of the 
three invariant phases, b (saturated solution), c (solid compound), 
and x (vapour). On addition of sulphur dioxide up to the composi- 
tion c the liquid has all been changed to solid compound; further 
additions of sulphur dioxide result only in a change in pressure 
without any change in composition of the compound, i.e., the sys- 
tem is isothermally univariant and consists of solid coexisting with 
vapour of the compositions shown along the section xy of the vapour 
curve. At d, a high pressure not measured in this instance, there 
is condensation of a new liquid phase e, rich in liquid sulphur di- 


oxide, and the system is again isothermally invariant, consisting of 
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compound, liquid phase e, and gaseous phase y. Addition of sulphur 
dioxide results now in diminishing the amount of the solid and in- 
creasing the amount of the liquid until the solid disappears entirely 
ate; and further additions of sulphur dioxide give the isothermally 
univariant system consisting of liquid represented on the curve ef 
and vapour represented on the curve yf. The pressure at d may be 
looked upon not only as the second vapour pressure of the system 
compound-liquid-vapour, but also as the deliquescence pressure of 
the compound. The curves bi and eh are boundary curves between 
the area for the solid and the areas for the two liquid phases; they 
will tend to meet or to separate farther according as the volume 
of the system tends to decrease or increase on solution of the solid 
phase. If isotherms are drawn at successively higher temperatures, 
the distance cd and the distances be and de will become shorter. 
At the congruent melting-point the points band c will- have met at a 
single point represented by g in Fig. 87. Above this temperature 
only liquid and vapour can exist up to the point where the vapour 
curve and the liquid curve meet at the critical temperatures for 


varying solutions of the two liquids. * 


III]. Critical Phenomena in Binary Systems, in the Presence or 
Absence of Solid Phases. 4» 2° 


Critical phenomena in unary systems are well-known and, as 
shown on.p. 22, the vaporisation curve for a pure liquid ends 
abmptly at its critical point beyond which liquid and vapour become 
indistinguishable. When a second component is present, however, 
the critical phenomena are more involved. 

We consider only the case that both components are completely 
miscible in the liquid state. There then results a continuous criti- 
cal curve, in the p-tx model, joining the critical points of the two 
components. Two cases are to be distinguished. 

Figs. 89 (a) and 89 (b) are projections of the solid model on the 
p-t surface; a is the critical point of A, 6 of B, and dthe triple 
point of solid B. The line ab is the critical curve and cd the p-t 
curve of the system: solid B—solution—vapour. (cf. Fig.77B, p. 
235). Further ea is the vapour pressure curve of liquid A, fd that 
of solid B and db that of liquid B. 
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The case of Fig. 89 (a) will occur when the solubility of solid B 
in liquid A is relatively great, e.g. silver nitrate in water. In this 
case the vapour pressures of the saturated solutions are relatively 
small, and hence ghe curve cd lies completely under the critical 
curve. 

The curve cd runs without a break up to the melting-point of B; 
the series of saturated solutions of B is not interrupted by thecrit- 


ical phenomena of solutions; the solubility curve continues unin- 


(b) 


Fig. 89 


terruptedly to the triple point of B, and this is the case with the sys- 
tem silver nitrate—water. Similarly, the critical curve is also contin- 
uous, as critical phenomena are only observed in solutions which 
are unsaturated with respect to B. 

In the second case, Fig. 89 (b), the solubility of Bin A is so 
slight even at the critical temperature, that cd cuts the critical 
curve above the critical point of A. The intersection occurs at the 
two points p andy. This is the casein the system sodium sulphate 
—water. 

The critical temperatures and pressures between a and p and 
between g and 6 still refer to unsaturated solutions. At p and gq, 
however, where the p-t line of solutions saturated with solid B and 
in contact with vapour cuts the critical curve, the case arises that 


the saturated solution has reached its critical temperature; at these 
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points the vapour pressure of the saturated solution and the critical 
pressure coincide, and hence the saturation temperature and the crit- 
ical temperature coincide. 

If we continue the curve ap from p to gq, we shall pass through 
the region of solutions and vapour, which are supersaturated with 
respect to solid B. Consequently critical phenomena will only be 
possible here if the solid phase B does not appear. On the other 
hand, a continuation of the curve cpqd (the curve of equilibrium be- 
tween solid B, solution and vapour) between p and g is impossible. 

An experimental study of the critical phenomena, in the light of 
these and further considerations,is that of the system ether—anthra- 
quinone.’ > 

At the point p, the first part of the critical curve, ap, ends, and 
the second part, yd, begins at g. At the points p and q therefore 
two saturated solutions of different concentrations have reached 
their critical states. Fluid phases’® in equilibrium with solid B 


are the only possible states between p and gq. 


NOTES 

1. For a theoretical discussion of the curves, see Smits, Z. physikal. 
Chem., 1911, 78, 708. 

2. Z. physikal. Chem., 1914, 86, 349. See also Smits and Wuite, Proc. 
K. Akad. Wetensch. Amsterdam, 1909, 12, 244. A similar, and somewhat 
simpler, diagram is given by the system lithium sulphate—water. (Camp- 
bell, J. Amer. Chem. Soc., 1943, 65, 2269. 

3. Z. physikal. Chem., 1903, 42, 432. 

4. Since all substances are no doubt volatile to a certain extent at 
some temperature, it is to be understood here that the substances are 
appreciably volatile at the temperature of the experiment. 

5. Z. physikal. Chem., 1889, 3, 11; Rec. trav. chim. Pays-Bas, 1888, 
7, 152. 

6. Z. anorgan. Chem., 1907, 53, 365. 

7. Z. anorgan. Chem., 1910, 68, 307. 

8. For the calculation of the temperature correspondingto thismaximum, 


cf. A. E. Korvezee, Rec. trav. chim. Pays-Bas, 1947, 66, 549. 
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9. This is different from what we found in the case of non-volatile 
solutes (p. 236). In the present case the partial pressure of the iodine in 
the vapour will be lowered by addition of chlorine, but the total pressure is 
increased. 

10. The diminution of volume is supposed to be carried out at constant 
temperature. The pressure and the composition of the phases must, there- 
fore, remain unchanged, and only the relative amounts of these can under- 
go alteration. 

11. At point b the ratio of chlorine to iodine in the solution is less 
than in the monochloride, so that by the separation of this the excess of 


chlorine yielded by the condensation of the vapour is removed. 


12. Roozeboom: “Die heterogenen Gleichgewichte’’, Vol. 2, part 1, pp. 
125 et seq. (Vieweg. Braunschweig, 1904.) 


13. J. Amer. Chem. Soc., 1931, 53, 2598. 
14. Smits, Zeit. physikal. Chem., 1905, 51, 193. 
15. Smits, Zeit. phys. Chem., 1905, 51, 193; 1911, 76, 445. 


16. A fluid phase is one which exists above the temperature at which a 
liquid and a gaseous phase have transformed continuously. 

17. Dingemans and van den Berg, Rec. trav. chim., 1942, 61, 605¢ 

18. Part of a typical isoplethal section of this envelope is shown by 
a bc of Fig. 84, b lying on the critical curve. The maximum temperature 


**cricondentherm”’ for the given composi- 


on such an isopleth is called the 
tion; it does not in general coincide with the temperature of b. 

19. We are indebted to Drs. G. Meyer and I.A.E. Korvezee of the Techni- 
sche Hogeschool, Delft, Holland for certain modifications in the diagrams 
of Hill (private communication). 

20. A summary of critical phenomena in binary systems is given by 


Booth and Bidwell, Chem. Rev., 1949, 44, 477. 


CHAPTER XII 


DYNAMIC [SOMERIDES AND PSEUDO-BINARY SYSLEMS. 


In the systems hitherto discussed (except sulphur and phos- 
phorus), the components behaved, or were regarded as behaving, as 
strictly unary substances; that is, the molecules of each component 
in all the phases in which it occurred were identical both physically 
and chemically. Each component formed only onemolecular species, 
and the number of molecular species was, therefore, equal to the 
number of the components. The systems were purely unary (one- 
component) or purely binary (two-component). 

There are, however, not a few systems in which the number of 
molecular species is greater than the number of components; that 
is, substances which have the same empirical chemical composi- 
tion (but which are isomeric forms) give rise to different, intercon- 
vertible molecular species, between which, in the liquid or vapour 
state, a condition of equilibrium exists. This fact may alter very 
markedly the behaviour of a system. Although, therefore, a system 
may appear to be unary,so far as chemical composition is concemed, 
it may, as a matter of fact, behave in some respects as a binary 
system. It forms a pseudo-binary system. The behaviour of these 
systems, as we shall see, depends largely on the rate at which the 
intemal equilibrium between the different molecular species in the 
liquid or vapour phase is established. In the present chapter some 
of the more important aspects of these pseudo-binary systems will 
be considered. 

It has long been known that certain substances, e.g. acetoacetic 
ester, are capable when in solution or in the fused state of reacting 
as if they possessed two different constitutions; and in order to 
explain this behaviour the view was advanced (by Laar) that in such 
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cases a hydrogen atom oscillated between two positions in the 
molecule, being at one time attached to oxygen, at another time to 


carbon, as represented by the formula 


CH, C—CH..CO,CH, 
o”% 


When the hydrogen is in one position, the substance will act as an 
hydroxy-compound; with hydrogen in the other position, as a ketone. 
Substances possessing this double function are called tautomeric. 

Doubt, however, arose as to the validity of the above explana- 
tion, and this doubt was confirmed by the isolation of the two iso- 
merides in the solid state, and also by the fact that the velocity 
of change of the one isomeride into the other could insome casesbe 
quantitatively measured. These and other observations then led to 
the view, in harmony with the laws of chemical dynamics, that 
tautomeric substances in the dissolved or fused state represent a 
mixture of two isomeric forms, and that equilibrium is established 
not by intra- but by inter-molecular change, as expressed by the 
equation 

CH, .CO. Chi,. COSC CH . C(OH) : CH. CO,C,Hs.. 
In the solid state, the one or other of the isomerides represents the 
stable form; but in the liquid state (solution or fusion) the stable 
condition is an equilibrium between the two forms. 

A siniilar behaviour is also found in the case of other isomeric 
substances where the isomerism is due to difference of structure, 
i.e, Structure isomerism 

C.He. C1 (OAs PEO 8 9 | 


and I 


e.g. in the case of the oximes || 
N.OH HO.N 


or to difference in configuration, i.e. stereoisomerism (e.g. optically 
active substances), or to polymerism (e.g. acetaldehyde and paralde- 
hyde). In all such cases, although the different solid forms corres- 
pond to a single definite constitution, in the liquid state a con- 
dition of equilibrium between the two modifications is established. 
As a general name for these different classes of substances, the 
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term ‘‘dynamic isomerides’’ has been introduced; and the different 
kinds of isomerism are classed together under the title ‘‘dynamic 
isomerism’’. 

By reason of the importance of these phenomena in the study 
more especially of Organic Chemistry, a brief account of the equi- 
librium relations exhibited by systems composed of dynamic iso- 
merides may be given here. 

In studying the fusion and solidification of those substances 
which exhibit the relationships of dynamic isomerism, it has to be 
borne in mind that the phenomena observed will vary somewhat 
according as the reversible transformation of the one form into the 
other takes place with measurable velocity at temperatures in the 
neighbourhood of the melting-points, or only at some higher temper- 
ature. If the transformation is relatively very rapid, the system will 
behave like a one-component system, but if the isomeric change is 
comparatively slow, the behaviour will be that of a two-component 
system. 

Temperature—Concentration Diagram. ‘The relationships which 
are met with here will be most readily understood with the help of 
Fig. 90. Suppose, in the first instance, that isomeric transforma- 
tion does not take place with appreciable velocity at the tempera- 
ture of the melting-point, then the freezing-point curve will have 
the simple form ACB; the formation of compounds being for the 
present excluded. This is the simplest type of curve, and gives 
the composition of‘the solutions in equilibrium with the one modifi- 
cation (a-modification) at different temperatures (curve AC); and of 
the solutions in equilibrium with the other modification (@modifica- 
tion) at different temperatures (curve BC). C is the eutectic point 
at which the two solid isomerides can exist side by side in contact 
with the solution. 

Now, suppose that isomeric transformation takes place with 
measurable velocity. If the pure amodification is heated to a tem- 
perature t' above its melting-point, and the liquid maintainedat that 
temperature until equilibrium has been established, a certain amount 
of the form will be present in the liquid, the composition of which 
will be represented by the point x ’. The same condition of equi-. 
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librium will also be reached by starting with pure &. Similarly, if 
the temperature of the liquid is maintained at the temperature ke 
equilibrium will be reached, we shall suppose, when the solution 
has the composition x". The curve DE, therefore, which passes 
through all the different values of x corresponding to different values 
of t, will represent the change of equilibrium with the temperature. 
It will slope to the right (as in the figure) if the transformation of 
a into Gis accompanied by absorption of heat; to the left if the 
transfomation is accompanied by evolution of heat, in accordance 
with the principle of Le Chatelier. If transformation occurs with- 
out heat effect, the equilibrium will be independent of the tempera- 
ture, and the equilibrium curve DE will therefore be parallel to the 
temperature axis. 
We must now find the meaning of the point D. Suppose the pure 
a- or pure (form heated to the 
gelcsegsanss temperature t’, and the tempera- 
ture maintained constant until the 
liquid has the composition x’ 
corresponding to the equilibrium 
at that temperature. If the temper- 
ature is now allowed to fall suffi- 
ciently slowly so that the condi- 
tion of equilibrium is continually 
readjusted as the temperature 
changes, the composition of the 
solution will gradually alter as 
represented by the curve x'D. Since D is on the freezing-point 
curve of pure a, this form will be deposited on cooling; and since 
D is also on the equilibrium curve of the liquid, D is the only point 
at which solid can exist in stable equilibrium with the liquid phase. 
(The vapour phase may be omitted from consideration, as we shall 
suppose the experiments carried out in open vessels.) All systems 
consisting of the two hylotropic’ isomeric substances a and £ will, 
therefore, ultimately freeze at the point D, which is called the 
‘‘natural’”? freezing-point” of the system; provided, of course, that 
sufficient time is allowed for equilibrium to be established. From 


roo%a 100% 8 
Fig. 90 
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this it is apparent that the stable modification at temperatures in 
the neighbourhood of the melting-point is that which isin equilibrium 
with the liquid phase at the natural freezing-point. 

From what has been said, it will be easy to predict what will 
be the behaviour of the system under different conditions. If pure 
a is heated, a temperature will be reached at which it will melt, 
but this melting-point will be sharp only if the velocity of isomeric 
transformation is comparatively slow; i.e. slow in comparison with 
the determination of the melting-point. If the substance be main- 
tained in the fused condition for some time, a certain amount of the 
B-modification will be formed, and on lowering the temperature the 
pure a-form will be deposited, not at the temperature of the melting 
point,sbut at some lower temperature depending on the concentration 
of the G-modification in the liquid phase. If isomeric transfomation 
takes place slowly in comparison with the rate at which deposition 
of the solid occurs, the liquid will become increasingly rich in the 
B-modification, and the freezing-point will, therefore, sink continu- 
ously. At the eutectic point, however, the G-modification will also 
be deposited, and the temperature will remain constant until all 
has become solid. If, on the other hand, the velocity of transforma- 
tion is sufficiently rapid, then as quickly as the a-modification is 
deposited, the equilibrium between the two isomeric forms in the 
liquid phase will continuously readjust itself, and the endpoint of 
solidification will be the natural freezing-point. 

Similarly, starting with the pure B-modification, the freezing- 
point after fusion will gradually fall owing to the formation of the 
asmodification; and the composition of the liquid phase will pass 
along the curve BC. If, now, the rate of cooling is not too great, or 
if the velocity of isomeric transformation is sufficiently rapid com- 
plete solidification will not occur at the eutectic point; for at this 
temperature solid and liquid are not in stable equilibrium with one 
another. On the contrary, a further quantity of the £-modifi cation 
will undergo isomeric change, the liquid phase will become richer 
in the a-form, and the freezing-point will rise; the solid phase in 
contact with the liquid being now the a-modification. The freezing- 
point will continue to rise until the point D is reached, at which 
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complete solidification will take place without further change of tem- 
perature. 

The diagram also allows us to predict what will be the result of 
rapidly cooling a fused mixture of the two isomerides. Suppose that 
either the a- or the 6-modification has been maintained in the fused 
state at the temperature ¢’ sufficiently long for equilibrium tobe es- 
tablished. The composition of the liquid phase will be represented 
by x‘. If the liquid is now rapidly cooled, the composition will 
remain unchanged as represented by the dotted line x'G. At the 
temperature of the point G solid a-modification will be deposited. 
If the cooling is not carried below the point G, so as to cause com- 
plete solidification, the freezing-point will be found to rise with 
time, owing to the conversion of some of the -form into the a-form 
in the liquid phase; and this will continue until the composition of 
the liquid has reached the point D. From what has just been said, 
it can also be seen that if the freezing-point curves can be obtained 
by actual determination of the freezing-points of different synthetic 
mixtures of the two isomerides, it will be possible to determine the 
condition of equilibrium in the fused state at any given temperature 
without having recourse to analysis. All that is necessary is to 
cool rapidly the fused mass, after equilibrium has been established 
and to find the freezing-point at which solid is deposited; that is, 
find the point at which the line of constant temperature cuts the 
freezing-point curve. The composition corresponding to this temper 
ature gives the composition of the equilibrium mixture at the given 
temperature. 

It will be evident, from what has gone before, that the degree of 
completeness with which the different curves can be realised will 
depend on the velocity with which isomeric change takes place, and 
on the rapidity with which the determinations of the freezing-point 
can be carried out. As the two extremes we have, on the one hand, 
practically instantaneous transfomation, and on the other, practi- 
cally infinite slowness of transfommation. In the former case, only 
one melting- and one freezing-point will be found, viz. the natural 
freezing-point; in the latter case, the two isomerides will behave 
as two perfectly independent components, and the equilibrium curve 
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DE will not be realised. 

An examination of Fig. 91 will show that under favourable con- 
ditions the less stable form may separate from the equilibrium mix- 
ture . If the homogeneous equilibrium curve DE slopes as shown in 
the figure, and cuts the curve AC for the a-modification not very far 
from the eutectic point; and if, on lowering the temperature through 
the point D, supercooling takes place and the stable form does not 
separate out, it may be possible to cool the liquid down to the point 
D where the equilibrium curve cvts the metastable prolongation of 
the curve BC, and the less stable, or G-modification, may then crys- 
tallise out. 

The diagram which is obtained when isomeric transformation 
does not occur within measurable time at the temperature of the 
melting-point is somewhat different from that already given in Fig. 
90. In this case, the two freezing-point curves AC and BC (Figs 
92) can be readily realised, as no isomeric change occurs in the 
liquid phase. Suppose, however, that at a higher temperature, bab 
reversible isomeric transformation can take place, the composition 
of the liquid phase will alter until at the point x ‘ a condition of 
equilibrium is reached; and the composition of the liquid at higher 
temperatures will be represented by the curve x 'F. Below the tem- 
perature ¢’ the position of the equilibrium curve is hypothetical; 
but as the temperature falls the velocity of transformation dimin- 
ishes ,and at last becomes practically zero. The equilibrium curve 
can therefore be regarded as dividing into two branches, x ‘G and 
«'H. At temperatures between G and t' the a-modification can 
undergo isomeric change leading to a point on the curve Gx’; and 
the B-modification can undergo change leading to a point on the 
curve Hx’. The same condition of equilibrium is therefore not 
reached from each side, and we are therefore dealing not with true 
but with false equilibrium (p. 6). Below the temperatures G and 
H isoraeric transformation does not occur in measurable time. 

Transformation of the Unstable into the Stable Form. = As has 
already been stated, the stable modification in the neighbourhood 
of the melting-point is that one which is in equilibrium with the liq- 


uid phase at the natural freezing-point. In the case of allotropic 
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substances, we have seen (p. 68) that that form which is stable in 
the neighbourhood of the melting-point melts at the higher tempera- 
ture. That was a consequence of the fact that the two allotropic 
forms on melting give identical liquid phases. In the present case, 
however, the above rule does not apply for the simple reason that 
the liquid phase obtained by the fusion of the one modification is 
not identical with that obtained by the fusion of the other. In the 
case of isomeric substances, therefore, the form of lower melting- 
point may be the more stable; and where this behaviour is found it 
is a sign that the two forms are isomeric (or polymeric) and not 
allotropic. An example of this is foundin the case of the isomeric 
benzaldoximes. 


Since in Fig. 90 the a-modification has been represented as the 
stable form, the transformation of the (into the a formwillbe possi- 
ble at all temperatures down to the transition point. At temperatures 
below the eutectic point, transformation will occur without forma- 
tion of a liquid phase; but at temperatures above the eutectic point 
liquefaction can take place. This will be more readily understood 
by drawing a line of constant temperature, HK, at some point be- 


100% a 100% 3 aka 700%8 
Fig. 91 Fig. 92 

tween C and B. Then, if the G-modification is maintained fora 

sufficiently long time at that temperature, a certain amount of the 

a-modification will be formed; and when the composition of the 


mixture has reached the point H, fusion will oceur. If the tempera- 
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ture is maintained constant, isomeric transformation will continue 
to take place in the liquid phase until the equilibrium point for 
that temperature is reached. If this temperature is higher than the 
natural melting-point, the mixture will remain liquid all the time; 
but if it is below the natural melting-point, then the a-modification 
will be deposited when the system reaches the condition represented 
by the point on the curve AC corresponding to the particular temper- 
ature. As isomeric transfomation continues, the freezing-point of 
the system will rise until it reaches the natural freezing-point, or 
unary freezing-point, as it is also called, D. Similarly, if the a- 
modification is maintained at a temperature above that of the point 
D, liquefaction will ultimately occur, and the system w ill again 
reach the final state represented by D. 

Examples. Benzaldoximes. The relationships which have just 
been discussed from the theoretical point of view will be rendered 
clearer by a brief description of cases which have been experi- 
mentally investigated. The first we shall consider is that of the 


two isomeric benzaldoximes:? 
C.H,.. (Cy. Fi C,.H,.G.H 
Il 
HO.N N. OH 
Benzantialdoxime (a-modification). Benzsynaldoxime (-modification). 


Fig. 93 gives a graphic representation of the results obtained. 

The melting-point of the a-modification is 34 °—=35°; the melt- 
ing-point of the unstable (-modification being 130°. The freezing 
curves AC and EC were obtained by determining the freezing-points 
of different mixtures of known composition, and the numbers so ob- 


tained are given in the following table: 


Grams of the a-modification 
in 100 gm. of mixture. 


26°2 


The eutectic point C was found to lie at 25°—~26°, and the 
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natural freezing-point D was found to be 27.7°. The equilibrium 
curve DE was determined by heating the liquid mixtures at dif- 
ferent temperatures until equilibrium was attained, and then rapidly 
cooling the liquid. In all cases the freezing-point was practically 
that of the point D. From this it is seen that the equilibrium curve 
must be a straight line parallel to the temperature axis; and, there- 
fore, isomeric transfomation in the case of the two benzaldoximes 
is not accompanied by any heat effect (p. 264). This behaviour has 
also been found in the case of acetaldoxime.* 

The isomeric benzaldoximes are also of interest from the fact 
that the stable modification has the lower melting-point (v. p. 268). 

Acetaldehyde and Paraldehyde. As a second example of the 
equilibria between two isomerides, we shall take the two isomeric 
(polymeric) forms of acetaldehyde, which have been exhaustively 
studied.° 


In the case of these two substances the reaction 


3CH, .CHO $(CH; .CHO), 


takes place at the ordinary temperature with very great slowness. 
For this reason it is possible to determine the fre ezing-point curves 
of acetaldehyde and paraldehyde. The three chief points on these 
curves, represented graphically in Fig. 94, are: 


m.p. of acetaldehyde -118.45° 
m.p. of paraldehyde + 12.55° 
eutectic point 1119.02 


In order to determine the position of the natural melting-point, it 
was necessary, on account of the slowness of transfomation, to 
employ a catalytic agent in order to increase the velocity with which 
the equilibrium was established. A drop of concentrated sulphuric 
acid served the purpose. In presence of a trace of this substance, 
isomeric transformation very speedily occurs, and leads to the con- 
dition of equilibrium. Starting in the one case with fused paralde- 
hyde, and in the other case with acetaldehyde, the same freezing- 
point, viz. 6.75°, was obtained, the solid phase be ing paraldehyde, 
This temperature, 6.75°, is therefore the natural freezing-point, 
and paraldehyde, the solid in equilibrium with the liquid phase at 
this point, is the stable form. 
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With regard to the change of equilibrium with the temperature, it 
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100%a 100%8 Acetaldehyde Paraldehyde 
Fig. 93 Fig. 94 

was found that whereas the liquid phase contains 11.7 molecules 
per cent of acetaldehyde at the natural freezing-point, the liquid 
at the temperature of 41.6° contains 46.6 molecules per cent of 
acetaldehyde. As the temperature rises, therefore, there is in- 
creased fomation of acetaldehyde, or a decreasing amount of poly- 
merisation. This is in harmony with the fact that the polymerisation 
of acetaldehyde is accompanied by evolution of heat. 

While speaking of these isomerides, it may be mentioned that 
at the temperature 41.6° the equilibrium mixture-has a vapour pres- 
sure equal to the atmospheric pressure. At this temperature, there- 
fore, the equilibrium mixture (obtained quickly with the help ofa 
trace of sulphuric acid) boils.° 

From a more recent investigation by Smits and de Leeuw,’ it 
would, however, appear probable that the acetaldehyde-paraldehyde 
system is not so simple as was found by Hollmann, but that we have 
here a case of a pseudo-ternary system in which are present not only 
the simple acetaldehyde molecules (CH, .CHO), but also the mole- 
cules of paraldehyde, (CH, - CHO)s, and of metaldehyde, (CH3. 
CHO),.- 

SULPHUR. 


It has already been indicated (p. 65), that in the case ofsulphur 
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we have a substance which can give rise to different molecular 
species which, in the liquid state, form an equilibrium mixture. For 
this reason, sulphur will behave not as a purely unary system, but 
in a manner similar to that of dynamic isomerides discussed in this 
chapter. We shall therefore discuss briefly the more important 
equilibrium relations of sulphur from this point of view. 

Melting Points of Sulphur. When sulphur is heated to above its 
melting-point it fuses to an amber-coloured, mobile liquid, which 
passes, as the temperature is raised, into a dark brown viscous 
liquid. This peculiar behaviour of sulphur was attributed by A. 
Smith and his collaborators® to the existence in molten sulphurof 
two modifications, S) and S,,, in dynamic equilibrium. Of these two 
modifications, S\ is soluble in carbon disulphide, and is the normal 
molecular form corresponding with the crystalline rhombic or mono- 
clinic sulphur. It is the form which is first produced when crys- 
talline sulphur is melted. Sus on the other hand, is insoluble in 
carbon disulphide, and is formed in increasiag quantity as the tem- 
perature is raised.” Molten sulphur, therefore, is not a pure liquid 
consisting of only one kind of molecules, but is a homogeneous mix- 
ture or solution of Sy, inSA,the composition of which varies with the 
temperature. The attainment of equilibrium is accelerated by the 
presence of traces of ammonia, and is retarded by the presence of - 
sulphur dioxide. 

The views expressed by Smith and his collaborators regarding 
the nature of molten sulphur have been modified and extended by 
A.H.W. Aten, | ° according to whom there exist in molten sulphur not 
only the S\ and S,, molecules, but also another molecular species, 
S/| which is readily soluble in carbon disulphide. At each temper- 
ature there exists, in molten sulphur, an equilibrium between these 
three molecular species in accordance with the numbers shown in 
the following table! ?(p, 273). 

In the solidified melt, S,, change& very rapidly into Su» which, 
in turn, is transformed slowly into the normal S). 

The occurrence of ‘‘dynamic allotropy”’ in the case of liquid sul- 
phur is of great importance for the quantitative study of the equi- 
librium between solid and liquid sulphur. Since, in the case of 
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EguiILiBRIuM BETWEEN Sy, Sy, AND S, IN MOLTEN SULPHUR. 


3°5 
41 
4°3 
50 
sys} 
6-7 
5°8 
6°5 
6°3 
6°3 
5°3 
40 


molten sulphur, we are dealing with a homogeneous solution of three 
molecular species, S), Su, and S7, from which solid, soluble sul- 
phur, corresponding with S),crystallises out, it follows thatthesys- 
tem will no longer behave like a one-component or unary system, but 
rather will simulate the behaviour of a three-component or ternary 
system. The system may therefore be said to be a pseudo-temary 
system. If, however, for the sake of simplicity we group the two 
molecular species S,, and S77; as one, we can treat the system as a 
pseudo-binary one; and this method of treatment is justified by the 
fact that in the neighbourhoodof the freezing-point of molten sulphur, 
Sy is present in very small amount and may be neglected. 

From what has just been said, therefore, we see that the equi- 
librium relations between crystalline sulphur and liquid sulphur will 
be similar to those found in the case of dynamic isomerides. As in 
the case of such substances, the crystalline forms of sulphur may 
exhibit various melting- or freezing-points, and only when there is 
complete absence of the molecular species S7 or S,, do we obtain 
the ideal or true freezing-point; that is, the equilibrium temperature 
between crystalline sulphur and molten S). Under ordinary condi- 
tions, the melting-point is found lower than the ideal melting-point, 
owing to the formation, and presence in the molten sulphuw, of eta 
The natural freezing-point is therefore the temperature at which 


crystalline sulphur coexists with the equilibrium mixture of S) and 


S77 
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The following values for the ideal and natural freezing point of 


rhombic (S,), monoclinic (S;;), and mother of pee sulphur (Syy1 or 
14 


nacreous sulphur) are given in the following table: 


Rhombic sulphur (S;) : 12°8° 
Monoclinic sulphur (S31). é ; 19°25° (118-95°) 
Mother of pearl sulphur (Sm) 1068° 


As a result of the investigations of the pseudo-binary systems 
of the substance sulphur we obtain the diagram shown in Fig. 95. 
Here, the points A, D, and G represent the ideal freezing-points of 
monoclinic, rhombic, and nacreous sulphur respectively, or the tem- 
peratures at which these 
three crystalline forms are 
in equilibrium with pure 
molten S), The curve HEB 
represents the dynamic 
equilibrium curve for S), 
Su, and S7 in molten sul- 
phur; and the points B, 
E, and H, where thisequi- 
librium curve cuts the 
fre ezing-point curves, rep- 
resent the natural freezing- 
points of the three modi- 
fications of sulphur. 

The above facts are 


of essential importance in 


connection with the equi- 


i Ve" So: <4 5 6" 
% Sore Sp librium diagram of sulphur, 


Fig. 15 (p. 66). In this 
figure, the data represent- 
ed in the diagram relate neither to the ‘‘ideal’’ equilibrium condi- 


tions in which the solid phase is in equilibrium withS), nor to the 


Fig. 95 


DYNAMIC ISOMERIDES AND PSEUDO-BINARY SYSTEMS 275 


“natural’’ equilibrium conditions in which the solid phase is in 
equilibrium with the equilibrium mixture of S), Su,» and S77; they 
refer, rather, to conditions in which unknown and variable amounts 
of S,, and S, are present in the liquid phase. The actual values 
found by Tammann, therefore, for the curves bC, CD, BC, which are 
represented in Fig. 15, are not quite correct, although they may be 
taken as representing qualitatively the relationships involved. 


NOTES 

1. Hylotropic substances are such as can undergo transformation into 
other substances of the same composition (Ostwald, Lehrbuch, Il, 2, 298). 

2. Also call Equilibrium Point (Lowry). 

3. Cameron, J. Physical Chem., 1898, 2, 409; Schoevers, Dissertation, 
Amsterdam, 1907. 

4. Carveth, J. Physical Chem., 1898, 2, 159. See also Dutoit and 
Fath, J. Chim. phys., 1903, 1, 358; Findlay, J. Chem. Soc., 1904, 85, 403. 

5. Hollmann, Z. physikal. Chem., 1903, 43, 129. 

6. For other examples of the application of the Phase Rule to iso- 
meric substances, see J. Physical Chem., vol. 2 et seq.; Findlay, J. 
Chem. Soc., 1904, 85, 403; Atkins and Werner, ibid., 1912, 101, 1167; 
Smits and Kettner, Proc. K. Akad. Wetensch., Amsterdam, 1912, 15, 683; 
Dutoit and Fath, J. Chim. phys., 1903, 1, 358. 

7. Z. physikal Chem., 1911, 77, 269. 

8. J. Amer. Chem. Soc., 1905, 27, 801, 983; Z. physikal. Chem., 1903, 
42, 469; 1905, 52, 602; 1906, 54, 257; 1907, 57, 685; 1907, 61, 200, 
209. 

9. Smith and Carson, Z. physikal Chem., 1906, 57, 685. A different 
view, however, is put forward by Hammick and collaborators, J. Chem. 
poc., 1928; p. 797; 1930, p. 273. 

10. Z. physikal. Chem., 1912, 81, 257; 1913, 83, 442; 1913, 86, 1; 
1914, 88, 321. 

11. S) is regarded as having a molecular weight represented by Sg; S7 
a molecular weight represented by S,. 


12. Aten, Z. physikal. Chem., 1913, 86, 10. 
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13. The view put forward by Aten (loc. cit.) that in the neighbourhood 
of the freezing-point molten sulphur consists essentially of the molecular 
species S) and S77 (see Table on pe 273), and that the lowering of the melt- 
ing-point of sulphur is due to the presence of S7, and not of Sy, as was 
thought by Smith and Carson, has been confirmed, cryoscopically, by 
Beckmann, Paul, and Liesche (Z. anorgan. Chem., 1918, 103, 189). Ac- 
cording to these investigators, the composition of the melt at the natural 
freezing-point is 577= 2.78 per cent., S\=97.22 per cent. So-called amor- 
phous sulphur, Sy, when added to molten sulphur at the natural freezing- 
point does not alter the freezing-point of the melt, owing to the fact that 
it undergoes a rapid transformation into the equilibrium mixture of S\ and 
S77 Another molecular form of sulphur, Engel’s sulphur or So, obtained by 
the action of hydrochloric acid on sodium thiosulphate (Engel, Compt. rend., 
1891, 112, 866), and having the molecular weight of 192 (Sg), when added 
to the equilibrium mixture, lowers the freezing-point; but So also under- 


goes transformation into S) and S;, by way of S,. 


14. Smith and Carson, Z. physikal. Chem., 1911, 77, 670. See also 
Kruyt, ibid., 1909, 67, 338; 1912, 81, 726; Wigand, ibid., 1910, 75, 242; 
Aten, ibid., 1912, 81, 257; Smits, ibid., 1913, 83, 221; Nernst, ibid., 
1913, 83, 546; de Leeuw, ibid., 1913, 83, 245. 


SECTIGN 4: THREE-CCOMPONENT SYSTEMS 


CHAPTER XII 


General. It has already been made evident that an increase in 
the number of the components from one to two gives rise to a con- 
siderable increase in the possible number of systems, and intro- 
duces not a few complications into the equilibrium relations of 
these. No less is this the case when the number of componentsin- 
creases from two to three; and although examples of all the possi- 
ble types of systems of three components have not been investi- 
gated, nor, indeed, any one type fully, nevertheless, among the 
systems which have been studied experimentally, cases occur 
which not only possess a high scientific interest, but are also of 
great industrial importance. 

On applying the Phase Rule 

Piz Gee Pid 

to the systems of three components, we see that in order that the 
system shall be invariant, no fewer than five phases must be pres- 
ent together, and an invariant system will therefore exist at a quin- 
tuple point. Since the number of liquid phases can never exceed 
the number of the components,’ and since there can be only one 
vapour phase, it is evident that at the quintuple point, as in the 
case of other invariant systems, there must always be at least one 
solid phase present. As the numberof phases diminishes, the vari- 
ance of the system can increase from one to four, so that in the 
last case the condition of the system will not be completely de- 
fined until not only the temperature and the total pressure of the 
system, but also the concentrations of two of the components have 
been fixed. Or, instead of the concentrations, the partial pressures 
of the components may also be taken as independent variables. 

Graphic Representation. Hitherto the concentrations of the 

Zl 
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components have been represented by means of rectangu lar co-ordi- 
nates, although the numerical relationships have been expressed in 
two different ways. In the one case, the concentration of the one 
component was expressed in terms of a fixed amount of the other 
component. Thus, the solubility of a salt was expressed by the 
number of grams of salt dissolved by 100 grams of water or other 
solvent; and the numbers so obtained were measured along one of 
the co-ordinates. The second co-ordinate was then employed to 
indicate the change of another independent variable, e.g. tempera- 
ture. In the other case, the combined weights of the two compo- 
nents A and B were put equal to unity, and the concentration of 
the one expressed as a fraction of the whole amount. This method 
allows of the representation of the complete series of concentra- 
tions, from pure A to pure B, and was employed, for example, in the 
graphic representation of the freezing-point curves. 

Even in the case of three components, rectangular co-ordinates 
can also be employed, and, in some respects, are more convenient, 
e.g., in those cases where the behaviour of two of the components 
to one another is very different from their behaviour to the third 
component; as, for example, in the case of two salts and water. In 
these cases, the composition of the system can be represented by 
measuring along two co-ordinates at right angles to each other the 
amounts of each of the two components in a given weight of the 
third; and the change of the system with the temperature can then 
be represented by a third axis at right angles to the first two. In 
those cases, however, where the three components behave in much 
the same manner towards one another, the rectangular co-ordinates 
are not at all suitable, and instead of these a triangular diagram is 
employed. 

Of the various modes of representation on a triangle” we shall 
only describe the one in common use, namely that of Roozeboom. 
This method consists in employing an equilateral triangle, the 
length of whose side is made equal to one hundred; _ the im of the 
fractional or percentage amounts of the three components, either 
in weight percent or mole percent, is being represented, therefore, 


by a side of the triangle. The composition of a temary (or three- 
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component) mixture (point P, Fig. 96) is obtained by determining 
its distance from the three sides of the triangle in a direction 
parallel to the sides of the triangle. Conversely, in order to rep- 
resent a mixture consisting of a, b, andc percentages of the com- 
ponents A, B, and C respectively, one side of the triangle,say AB, 
is first of all divided into one hundred parts; a portion, Bx = a, is 
then measured off, and represents the percent of A present. Simi- 
larly, a portion, Ax’ = 6, is measured off and represents the per 
cent of B, while the remainder, xx' = c, represents the amount of 
C. From x and x’ lines are drawn parallel to the sides of the tri- 
angle, and the point of intersection, P, represents the composition 
of the ternary mixture of given composition; for, as is evident from 
the figure, the distance of the point P from the three sides of the 
triangle, when measured in directions parallel to the sides, is equal 
to a, b, andc respectively. From the division marks on the side 
AB it is seen that the point P in this figure represents the mixture 


C 
A eK Cc 
2 
s 
rl 
jas 
A Cc 
c 
B 
A Eee x B 
Fig. 96 Fig. 97 


50% A, 20% B, and 30% C. 

If it is desired to represent at the same time the change of an- 
other independent variable, e.g. temperature, this can be done by 
measuring the latter along axes drawn perpendicular to the corners 
of the triangle. In this way a right prism (Fig. 97) is obtained, and 
each section of this cut parallel to the base represents therefore 
an isothem. 

In employing the triangular diagram, it will be of use to note a 


280 THE PHASE RULE 


property of the equilateral triangle. A line drawn from one corner of 
the triangle to the opposite side represents the composition of all 
mixtures in which the relative amounts of two of the components 
remain unchanged. If in Fig. 98, the component C is added toa 
mixture x, in which A and B are present in the proportions of a: 6, 
to give a mixture x’, the point x', since it still contains A and B 
in the ratio a:b must still lie on the straight line joining x and C. 
For the two triangles ACx and BCx are similar to the two triangles 
HCx’ and KCx’; and, therefore, Ax: Bx = Hx‘: Kx’. but Ax = 
Dx and Bx = Ex; further, Hx’ = Fx’ andKx’ = Gx’. Therefore, 
Dx:Ex = Fx’ :Gx’ = b:a. At all points on the line Cx, therefore, 
the ratio of A to b is the same. 


Fig. 98 Fig. 99 


The property of the equilateral triangle jus. aescribed is really 
a special case of the following general property illustrated in Fig. 
99. It can readily be shown that if a system of composition repre- 
sented by Q be mixed in any proportion with one of composition P 
the total composition of the mixture will always lie on the straight 
line joining P and Q. This means that the compositions of the 
phases in any two-phase system will always lie on a straight line 
through the total composition of the system. Analogously, the total 
composition of any three-phase system, the respective composi- 
tions of which are given by P, Q and R, must lie within the tri- 
angle PQR. 

A further property of the equilateral triangular diagram has been 
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pointed out® (Fig. 100). The property is best illustrated by a con- 
crete example, viz.:the system KNO3;—Pb(NO3)o—— Pb,Q4. A bi- 
cnogh (0% ») nary mixture of KNOs (0 per cent. Pb) 
and Pb(NO3)2 (62.56 per cent. Pb) con- 

taining X per cent. Pb is represented by 

Xe a point X, on the side AB, such that 

AX, = 100X/62.56. Similarly, a binary 

Sersehe) emai mixture of KNO, and Pb,0,(90.65 per 
= iedika : cent. Pb) which contains X per cent. Pb 

is represented by X, on AC where AX = 

100X/90.65. All points on X,X, represent mixtures containing X 
per cent. total Pb. This theorem can be applied to any temary sys- 


xX, 


tem in which the same radical occurs in two or three of the com- 


ponents. 


NOTES 
Mut ns Bt 


2. G. G. Stokes, Proc. Roy. Soc., 1891, 49, 174; Gibbs, Trans. Conn. 
Acad., 1876, 3, 176; Roozeboom, Z. physikal. Chem., 1894, 15, 147. For 
another suggested method of representation, see Lodoénikov, Z. anorgan. 
Chem., 1926 ,151, 185; 1928, 169, 177. Some explanation of the method 
of Lodoénikovy will be found on p. 406. 


3. Freeman, Laybourn, and Madgin, J. Chem. Soc., 1933, 648. 


CHAPTER XIV 
A. SYSTEMS CONSISLING OF LIQUID PHASES ONLY. 


At the outset it should be pointed out that, as with binary sys- 
tems, the experimental study of the interactions of three liquids 
may be conducted in open vessels at constant atmospheric pressure 
or in sealed vessels in the presence of their vapour, the pressure 
of which may vary, but in both cases the results are, for practical 
purposes, the same. The pressure variable, therefore, will be dis- 
regarded, and also, in this chapter, the composition of any vapour 
which may be present. 

We have already seen (p, 92) that when two liquids are brought 
together they may mix in all proportions and form one homogeneous 
liquid phase; or, only partial miscibility may occur, and two phases 
be formed consisting of two mutually saturated solutions. In the 
latter case, the concentration of the components in either phase 
and also the vapour pressure of the system had, at a given tem- 
perature, perfectly definite values. In the case of three liquid com- 
ponents, a similar behaviour may be found, although complete mis- 
cibility of three components with the formation of only one liquid 
phase is of much rarer occurrence than in the case of two compo- 
nents. When only partial miscibility occurs, various cases are met 
with according as the three components form one, two, or three 
pairs of partially miscible liquids. Further, when two of the com- 
ponents are only partially miscible, the addition of the third may 
cause either an increase or a diminution in the mutual solubility 
of these. An increase in the mutual solubility is generally found 
when the third component dissolves readily in each of the other 
two; but when the third component dissolves only sparingly in the 
other two, its addition diminishes the mutual solubility of the 
latter (see p. 103). 

28-2 
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We shall consider here only a few examples illustrating the 
three chief cases which can occur, viz. (1) A and B, and also B 
and C are miscible in all proportions, while A and C are only par- 
tially miscible; (2) A and B are misciblé in all proportions, but A 
andC,andB andC are only partially miscible; (3) A and B, B and 
C, and A and C are only partially miscible. A, B, and C here rep- 
resent the three components. 

I. The three components form only one pair of partially miscible 
liquids. 4 

An example of this is found in the three substances: toluene, 
water, and acetic acid.” Toluene and acetic acid, and water and 
acetic acid, are miscible with each other in all proportions, but 
toluene and water are only partially miscible with each other. If, 
therefore, toluene is shaken with a larger quantity of water than 
it can dissolve, two layers will be formed consisting one of a 
saturated solution of water in toluene, the other of a saturated 


solution of toluene in water. The composition of these two solu- 


tions at a temperature of 25° will be represented by the points a 
and b in Fig. 101 (schematic), a representing a solution nearly 100 


per cent toluene and 6 a solution nearly 100 per cent water. When 
CH,€00H 
Cc 


a j 
CrHg H,O 
Fig. 101 
acetic acid is added, it distributes itself between the two liquid 
layers, and two conjugate ternary solutions, consisting of toluene, 


water, and acetic acid are thereby produced which are in equilib- 
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rium with each other, and the composition of which will be repre- 
sented by two points inside the triangle. In this way a series of 
pairs of ternary solutions will be obtained by the addition of acetic 
acid to the mixture of toluene and water. By this addition, also, not 
only do the two liquid phases become increasingly rich in acetic 
acid, but the mutual solubility of the toluene and water increases; 
so that the layer a becomes relatively richer in water, and layer 6 
relatively richer in toluene. This is seen from the following table, 
which gives the percentage composition of different conjugate 


ternary solutions at 25°: 


Aqueous layer Toluene layer 


era Nae fees 


nearly 
zero 

nearly 
zero 


0.3 
0.9 
3.0 


By the continued addition of acetic acid, the composition of the 


successive conjugate solutions in equilibrium with each other be- 
comes, as the table shows, more nearly the same, and a point is at 
length reached at which the two solutions become identical. This 
will therefore be a critical point (p. 94). Increased addition of 
acetic acid beyond this point will lead to a single homogeneous 
solution. 

These relationships are represented graphically by the so-called 
binodal’” curve uKb (Fig. 101). The points on the branch aK repre- 
sent the composition of the solutions relatively rich in toluene 
(lighter layer), those on the curve bK the composition of solutions 
relatively rich in water (heavier layer); and the points on these 
two branches representing conjugate solutions are joined together 
by *‘tie-lines”. Thus, the points a’ and b’ represent conjugate 


solutions, and the line u’ b’ is a tie line. 
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Since acetic acid, when added to a heterogeneous mixture of 
toluene and water, does not enter in equal amounts into the two 
layers, but in amounts depending on its coefficient of distribution 
between toluene and water,’ the tie-lines will not be parallel to 
AB, but will be inclined at an angle. As the solutions become more 
nearly the same, the tie-lines diminish in length, and at last, when 
the conjugate solutions become identical, shrink to a point. For 
the reason that the tie-lines are, in general, not parallel to the 
side of the triangle, the critical point at which the tie-line vanishes 
will not be at the summit of the curve, but somewhere below this, 
as represented by the point K called the (isothermal) critical point 
or plait point. 

The curve aKb, further, forms the boundary between the hetero- 
geneous and homogeneous systems. A mixture of toluene, water, 
and acetic acid, represented by any point outside the curve aKb, 
will form only one homogeneous phase; while any mixture repre- 
sented by a point within the curve will separate into two layers 
having the composition represented by the ends of the tie-line pass- 
ing through that point. Thus, a mixture of the total composition 
x will separate into two layers having the composition a’ and b’ 
respectively and the ratio of the amount of the layer a’ to that of 
the layer b’ is given by the ratio of xb” torxa*. 

Outside of the parabolic area two phases (liquid and vapour) 
coexist (if there is a vapour phase). Such a system is therefore 
trivariant and three out of the four independent variables (temper 
ature, total pressure and the two independent concentration varia- 
bles) must be fixed in order to define the system completely. Within 
the parabolic area the system is bivariant; so that, for example, 
the composition of the two layers and the total vapour pressure 
will not depend merely on the temperature, as in the case of two- 
component systems (p. 92), but also on the composition of the 
snitial mixture. At constant temperature, however, all mixtures, the 
composition of which is represented by a point on one and the same 
tie-line, will separate into the same two liquid phases, although 
the relative amounts of the two phases wil vary. If we omit the 


vapour phase, the condition of the system will depend on the pres- 
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sure as well as on the temperature and composition of the initial 
mixture. By keeping the pressure constant, e.g. at atmospheric 
pressure (by working with open vessels), the system againbecomes 
bivariant. We see, therefore, that the position of the curve aK8, or, 
in other words, the composition of the different conjugate ternary 
solutions, will vary with the temperature, and only with the tem- 
perature, if we assume either constancy of pressure or the presence 
of the vapour phase. Since at the critical point the condition is 
imposed that the two liquid phases become identical, one degree 
of freedom is thereby lost, and therefore only one degree of free- 
dom remains (cf: p. 100). The composition of the plait point, there- 
fore, depends on the temperature, and only on the temperature; al- 
ways on the assumption, of course, that the pressure is constant, 
or that a vapour phase is present. 

It is of importance to note that the composition of the different 
ternary solutions obtained by the addition of acetic acidto a hetero- 
geneous mixture of toluene and water, will depend not only on the 
amount of acetic acid added, but also on the relative amounts of 
toluene and water at the commencement. Suppose, for example, 
that we start with toluene and water in the proportions repre- 
sented by the point c’ (Fig. 101). On mixing these, two liquid 
layers having the composition a and b respectively will be formed. 
Since by the addition of acetic acid the relative amounts of these 
two substances in the system as a whole cannot undergo altera- 
tion, the total composition of the different ternary systems which 
will be obtained must be represented by a point on the line Cc’ 
(p. 280). Thus by the addition of acetic acid a system may be ob- 
tained, the total composition of which is represented by the point 
ce". Such a system, however, will Separate into two conjugate 
temary solutions, the compositions of which will be represented by 
the ends of the tie-line passing through the point c”. So long as 
the total composition of the system lies below the point S,i.e. the 
point of intersection of the line Cc’ with the boundary curve, two 
liquid layers will be formed; while all systems having a total com- 
position represented by a point on the line Cc’, above S,,will form 


only one homogeneous solution. It is evident also that as the 


SYSTEMS CONSISTING OF LIQUID PHASES ONLY 287 


amount of acetic acid is increased, the relative amounts of the two 
liquid layers formed differ more and more until at S a limiting posi- 
tion is reached, when the amount of the one liquid layer dwindles 
to nought, and only one solution remains. 

The same reasoning can be carried through for different initial 
amounts of toluene and water, but it would be fruitless to discuss 
all the different systems which can be obtained. The reason for the 
preceding discussion was to show that although the addition of 
acetic acid to a mixture of toluene and water will, in all cases, lead 
ultimately to a limiting system, beyond which homogeneity occurs, 
that point is not necessarily the plait point. On the contrary, in 
order that addition of acetic acid shall lead to the critical mixture, 
it is necessary to start with a binary mixture of toluene and water 
in the proportions represented by the point c. In this case, addition 
of acetic acid will give rise to a series of conjugate ternary solu- 
tions, the compositions of which will gradually approach one an- 
other, and at last become identical. 

From the foregoing it will be evident that the amount of acetic 
acid required to produce a homogeneous solution will depend on 
the relative amounts of toluene and water with which we start, and 
can be ascertained by joining the corner C with the point on the 
line AB representing the total composition of the initial binary 
system. The point where this line intersects the boundary curve 
aKb will indicate the minimum amount of acetic acid which, under 
these particular conditions, is necessary to give one homogeneous 
solution. 

Relationships similar to those described for toluene, water and 
acetic acid are also found in the case of a number of other systems, 
e.g. chloroform— water —acetic acid,’ aniline — phenol — water 
(over a limited temperature range).° They have also been observed 
in the case of a considerable number of molten metals.’ Thus, 
molten lead and silver, as well as molten zinc and silver, mix in 
all proportions; but molten lead and zinc are only partially misci- 
ble with each other. The system lead—silver—zinc is thus simi- 
lar to the one discussed above in detail, and, incidentally, forms 
the basis for the well-known Parkes process for the desilverisa- 
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tion of lead.® 

Retrograde Solubility. As a consequence of the fact that acetic 
acid distributes itself unequally between toluene and water, and 
that the plait point K, therefore, does not lie at the summit of the 
curve, it is possible to start with a homogeneous solution in which 
the percentage amount of acetic acid is greater than at the plait 
point, and to produce a small amount of a second layer which sub- 
sequently shrinks into non-existence again, merely by altering the 
relative amounts of toluene and water. This phenomenon, to which 
the term retrograde solubility is applied, will be observed not only 
in the case of toluene, water, and acetic acid, but in all other sys- 
tems in which the plait point 
lies below the highest point of 
the boundary curve for hetero- 
geneous systems. This will be 
seen from the diagram, Fig. 102. 
Starting with the homogeneous 
system represented by x, in 
which, therefore, the concen- 
tration of C is greater than in 
the critical mixture (K), if the 
relative amounts of A and B are 


Fig. 102 2 : . i 
altered in the direction xx 


: 
while the per cent of C is maintained constant, the system will be- 
come heterogeneous when the composition reaches the point y, and 
willremain heterogeneous with changing composition until the point 
y” is passed, when it will again become homogeneous. A consid- 
eration of the tie-lines involved will show that the quantity of the 
layer newly formed at y will increase, pass through a maximum and 
diminish to zero aty’. 

The Influence of Temperature. As has already been said, a 
temary system existing in three phases possesses two degrees of 
freedom; and the state of the system is therefore dependent not 
only on the relative concentration of the components, but also on 
the temperature. As the temperature changes, therefore, the bound- 


ary curve of the heterogeneous system will also alter; and in order 
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to represent this alteration, use may be made of the right prism, in 
which the temperature is measured upwards. In this way the bound- 
ary curve (binodal curve), passes into a boundary surface (or 
binodal surface), as shown in Fig. 103. In this figure the curve 
akb is the isothermal for the ternary system; the curve aKb shows 
the change in the binary system AB with the temperature, with a 
critical point at K. This curve has the same meaning as those given 
in Chapter VI. The curve £K is a critical curve or plait point 
curve joining together the plait points of the different isothermals, 
In such a case as is shown in Fig. 103, there does not exist any 
real critical temperature for the ternary system, for as the tempera- 


‘critical’ solution becomes 


ture is raised, the amount of C in the 
less and less, and at K only two components, A and B, are present. 
Such is the behaviour of the system aniline—acetone—water.” In 
the case, however, represented in Fig. 104, a real ternary critical 


point is found. In this figure wk’ b is an isothemal, ak" b is the 


A B 
§ A 
s! 
: : 
g 
3! 
A : 5 
A a 
Fig. 103 Fig. 104 


curve for the binary system AB and K is a ternary critical point. 
All points outside the helmet-shaped boundary surface represent 
homogeneous ternary solutions, while all points within the surface 
belong to heterogeneous systems. Above the temperature of the 
point K, the three components are miscible in all proportions. An 
example of a ternary system yielding such a boundary surface is 
that consisting of phenol, water, and acetone.!° In this case the 
critical temperature K is 92°, and the composition at this ternary 


critical point is 
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Water, 59 per cent. 
Acetone, 12 ”’ 
Phenoleet297 2 


a K B A a “ 
Fig. 105 Fig. 106 

The differeace between the two classes of systems just men- 
tioned is seen very clearly by a glance at the Figs. 105 and 106, 
which show. the projection of the isothermals on the base of the 
prism. In Fig. 105, the projections yield paraboloid curves, the 
two branches of which are cut by one side of the triangle; and the 
critical point is represented by a point on this side. In the second 
case (Fig. 106), however, the projections of the isothemals form 
ellipsoidal curves surrounding the supreme critical point which now 
lies inside the triungle. At lower temperatures these isothemal 
boundary curves are cut by a side of the triangle; at the critical 
temperature, k”, of the binary system AB, the boundary curve 
touches the side AB, while at still highertemperatures the boundary 
curve comes to lie entirely within the triangle. At any given tem- 
perature, therefore, between the critical point of the binary system 
(k”), and the supreme critical point of the ternary system (K), each 
pair of the three components is miscible in all proportions; for the 
region of heterogeneous systems is now bounded by a closed curve 
lying entirely within the triangle. Outside this curve only homo- 
geneous systems are found. Binary mixtures, therefore, represented 
by any point on one of the sides of the triangle must be homo- 
geneous, for they all lie outside the boundary curve for heterogene- 


ous States. 


Il. The three components can form two pairs of partially mis- 
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cible liquids. 

When two of three pairs of components are only partially mis- 
cible two binodal curves will be obtained in the triangular diagram, 
as shown in Fig. 107, and there will be two areas of heterogeneity, 
each with its own plait point, k, and ky. On changing the tempera- 
ture, the binodal curves will undergo alteration, in a manner similar 
to that just discussed. As the temperature falls, the two curves will 
spread out more and more into the centre of the triangle, and may at 
last meet one another, while at still lower temperatures we may 
imagine the curves still further expanding so that the two heteroge- 
neous regions flow into each other and form a bund on the triangular 


diagram (Fig. 108). The merging of the two areas of heterogeneity 
Cc 


\ 


Fig. 107 Fig. 108 


may occur in a variety of ways’! but experimental data on the sub- 
ject are meagre. It will depend, for instance, on whether 4, and k, 
eventually coincide as the temperature is changed. If they do not 
coincide there will be an intermediate range of temperature over 
which three liquid phases will coexist, as, for example, in Fig. 
109, a, b andc. A behaviour similar to this has been found for the 


i 


system silver perchlorate-water-benzene. “ [Regardless of its man- 


ner of formation with change of temperature the existence of a band 
of heterogeneity is well-known, for example, in the case of the sys- 


1.13 


tem ethyl acetate-watern-butyl alcoho Likewise the system 


water—phenol—aniline’***° at temperatures above 67° behaves in 
this way, although in this case the band develops by the gradual 


expansion, with the lowering of temperature, of a single binodal 


curve. 
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Consider, for example, the system water—phenol—aniline, for 


which, in Fig. 110, are shown three isothermals, viz. those for 


Fig. 109 Fig. 110 


148°, 96.7°, and 48°. At 148° water and aniline form two layers 


having the composition 


99 


Water, 83.5 per cent. water, 20 per cent. 

Aniline, 16.5” je cee 80 
and the critical point k' has the composition 
Water, 65; phenol, 13.2; aniline, 21.8 per cent. 

At 96.7° the composition of the two binary solutions is 


Water, 93 per cent. water, 10.5 per cent. 
Aniline, 7 ”? }and { sitine, BO.55 77 
while the point k” has the composition 
Water, 59.8; phenol, 35.5; aniline, 4.7 per cent. 


At 48° the region of heterogeneous states now forms a band, and 


the two layers formed by water and aniline have the composition 


Water, 95.9 percent. } { water, 6.2) per Cent: 
an 


Aniline, 4.1 ae aniline, 93.8 *% 
while the two layers formed by water and phenol have the composi- 
tion 
Water, 87.6 per cent. water, 37 per cent. 
Phenol, 12.4”? } and { 


99 


phenol, 63 


All mixtures of water, phenol, and aniline, therefore, the composi- 
tion of which is represented by any point within the band abcd, will 
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form two ternary solutions; while if the composition is represented 
by a point outside the band, only one homogeneous solution will be 
produced. 

Ill. The three components form three pairs of partially miscible 
liquids. 

The third chief case which can occur is that no two of the com- 
ponents are completely miscible with each other. In this case, 
therefore, three paraboloid binodal curves will be obtained, as shown 
in Fig. 111. If we imagine these three curves to expand in towards 
the centre of the triangle, as might happen, for example, by lower- 
ing the temperature, a point will be reached at which the curves 


partly overlap, and we shall have the appearance shown in Fig. 112. 


JE, 


Fig. 111 Fig. 112 


liere again there will be a variety of ways in which this merging can 
occur. 

The points a,b, andcrepresent the points where the three curves 
cut, and the triangle abc is a region where the curvesoverlap. From 
this diagram we can see that any mixture having a composition rep- 
resented by a point in one of the clear spaces at the corners of the 
larger triangle, will form a homogeneous solution; if the composi- 
tion corresponds to any point lying in one of the quadrilateral regions 
% 1, X9,) OF Xg, two ternary solutions will be formed; while, if the 
composition is represented by any point P in the inner triangle, sep- 
aration into three layers, having the composition a, b and c respec- 
tively, will occur. If straightlines be drawn through any two corners 
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of the inner triangle to pass through P the ratio of the intercepts on 
the sides of the triangle will be a measure of the relative amounts 
of the phases formed. Thus, if weight per cent has been plotted, the 
ratio of ac’ to c’ b gives the ratio of the weight of phase 6 to that 
of phase « and the ratio of ub’ to b’c gives the ratio of the weight 
of phase c to that of phase a. 

Since in the regions adjacent to the comers of the triangle ABC 
we have three components in two phases, liquid and vapour, the 
systems have three degrees of freedom. At constant temperature, 
therefore, the condition of the system is not defined until the con- 
centrations of two of the components are fixed. A system belonging 
to one of the quadrilateral spaces has, as we have seen,two degrees 
of freedom; besides the temperature, one concentration must be 
fixed. Lastly, a system the composition of which falls within the 
inner triangle abc, will form three layers, and will therefore possess 
only one degree of freedom. If the temperature is fixed, the composi- 
tion of the three layers is also determined, viz. that of the points 
a, b, and c respectively; and a change in the composition of the 
original mixture can lead only to a difference in the relative amounts 
of the three layers, not to a difference in their composition. 

An example of a system which can form three liquid phases is 
found in water, ether, and succinic nitrile. 1° 


NOTES 


1. A summary of the literature covering such systems will be found in: 


J. C. Smith, J. Ind. Eng. Chem., 1942, 34, 234; 1949, 41, 2932. 
2. R.M. Woodman, J. Physical Chem., 1926, 30, 1283. 


3. Because on this curve there are always two related values of the 
solubility, the curve is called a binodal curve, to distinguish it from an 


ordinary solubility curve. 


4. The distribution coefficient will not remain constant because, apart 
from other reasons, the mutual solubility of toluene and water is altered 
by the addition of the acid. This increase in the mutual solubility of two 
liquids by the addition of a third substance is of great importance, both 


scientifically and industrially. See also Chap. VI. 
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5. C. R. A. Wright, Proc. Roy. Soc., 1891, 49, 174; 1892, 50, 375. 
6. A. N. Campbell, J. Amer. Chem. Soc., 1945, 67, 981. 


7. See, for example, the system aluminium-lead-silver, Campbell, Yaffe 


Wallace and Ashley, Can. J. Research, 1941, B19, 212. 
8. Bodlander, Berg- und Hitsenmann. Ztg., 1897, 56, 331. 
9. Campbell and Brown, Trans. Faraday Soc., 1933, 29, 835. 
10. Schreinemakers, Z. physikal. Chem., 1900, 33, 78. 


11. Roozeboom, Die Heterogene Gleichgewichte, Vol Ill (2), Vieweg, 
Braunschweig, 1913. 


12. Hill, J. Amer. Chem. Soc., 1922, 44, 1163. 

13. Beech and Glasstone, J. Chem. Soc., 1938, 67. 

14. Schreinemakers, Z. physikal. Chem., 1899, 29, 577. 
15. Campbell, J. Amer. Chem. Soc., 1945, 67, 981. 


16. Schreinemakers, Z. physikal. Chem., 1898, 25, 543. See also 
Holmes, J. Chem. Soc., 1918, 113, 263. 


CHAPTER XV 


B. SYSTEMS CONSISTING OF LIQUID AND VAPOUR PHASES ONLY. 


When systems of the type described in the previous chapter are 
subjected to reduced pressure or increased temperature vapour will 
form giving rise to liquid-vapour equilibria, and if more than one of 
the liquids is volatile a complete description of the phase rela- 
tions will have to include the composition of the vapour. In addi- 
tion to the liquid-vapour equilibria arising from the systems of the 
previous chapter there are simpler types which we shall discuss 
first, namely, those arising from three liquids which are miscible in 
all proportions—a type not considered previously because, of course, 
in the absence of vapour, there is no heterogeneous equilibrium. 

In their relations with vapour the three binary systems which 
comprise the ternary system can belong to a number of types des- 
cribed in Chapter VII. This variety of binary types gives an even 


greater variety of ternary types)» !° 


and we Shall find it necessary to 
restrict our discussion to only a few of them. Furthermore, the num- 
ber of systems which has been investigated experimentally both as 
to the vapour and liquid composition is not large so that only a 
limited number of useful illustrations is available. 

We shall again use triangular coordinates for concentrations and 
measure temperature on the vertical axis, the pressure for any one 
solid model being constant. One should bear in mind, however, that 
the model will be different at different pressures. 


I. Systems with only One Liquid Phase. 
(a) Each of the three binary systems has neither a maximum nor a 
minimum boiling-point. 
The three liquids of a system of this type must of necessity be 
similar chemically and the three binary systems will all belong to 


the type illustrated in Fig. 29 (p. 116). When liquid and vapour 
296 
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compositions are plotted against boiling-points the three vertical 
faces of the triangular prism will therefore have the appearance 
shown in Fig. 113 (an isobar), where t,4, tg, and tc, are the respec- 
tive boiling-points of the components at the pressure of the isobar 
(t, < tp < tc).Each of the liquid curves whichre presents the tempera- 
tures at which different binary liquids have a vapour pressure equal to 
that of the isobar will form, in the ternary system, the boundaries 
of a curved surface representing the same thing for all possible 
ternary liquids. Similarly the vapour or condensation curves of 
the binaries form the boundaries of a curved surface, above the other 
surface, representing the composition of the coexisting vapours. 
Thus every point on the lower surface is joined to a point on the 
upper by a tie-line in a plane parallel to the plane of the base. 
These tie-lines will not be parallel to each other, however, but will 
gradually change in direction across the model approaching parallel- 
ism to one of its faces as the 
latter are approached. This will 
be made clearer by Fig. 114 which 
shows projections of isothemal 
sections of Fig. 113 taken at four 
different temperatures ¢,, tp, t, 
and t,. (These isotherms actually 
overlap, but for the purpose of 
clarity they are not drawn in this 
way.) Each isothermal plane 
shows two lines the area between 
which is crossed by tie-lines join- 


ing the compositions of liquid and 


A vapour at equilibrium at the tem- 

Fig. 113 perature of the isothermal sec- 

tion. The lines showing liquid 

compositions are labeled / and the vapour compositions v. Return- 
ing to Fig. 113, any ternary mixture represented by a point between 
the two surfaces will yield a liquid in equilibrium with vapour; 
such a system, therefore, has a variance of two (at constant pres- 


sure). Likewise systems represented by points above the upper 
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surface yield only vapour and below the lower surface only liquid 
(trivariant systems). 

Suppose a liquid of composition x at some low temperature were 
heated in a closed system kept at the constant pressure ofthe isobar 
(Fig. 113). Vapour will begin to form when that temperature is 
reached where the line drawn vertically through x strikes the lower 
surface. Suppose this temperature to be ¢, (Fig. 114). The first 


vapour which forms at this temperature will have the composition y 
at the other end of the tie-line. As the temperature is raised the 
amount of vapour will increase and that of the liquid will decrease, 
but the composition of each will alter, for the system is entering 
different isotherms in which the tie-lines have gradually altering 
directions. Thus, in Fig. 115 which is an enlargement of the part 
of Fig. 114 with which we are concerned, at a certain temperature 
slightly higher than |, the liquid composition will have moved to 
x" and the vapour to y’,x’ xy" being the tie-line at that temperature. 
On raising the temperature still further the liquid reaches x” while 
the vapour has reached x the original liquid composition. At the 
temperature corresponding to the tie-line xx” the last drop of liquid 
disappears and any further rise in temperature will cause no other 
phase changes. 

Let us examine the possibility of separating the liquids of such 
a ternary system by fractional distillation by reference to the pro- 
jection Fig. 116. Suppose that a liquid of composition Lo be sub- 
jected to isobaric distillation at the pressure of the isobar. The 


liquid will begin to boil (assuming equilibrium to obtain between 
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liquid and vapour) at the temperature at which the vertical line from 
Lo strikes the lower curved surface in the solid model, andthe first 
vapour formed will have the composition.Vo, Volo being a tie-line 
at this temperature. If an infinitesimal amount of this vapour be 
removed from the system by condensation the composition of the 
residual liquid will move along the linear prolongation of Volo to 
L,. The liquid 1.,, however, boils at an infinitesimally higher tem- 
perature so that the boiling-point will have risen through the con- 
densation of the small quantity Vo. At the same time Lj, being on 
a different tie-line V,L,, will yield a vapour of composition Vj. 
Removal by condensation of vapour V, will cause the residual com- 
position to move along the prolongation of V1, to Ly. The liquid 
L, boils at a still higher temperature than L, and gives vapour V). 
Thus it can be seen that distillation of Lo yields residues L,,L,, 
L3, etc., and vapours Vo, Vj, Vo; V3, etc. accompanied by a rising 
boiling-point and that the loci of L and V are curves. Now if the 
distillation be stopped when the liquid composition reaches, say, 
L the overall distillate will be the sum of Vo, Vj, Vo, V3, given 
by some point V (a kind of ‘‘centre of gravity” of Vo, Vi, Vo and 
V,), and the residue will be that of the last residue, L.,. Obviously 
V, Lo and Ly must lie on a straight line for the original liquid Lo 
has, in effect, been divided into V and L3. Suppose now that the 
overall distillate of composition V is distilled and the first vapours 
arising from it are condensed. By a repetition of the above reasoning 
we see that this second overall distillate will have a composition 
nearer to A, say V’, and by a continuation of this fractionation 
process the distillate will eventually be pure A. On the other hand, 
by continuing to boil away the original liquid Lo its composition 
will follow Lj, L., Lg, ete., and ultimately reach that of pure C, 
the least volatile component, according to the trend of tie-lines. The 
trend of the tie-lines shows further that, no matter what be the orig- 
inal composition of the temary liquid, fractionation of the vapour 
will eventually give pure A and boiling away of the residue pure C. 
It is thus theoretically impossible to isolate the component of inter- 
mediate volatility. In practice, however, it may be possible , with 


difficulty, to isolate even that component in a relatively pure con- 


300 THE PHASE RULE 


dition as was found in the system consisting of methyl, ethyl and 
propyl acetates” which belongs to this type. The direction of move- 
ment of the composition of various residues canbe shown by a series 
of ‘‘residue lines’’ indicated in Fig. 117. Obviously Fig. 117 repre- 


A 


Fig. 116 Fig. 117 


sents the loci of the liquidcompositions of Fig. 116. It is seen that 
the residue composition may approach the composition of pure B 
but never actually reach it. A similar set of lines with arrows 
pointing in the opposite direction will likewise show the trend of 
the composition of the distillate with continued fractionation. 

It is of some utility to examine the solid model for this type of 
system when the temperature is held constant and total pressure is 
measured on the vertical axis. As in the case of binary liquid- 
vapour equilibria such an isothermal model (Fig. 118)is very approx- 
Pa imately a mirror image of the isobar, for 

the lowest boiling component A has the 

highest vapour pressure andthe highest 

boiling component the lowest vapour 

pressure, etc. As in the isobar, the 

% two resulting surfaces are joined by 

tie-lines the trend of which could be 
shown by projecting various isobaric 
sections on the base of the prism’. 


a 
° 


‘ Dy means of these one could trace 

Figen the course of distillate and residue in 

the isothermal distillation of various 

ternary liquids, bearing in mind that in any one step of such a 
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process the total pressure in the system decreases as a result of 
the most volatile component vaporising the most rapidly. It could 
thus be shown that only the most volatile and least volatile com- 
ponents can be isolated from the temary mixture by isothermal 


distillation, as is the case with isobaric distillation. 


(b) One of the Three Binary Systems exhibits a Maximum 
Boiling-Point. 

Examples are known in which one of the three binary systems 
shows a maximum boiling-point and examples are known in which 
one of the three binaries shows a minimum-boiling point, but for 
the sake of variety we have chosen to illustrate the former because 
cases involving minimum boiling-points, which are actually more 
common, are to be referred to frequently later. In the type to be 
considered here two of the three faces of the triangular prism will 
belong to the type of Fig. 29 (p. 116) but the third will be that 
of Fig. 28 (p. 115) The solid model (isobar), portrayed in Fig. 
119 will again consist of two curved triangular surfaces, one be- 
low the other, in such a way that the boundaries correspond to the 


A 
Fig. 119 


liquid and vapour curves of the corresponding binaries. The tem- 


302 THE PHASE RULE 


peratures t,, tg, ¢¢ have their usual meanings and fy, is the boil- 
ing temperature of the azeotropic solution M. The occurrence of 
the maximum on one of the faces, however, will mean that the two 
surfaces now not only touch at their three corners, but also ata 
fourth point, M. This will give to both surfaces the shape ofan 
inverted trough which gradually deepens in the direction of the 
binary with the maximum. As in the previous case, systems repre- 
sented by points above the upper surface will consist entirely of 
vapour, and systems represented by points below the lower sur- 
face will consist entirely of a single liquid. Points lying between 
the two surfaces represent liquid-vapour equilibria. 

In Fig. 120 four isothermal sections of the isobar at different 
temperatures t,, ¢,, tyand t, are drawn schematically and, exactly 
as in Fig. 114 (p. 298), the members of each pair of curves at each 
temperature are joined by tie-lines, the vapour composition lines 
and liquid composition lines being indicated by the letters v and / 
respectively. It must always be true, of course, that as one ap- 
proaches points of contact of the liquid and vapour surfaces (where 
the latter have identical composition) the tie-lines must diminish 
in length to zero. The isotherm at t, illustrates this; for as the 
point M, where liquid and vapour have identical composition, is 
approached, the length of the tie-lines is seen to decrease. 

It is unnecessary to describe the changes occurring when 
such a ternary liquid is heated in a closed system at con- 
stant pressure, as, in principle, the same changes occur as in 
the previous case (Fig. 115, p. 298). The isobaric distillation of 
this type, however, introduces certain differences by virtue of the 
presence of the azeotropic maximum. 

Suppose that a liquid of composition x (Fig. 120)be distilled at 
the pressure of the isobar. It will begin to boil att, and give a 
vapour of composition y. As boiling continues the compo sition of 
the residue will move away from A as will also the composition 
of the vapour, in accordance with the direction of movement of the 
tie-lines at gradually increasing temperatures above to. Ifthe 
first portion of vapour which condenses be redistilled it will be 
seen that the composition of its vapour will be nearer to A than the 
first vapour. Obviously, it will be possible by continued fraction- 
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ation to obtain a vapour consisting of pure A. Continued boiling 
of the residue, on the other hand, will cause the composition grad- 
ually to approach that of pure C, although in so doing it will also 
temporarily increase in B content. The same scheme of changes 
will apply to the fractionation and boiling away of any temary 
liquid whose composition x (Fig. 119) lies in the area AMC, that 
is, far enough away from B that on raising its temperature to the 
boiling point the vertical line through x intersects the portion of 
the inverted trough sloping toward A. Similarly when a termary 
liquid, of composition such that its isoplethal line strikes the 
other slope of the trough, is distilled, continued fractionation of 
the vapour will give pure B and continued boiling of the residue 


pure C. To summarise, it is possible to obtain pure A and pure C, 


A 
Fig. 120 Fig. 121 


or pure B and pure C by distillation of ternary liquids of appropri- 
ate composition. This is further indicated by the series of residue 
lines of Fig. 12] (cf. Fig. 117) showing the direction of movement 
of the residues. 

The system water-formic acid-acetic acid apparently belongs 
to this type’ where component A corresponds to formic acid, B to 
water and C to acetic acid. The boiling-points at one atmosphere 
are 100.5°, 100.0° and 118.0° respectively, and the maximum in 
the boiling-point curve for the first two liquids is at 107°. 

It should be pointed out that actually the example considered 
above is only one of several possible sub-types of Case (b) for t¢ 
may liebetween ty and t,, or between ¢, and tg,or below fp, each 
giving rise to a different disposition of the isotherms and tie-lines 
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of Fig. 120 and consequently altering the possibilities of isolating 
the various components by distillation. The student should exam- 
ine such possibilities for himself and show, for instance, that if 
tc lies below ty it is no longer possible to isolate pure C by con- 
tinued boiling of the residue, or even by fractional distillation 
unless ¢¢ is below both ty and tp. 
(c) Two of the Three Binary Systems exhibit Minimum 
Doiling-Points. 

Two of the constituent binaries will here belong to the type of 
Fig. 27(p. 114) and the third to the type of Fig. 29 (p. 116). 

As in the two cases described above the solid model (Fig. 122) 
has two triangular curved sur- 
faces enclosing a region of het- 
erogeneous equilibrium between 
liquid and vapour, but they meet 
in five points on the edges, 
namely the three comers of the 
triangle (t,, tp, t¢) and the two 


azeotropic minima ty and ty. 
Each, therefore, has the ap-: 


pearance of a trough the base 


of which runs from M to N. 


Five isothermal sections at 


gradually increasing tempera- 
tures (t, tyr tasty, te) are given 
in Fig. 123 to indicate the ar- 
rangement of the tie-lines the 


meaning of which should be 


clear if the previous types have 
been understood. Fig. 124, 
which gives the corresponding 
residue lines follows immediately from Fig. 123 and one concludes 
that fractional distillation of any ternary liquid for such systems 


Fig. 122 


can eventually lead to a distillate of the azeotropic composition 
M. The composition of the residue can, however, be either pure 


A or pure C depending on whether the composition of the original 
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liquid lies within the area AMN or BMNC. 

An example of three liquids showing the above type of behav- 
iour is the system ethyl alcohol (A)—carbon tetrachloride (B)-— 
benzene (C)°. At one atmosphere pressure t, = 78.4°, tp = 76.8° 
and t¢ = 80.1°, and the temperatures of M and N are 65.1° and 
68.1° respectively. The general direction of the residue lines of 
Fig. 124 and their consequences in the matter of separating the 
three components by distillation have been confirmed by experi- 
ment. 

In conclusion, the student should be reminded that the type just 
described is really only one of many; for the magnitudes of ¢,, 
tp and tc and of ty and ty can be such as to present a great va- 
riety of possibilities. We have here limited our treatment to the 


c 


type where ty < ty < tp < ta < tc. 
(d) All Three Binary Systems and the Ternury System Exhibit 


Minimum Boiling-P oints. 


We have not as yet discussed a system in which there is a 
temary azeotropic boiling-point, that is, a ternary liquid boiling 
to give a vapour of the same composition, but the latter is, in 
fact, of frequent occurrence when all three of the constituent 
binary systems exhibit azeotropism. There are no known cases 
where all three binaries have maximum boiling-points® but many 
where all three have minimum boiling-points either with or with- 
out a minimum ternary azeotropic boiling-point. 

The new feature presented by the type to be described is 
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that both liquid and vapour surfaces have a minimum within the 
prism. According to the Cibbs-Konovalov theorem (loc. cit.) this 
must mean that at this minimum both liquid andvapour have identi- 
cal composition so that in the solid model the two surfaces must 
touch at this point. 

Figure 125 is a typical isobar of such a system, in which 
tp <ty < ty < ty < ty <bpx be 
where t,, tp, tc,are the respec- 
tive boiling-points of the com- 
ponents at the pressure of the 
isobar, ty, ty, ty, the tempera- 
tures of the binary minima (L, 


M, N,) and tp is the temperature 


of the temary minimum P. The 
liquid and vapour surfaces will 
now touch at the three comers 
of the prism, at L, M and N, and 
also at P. The significance of 
the two surfaces andthe regions 
above, below, and between them 


is the same as in the cases 


previously considered, as is 
A also the meaning of the tie-lines 

Fig. 125 on the corresponding isotherms 

of Fig. 126. At the point P, 

however, a temary liquid is in equilibrium with a vapour of the 
same composition, and if such a liquid is distilled at the con- 
stant pressure of the isobar the distillate wil] have the same com- 
position as the residue at all times, in other words it will distil 
as if it were a pure liquid. The Phase Ruletells us that both the 
composition and the boiling point of this azeotropic solution will 
alter with the pressure; for the system at this point is univariant. 
This can be shown as follows: There are two phases in equilib- 
rium and three components present so that substitution inthe Phase 
Rule gives a variance of three. From this, however, we must sub- 


tract two, because, by reason of the fact that two temary phases 
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become identical, two degrees of freedom are automatically lost, 
for the two independent concentration variables in the liquid and 
vapour have thereby become equal. 

The residue lines of such a system are given in Fig. 127. 


They show that any ternary liquid except one of the composition 
of P, when boiled away at the pressure of the isobar, will finally 
yield a residue of either pure A, B or C according as its original 
composition lies in the area AMPN, BI.PM or CNPL respectively. 
Conversely, continued fractionation of the vapours of any ternary 
liquid in which only the most volatile fractions are redistilled will 
yield eventually a liquid of the composition of P. 

As an illustration of three liquids which show this kind of 
behaviour we mention acetone (A), methyl alcohol (L) and isobutyl 
chloride (C)’ for which at one atmosphere t, = 56.3°, tg = 64.7°; 
bet =108.0% Ci aaasd 1). tp S550 Sy tye 15.8" andpp 5202. 

II. Systems with More than One Liquid Phase. 


When more than one liquid phase is present in a liquid-vapour 
equilibrium the phase changes can become very complex. Sys- 
tems of this kind can arise when conditions are such as to have a 
vapour phase appearing in systems of the type shown, for example, 
in Figures 101 (p. 283), 108 (p. 291) and 112 (p. 293). 

The Phase Rule shows that three liquidphases in a ternary sys- 
tem can at a given pressure be in equilibrium with vapour only at 
one definite temperature, characteristic of the system. By similar 
reasoning it is seen that if, at constant pressure and a given tem- 
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perature, two liquid phases coexist with vapour the concentration 
of each liquid phase and that of the vapour will be fixed. Such 
equilibria therefore will be designated on any isothermal section 
of an isobaric model by three points representing these three con- 
centrations respectively. If, finally, conditions are such that there 
is only one liquid phase present in equilibrium with vapour then, 
even at a given pressure and temperature, it is possible to vary 
the concentration of the liquid causing a corresponding change in 
the concentration of the coexisting vapour. This type of equilib- 
rium has,of course, been predominant in the types just discussed. 

In view of the complexity of liquid-vapour equilibria and the 
corresponding difficulty of drawing a solid model which can be 
readily interpreted we shall restrict our discussion to one ofa 
multitude of possible types, viz., a system of three liquid compo- 
nents (A, B and C) which, at a certain constant pressure and at 
a temperature just low enough to eliminate a vapour phase belongs 
to the type shown in Fig. 108 (p. 291), A and B being the only 
completely miscible pair of components. We shall assume further 
that the binary system AB belongs to the type of Fig. 29(p.291). 
and that bothbinary systems AC and BC belong to the type of Fig. 
35 (p. 127), i.e., exhibit a eutectic type of boiling-point diagram. 
If ty is the minimum boiling-point of the system AC and ¢, that for 
the system BC let us suppose that ty < f4 < ty < tc < tp, where 
ta,tp,tc have their usual meanings. In addition, let there be no 
temary maximum or minimum boiling-points within the system. 

The temperature-concentration model (isobar) will, as a result 
of these restrictions, belong to the type shown in Fig. 128 the 
structure of which can best be studied by examining the various 
isothermal. sections shown in Figs. 129 to 133 at gradually in- 
creasing temperatures. 

Fig. 129 is the isotherm for a temperature below that of ty. 
No vapour can form, for ty is the lowest temperature at which 
vapour appears in any of the binaries, and, as we have excluded 
ternary minimum boiling-points, it must also be the lowest tem- 
perature at which vapour appears in the ternary. The diagram is 


crossed by a two-liquid band separating two areas of single liq- 
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uid as in Fig. 108 (p. 291), 


On raising the temperature to just above ty, at which vapour 
begins to make its appearance in the binary AC, the isotherm has 
the fom of Fig. 130. At this relatively low temperature only liq- 
uid mixtures near the edge AC can form vapour, the two-liquid sys- 
tem BC being the tess volatile of the two two-liquid binaries 
(ty > ty). The point M of the binary AC (Fig. 128), which gives 

te 


\ 
+ 
o 


(temperature of Fig.130) 


Fig. 128 


the composition of the vapour in equilibrium with two liquid layers 
m and m’ containing no B has now, in Fig. 130, moved puprdatts 
N 


\ od 
\K (below tm) 
Fig. 129 ix 


p as, at the higher temperature, it is now possible to have a va- 
pour containing the less volatile component B. At the same time 
the two liquid layers which are in equilibrium with it have also 
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moved away from AC as their B content has in creased, and have 
the definite composition given by the points g andr. The triangle 
pgr is thus invariant at constant temperature and pressure, and 
total compositions taken within it at this temperature and pressure 
must yield these three phases. This invariant region must give 
rise to three univariant two-phase equilibria, crossed by tie-lines, 
viz., equilibria between L, and I, (the region yrfe), equilibria 
between LL, and V (qpab) and equilibria between Ly and V (prdc). 
Finally there are the three bivariant (one-phase) areas for 1.,, Ly 
and V denoted by BeybA, Cdrf and apc respectively. 

As the temperature rises p and therefore q andr must move still 
farther away from AC toward BC and the dimensions of the triangle 
pqr will alter. In the meantime, however, the boiling-point of 
A(ta) is passed so that at this temperature the isothem (Fig. 131) 
must show the approach to identity of liquid and coexisting vapour 
as the composition of A is approached—in other words the tie- 
lines denoting I,,—V must have zero length at A. This is evident 


from the figure. 
te] N Cc 


= 


B OE N c 


Fig. 131 A Fig. 132 A 


In Fig. 132, for temperatures between ¢, and ty, the tempera- 
ture has become high enough for two coexisting liquids near the 
relatively involatile binary BC to be in equilibrium with vapour, 
as indicated by the nearness of the triangle pgqr to the edge BC. 
The meaning of the various regions should be clear from the dia- 
gram. Notice that the area of vapour now covers a larger portion 
of the diagram and that the triangle pqgr is beginning to ‘‘flatten 
out’’ for, in the approach of pgr to BC, the points p, g andr must 
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all ‘‘reach”’ the edge at the same temperature (ty ), just as they 
all ‘‘left”” the edge AC at the same temperature (ty) )- 

The locus of p in its progress from M to Nis shown by a dotted 
line in Figs. 130 to 133. 


(tn and higher) 
A A 
Fig. 133 Fig. 134 


Fig. 133 shows the isotherms, drawn so as not to overlap, at 
the three different temperatures ty, ¢;, and tj, where t, is be- 
tween ty and ¢¢ and ¢, is between tc andtp. At ty the points 
p, q andr of Fig, 132 have coincided with N, n and x’ respective- 
ly of Fig. 128. As the temperature is raised still further the areas 
for L, and L., become smaller, I. disappears at t, and L,, at tp. 

We may now inquire as to the behaviour of the system during 
the distillation of various liquid mixtures. Suppose, for instance, 
that a liquid mixture of composition x (Fig. 129) is to be boiled 
at the pressure of these isotherms. It is evident that at the tem- 
perature of Fig. 129 there will be only one liquid phase and that 
as the temperature is raised the point x will not lie in an area of 
heterogeneity until the temperature of Fig. 132 is reached when it 
will boil to give a vapour x’. If the liquid is boiled away the 
tie-lines of Figs. 132 and 133 show that its composition will 
eventually be that of pure B. Suppose, however, that one heats a 
liquid mixture well within the two-liquid area such as that of the 
composition y (Fig. 129). This two-liquid system will not boil 
until that temperature is reached where x begins to be enclosed 
by the triangle pgr of Figs. 130 to 132. Suppose that pgr begins to 
enclose y at the temperature of Fig. 131. At this temperature, 
therefore, the two liquids, having of necessity the compositions 
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q and r will commence to boil to give a vapour p. As this vapour 
is removed by condensation the total composition y of the residue 
must alter directly away from p (and with it, of course, will alter 
the compositions of the two liquid layers). As y alters away from 
p the boiling-point must rise and the vapour composition must alter 
along the locus of p towards Nas long as two liquidlayers remain. 
By applying the principles developed in connection with Fig. 116 
(p. 300) it will be understood that the path followed by the total 
composition of the two liquid layers will be a curved one (yz, Fig. 
131) curving towards B as boiling is continued. Nevertheless, 
while the vapour being produced at any instant will be somewhere 
on the locus of p, the accumulated vapours, 1.é., the ‘‘centre of 
gravity’’ of all the vapours on the locus, will not lie exactly on 
this locus. Before B is reached one of the liquid layers will 
disappear and when this occurs the vapour composition will leave 
the locus of p and also move towards B. It will be realized that 
the residue in this example eventually becomes B only because 
the original liquid y lay within the area BNMA (Fig. 131). If it had 
lain within CNM similar reasoning shows that the final liquid would 
have been pure C. These results are summarised in the residue 
lines of Fig. 134. 

As in the case of the distillation of homogeneous liquid mix- 
tures one may at first sight think that the process of fractionating 
liquids such as y (Fig. 131), in such a way that the first vapours 
in each step are redistilled, would produce a sequence of changes 
approximately the reverse of the residue changes just described. 
Closer examination will reveal that this is not true; for the imme- 
diate vapour from y or, for that matter, any liquid mixture corres- 
ponding to heterogeneity will always lie on the locus of p, namely 
NM and condensation of vapour over a short temperature interval 
will give a two-layer distillate not differing greatly in total com- 
position from some point on NM. (This total composition would be 
on NM if NM were a straight line.) This distillate will, in tum, 
when distilled, give an initial vapour again on NM etc. Thus frac- 
tionation inthis way will yield a vapour which more orless follows 


NM giving, inthe limit,a distillate of composition M. Throughout 
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this fractionation the boiling-points will, of course, have become 
progressively lower. 

A system approaching the type just described is that compris- 
ing benzene (A)—toluene (1)—water (C)®, where f= S0:sages = 
110.67; t¢ = 100.0°, t= 69.32 and t, = 84.3°. Here, however, 
A and C are almost immiscible, as are also B and C, so that the 
areas of homogeneous liquid, e.g., ABegb and Cfrd of Fig. 130 


are very small. 


If the student wishes to study further the fascinating and very 
practical problem of liquid-vapour equilibria he is referred to the 
system ethyl alcohol-water-benzene” in which two of the compo- 
nent binaries show azeotropic minima, the third shows the eutec- 
tic type of heterogeneity, and in which there is a temary minimum 
boiling-point. This particular system has merited much study be- 
cause of the use of benzene in the dehydration of ethyl alcohol. 
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CHAPTER XVI 
C. SYSTEMS CONSISTING OF SOLID AND LIQUID PHASES ONLY 


The study of ternary solid-liquid equilibria covers a wide field. 
It may include, for example, systems of three elements, three ox- 
ides, two salts with a common ion and solvent, three salts with 
a common ion in the absence of solvent, and systems involving 
metathesis in the absence of solvent.’ In this chapter we shall 
deal chiefly with the temperature variable and postpone isothermal 
studies to the next chapter. We shall, moreover, confine our dis- 


cussion to those systems where only one liquid phase appears.” 
I. The Solid Phases are the Pure Components. 


Since it is necessary to take into account not only the changing 
composition of the liquid phase, but also the variation of the tem- 
perature, we shall again employ the right prism for the graphic 
representation of the systems, as shown in Fig. 135, where are. 
ty andt, denote the melting-points of the pure components. If 
we start with the component A at its melting-point, and add B, 
which is capable of dissolving in liquid A, the freezing-point of 
A will be lowered; and, similarly, the freezing-point of B by 
addition of A. In this way we get the freezing-point curve ANS 
for the binary system, k, being a eutectic point. This curve will, 
of course, lie in the plane formed by one face of the prism. In a 
similar manner we obtain the freezing-point curves tykotc and 
tykstc. These curves give the composition of the binary liquid 
phases in equilibrium with one of the pure components, or, at the 
eutectic points, with a mixture of two solid components. If to the 
system represented say by the point k, a small quantity of the 
third component, C, is added, the temperature at which the two 
solid phases A and B can exist in equilibrium with the liquid 
phase is lowered; and this depression of the eutectic point is al] 

314 
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the greater the larger the addition of C. In this way we obtain the 
curve £,K, which slopes inwards and downwards, andindicates the 
varying composition of the ternary liquid phase with which a mix- 
ture of solid A and B are in equilibrium. Similarly, the curves 
kK and &,K are the corresponding eutectic curves for A and C, 
and B and C in equilibrium with temary solutions. At the point 
K, the three solid components are in equilibrium with the liquid 
phase; and this point, therefore, represents the lowest temperature 
attainable with the three components given. The point K is known 
as a temary eutectic, the chief characteristics of which are that 
it is invariant and that on withdrawal of heat the phase reaction is 
LS, +S. + S3. Each of the ternary eutectic curves, as they may 
be called, is produced by the intersection of two surfaces, while 


at the ternary eutectic point, three surfaces, viz. t,k,Kko, 
tgk,Kks, and tck,Kks, meet. Any point on one of these surfaces 
represents a ternary solution in equilibrium with only one compo- 
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nent in the solid state; the lines or curves of intersection of these 
represent equilibria with two solid phases, while at the point K, 
the ternary eutectic point, there are three solid phases in equilib- 
rium with a liquid. With vapour present the surfaces just men- 
tioned represent bivariant systems. One component in the solid 
state can exist in equilibrium with a ternary liquid phase and 
vapour under varying conditions of temperature and concentration 
of the components in the solution; and before the state of the 
system is defined, these two variables, temperature and composi- 
tion, must be fixed. On the other hand, the curves formed by the 
intersection of these planes represent univariant systems; ata 
given temperature two solid phases can exist in equilibrium with 
a temary solution and vapour only when the latter have definite 
composition. Lastly, the ternary eutectic point, K, represents an 
invariant system; three solid phases can exist in equilibrium with 
a ternary solution and vapour only when the latter have fixed com- 
position and when the temperature has a definite value. This 
eutectic point, therefore, has a perfectly definite position, depend- 
ing only on the nature of the three components. Such an invar- 
iant point representing the coexistence of five phases in a ternary 
system is known as a quintuple point. 

It is to be noted that in Fig. 135 no attempt is made to show 
vapour composition. Alternatively we may, as on previous occa- 
sions, if the system is not too volatile, conduct the investigations 
in open vessels so that the vapour phase is absent, provided we 
realize that the total pressure on the system is now fixed. This 
will affect negligibly the equilibrium concentrations and will have 
no effect on the variance described above. 

The phase relations at any one temperature will evidently be 
shown by a horizontal section of Fig. 135 taken at the appropriate 
height. A series of isotherm types obtained in this way is shown 
in Fig. 136. (We have assumed that the melting-points of the com- 
ponents and the eutectic temperatures are such that ty <ty < the < 
ty<ty,<t,<tg—other possibilities are treated sien ys) On 
these iso diene compositions of liquid in equilibrium with a single 
solid (represented by a surface in Fig. 135) are now designated by 
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lines, compositions of liquid in equilibrium with two solids (repre- 
sented by lines in Fig. 135) are now designated by points, and 
compositions of liquids in equilibrium with three solids—there is 
only one, point K-only appear in specific isotherms. ‘This is 
equivalent, of course, to the loss of a degree of freedom as a re- 
sult of keeping the temperature constant. Consider, for instance, 
the last isotherm of Fig. 136 for a certain temperature between 
tp and tke (cf. also Fig. 135). The line ap obviously gives the 
composition of solutions in equilibrium with solid A; the region 
aAp is therefore appropriately crossed by tie-lines intersecting at 
A. Similarly cp represents solutions in equilibrium with solid C. 
The lines ap and cp are thus (isothermal) solubility curves of A 
and C respectively. The point p is the composition of the only 
solution which, at the given temperature and pressure, is in equi- 
librium with both solid A and solid C. As such it is called an 
isothermally invariant point. The area Bepa isa one phase (liquid) 
area and represents solutions unsaturated with respectto A and C. 
Finally the triangle ApC encloses all total compositions which at 
equilibrium must give the solution p and the two solid phases A 
and C. A similar interpretation is attached to the other isotherms. 
At gradually increasing temperatures above the last isotherm of 
Fig. 136 it is obvious that first p will reach the edge AC, then the 
fan-shaped area converging on A will disappear, and finally that 
converging on C, to give a homogeneous liquid for all proportions 
of the three components, Of course at still higher temperatures 
the boiling-points of the system may be reached and the subject 
matter of the previous chapter becomes applicable inde ed it may 
well happen that the vapour pressure of one of the components or 
of a certain binary or temary liquid becomes equal to the total 
pressure of the isobar before all solid phases have disappeared 
from the diagram. Such complications cannot be considered here; 
in any case they would merely involve an extension of the prin- 
ciples developed. Proceeding in the direction of lower tempera- 
ture it is clear from the isotherms that the area of homogeneous 
liquid becomes smaller and the isothermally univariant fan-shaped 


areas enlarge until ty is reached, the meaning of which has al- 
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ready been described. Below ty there can only exist a mixture of 


¢c B YW 
A 


Fig. 136A B 


the three component solids. 


By sacrificing some of the information regarding the composi- 
tion of the ternary solutions it is possible to secure a plane dia- 


gram which will give the temperature variations of the system. 
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Thus, by projecting perspectively the curves in Fig. 135 not on 
the base of the prism but on one of the faces, say the face BC of 
the prism,” a polythermal diagram is obtained which shows the 
relative proportions of the two components B and C inthe different 
systems. The proportion of the component A in the different sys- 
tems, however, will not be shown in this diagram; and the diagram 
will therefore not convey fullinformation regarding the composition 
of the solutions. 

We shall find it more instructive, however, to project Fig. 135 
orthogonally on the base of the prism to give Fig. 137 which is 
letteredto correspond with Figs. 
135 and 136. The line Kky is, 
of course, the locus of p (Fig. 
136). Suppose amelt of the com- 
position x be cooled under equi- 
librium conditions. At the tem- 
perature at which the vertical 


line from x (Fig. 135) strikes 
Fig. 137 one of the surfaces solid will 

beginto separate. In the present 

example this will occur at the temperature of the sixth isothem of 
Fig. 136 and the solid appearing will be C,which inthis case is 
called the primary phase, this being a termcommonly used to denote 
the first solid to appear on cooling aliquid in an isoplethal process 
such as this. As cooling continues the composition of the residual 
liquid must move directly away from C and yet remain on the sur 
face tck Kk, (Fig. 135), that is, it follows the linear extension of 
Cx towards g (Fig. 137). At a certain temperature (for example, 
that of the fifth isotherm of Fig. 136) x lies on the edge of the 
isothermally invariant triangle and in the meantime the composi- 
tion of the liquid has moved to q (Fig. 137). By still further 
cooling solid A as well as solid C must now separate,for x be- 
comes enclosed by the isothermally invarianttriangle. At the same 
time, the liquid composition leaves q and alters its course in 
order to remain on kK, a condition demanded by the presence of 
both solid A and C. Eventually the temperature of K is reached 
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at which what liquid there is left solidifies completely to give the 
ternary eutectic mixture of A, B and C. While this occurs the tem- 
perature must, of course, remain constant for the system is in- 
variant. 

The cooling of any other temary melt can be treated similarly. 
For instance if the prolongation of Cx in Fig. 137 had intersected 
kK instead of kyK solid B would have been the second solid to 
appear. It can be seen that the final point of crystallisation will 
always be K even though the order of appearance of the various 
solids may differ. These facts are conveyed by the arrows in the 
figure; they are commonly used to denote the direction of change 
of composition of residual liquids in such crystallisation proc- 
esses. 

The calculation of the amounts of the various solids deposited 
in such a crystallisation can be illustrated by a simple example. 
Let the compositions of x, q and K be as follows: 


Suppose that 100 g. of a melt of composition x be gradually cooled 
and that u be the weight of C deposited from x to yg. Of the original 
60 g. of C there is now left in solution (60-u)g. of C, but all of the 
original 15g. of B. Therefore, in the liquid at g, Wt C: Wt. B:: 
(60-u) : 15 and this ratio equals 46.7 : 20 from the known composi- 
tion of y. Solving gives u = 25 g. of C deposited by thetime q is 
reached. The residual solution at q thus contains 25 g. of A, 15 
g- of B and (60-25 = 35)g. of C. By similar reasoning, if, from y 
to K,an additional v g. of C and a quantity w g. of A are deposited 
we find v and w from the following equations which are valid at K: 

We. C: We Be: 20:50: : (35- v) $15 

and We. A: Wt. B:: 30:50: : (25-w): 15 
Solving gives v = 29 g. of C and w = 16 g. of A deposited. There- 
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fore the residual solution consists of (25-16 = 9)g. of A, 15g. of 
B and (35-29 = 6)g. of C, and, of course, these are the amounts 
of the solid components which K gives on complete solidification. 

An example of the above type is the system’ sodium nitrate 
(A)—lithium nitrate (B)— potassium nitrate (C), except that here 
tx<t, <th,< thy <tB<ta< tc.In the field of metallurgy we may cite 
the system> lead—tin—bismuth as an apprdximate example. It 
may here be noted that metal systems usually involve complicated 
types of behaviour and are therefore rarely satisfactory for use as 


illustrations in a work of this kind. 
II. A Congruently Melting Binary Compound Can Form. 


Inthe example just discussed, the components crystallised out 
from solution in the pure state. If, however, combination can take 
place between two of the components to form a congruently melting 
compound the relationships will be somewhat different; the curves 
which are obtained in such a case may be as represented in Fig. 
138. From the figure we see that the two components B andC form 
a compound of melting-point D, and the freezing point curve of the 
binary system has therefore the form shown in Fig. 38 (p. 135). 
Further, there are two ternury eutectic points, K, and Kg, the 
solid phases present being A, Lb, and compound, and A, C, and 
compound respectively. It is to be noted that D’ is the maximum 
temperature of the curve K,DK, just as D is themaximumof the 
curve k; Dk,, and furthermore that D, D’ and A are all in the same 
vertical plane. This may be shown qualitatively by regarding the 
system A-B-C as being comprised of the two ‘‘sub-systems’”’ A- 
compound-B and A-compound-C by cutting the solid model in two 
by a vertical plane through both.D and A. The point D’ is now 
the binary eutectic of compound and A, and, since the addition of 
either B or C to this latter system must lower this eutectic tem- 
perature, D’ is obviously at the maximum temperature in the curve 
elk ok 

The salient features of such a system can be indicated by pro- 
jecting Fig. 138 on the base of the prism to give Fig. 139 which is 
lettered to correspond. The arows denote the direction ef move- 


ment of the composition of residual liquid during crystallisation in 
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the cooling of a melt. There are now four possible primary phases. 
The triangles ABD and ACD are called composition triangles, a 
term applied in the study of ternary systems to the triangles formed 
by the lines or ‘‘joins’”’ connecting the points representing the 
composition of any three primary phases whose liquidus surfaces 
meet at a point. 

te 


Fig. 138 


To trace the path of crystallisation we apply the ideas devel- 
oped above. For instance a melt of composition x will first throw 
down solid C and the liquid composition will move to y at which 
point both compound and C are thrown down simultaneously while 
the liquid moves to Ky. At K,the residual liquid deposits all three 
solids (compound, C and A) and itself remains constant in com- 
position and temperature. Similarly a melt lying originally in BDA 
will solidify to give a mixture of compound, B and A, and the last 
liquid to solidify will have the composition K,. There are thus 
two “end points’’ to the liquid compositions, the composition of 
the original melt determining which of the two is reached. An 


example of this type is to be found in the system sodium chloride- 
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sodium sulphate-sodium fluoride’ which forms the congruently melt- 
ing compound Na,SO,F. 

Consider, now, another possible type which will arise when, 
in Fig. 138, the imaginary plane through D and the edge of the 
prism at A cuts koKy and k,Kg instead of K,K,. Fig. 140 shows 
the corresponding projection. The line K,K, now has no tempera- 
ture maximum for reasons to be described later, and therefore in 
passing along the curves k,K.K, one is always moving in the 
direction of lower temperature. I[t follows that while K, is still 
a ternary eutectic, K, is now a temary peritectic, the term given 
to an invariant point in a temary system where the phase reaction 
is L+S;®S, +S, on withdrawal of heat. In this case the general 
equation becomes L.+ SoS, +S). The point K, could not be a 
ternary eutectic because this would require a liquid of composition 
K, to produce, on cooling, a mixture of A, D and C (for it lies at 
the junction of the fields for these solids), and this, in tum, would 
require K, to lie within the composition triangle ADC, which is 
not the case. Finally, it should be pointed out that the system 
A-D is not a real binary system for the line AD cuts across the 
field for a substance foreign to A and D, namely C. 

I,et us now examine in detail the crystallisation of melts in 


Fig. 139 


A 
systems of this latter type, the existence of a peritectic in which 


introduces certain special features. A melt of composition p, for 
instance, will first deposit solid C for p lies within the field for 
C. Deposition of C will leave the liquid poorer in C and the melt 


therefore moves away from C along the prolongation of Cp to gq. 
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As g is onthe line for liquids in equilibrium with solid D as well 
as C,solid D must begin to form at this point. The liquid composi- 
tion thereforefollows qK» while deposition of D andmore C occurs. 
At any instant during the process the mean compogition of the 
solid being formed from a given liquid can be found by drawing the 
tangent to k,K, at the point representing the composition of that 
liquid; for example the liquid at n deposits a mixture of solids of 
composition x, the relative amounts of C and D in this mixture be- 
ing given, of course by the ratio of Dx to xC. Similarly at any 
instant during the process the mean composition of the total solid 
deposited since the beginning of crystallisation can be found by 
joining the liquid composition to the total composition and produc- 
ing the line. Thus by the time the liquid has reached n the mean 
composition of the total solid deposited thug far is given byy. 
Eventually the liquid composition reaches K, when solid A must 
appear. Solid A, C and D cannot form simultaneously at this point, 
however, forit is not an eutectic; the only altemative is for some 
of C to redissolve and react with the liquid to give A and D, the 
temperature remaining constant meanwhile. To check that this is 
at least possible mathematically we notethat the straight line join- 
ing the resultantphases(A and D) crosses that joining the reactant 
phases(C and K,). (Exercise: Show that if two phases are formed 
from two other phases it is a necessary condition that the straight 
lines joining the pairs of compositions cross8.) It is to be noted 
that in this last stage the liquid will be used up before all of C 
has disappeared and we shall be left with a solid mixture of A, C 
and D in keeping with the fact that p lies in the composition tri- 
angle ACD. It is not possible for all of C to redissolve before the 
liquid disappears for that would mean that it would be possible for 
a mixture of A, D and Ky to result from a total composition p. 
Suppose, instead, that a melt of composition p’, in the com- 
position triangle ABD be cooled. By reasoning similar to the 
foregoing solid D is the primary solid phase and the liquid follows 
p’q’. Atq’ solid C also is formed while the liquid moves to 
K,. At the peritectic Ky C redissolves and reacts with liquid K, 
to form A andmore D while the temperature remains constant. This 
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time, however, C disappears before liquid K,, for p’ lies within 
the triangle ABD. When C has Uicehpaased: ee are only three 
phases left so that the temperature is free to drop, the liquid 
following K.K,, meanwhile depositing more A and D. When K, is 
reached the temperature halts and the residual liquid solidifies to 
give the eutectic mixture of A, B and D. 


III. A Congruently Melting Temary Compound Can Fom. 


A compound formed from all three components is said to be con- 
gruently melting when it melts to give aliquidof the same composi- 
tion as itself. The meaning is therefore analogous to that ofa 
congruently melting binary compound (cf. page 144). The analogy 
can be carried further in that such a melting-point is always amax- 
imum temperature for agiven pressure, but the maximum is the 
maximum temperature of a surface rather than of a curve as it is in 
binary systems. 

For systems of this type involving no additional complications 
the isobaric prism will consist of four surfaces, viz. the three of 
Fig. 135 (p. 315) with the addition of a dome-shaped surface ly- 
ing entirely within the model giving the composition of liquids 
in equilibrium with the temary compound. The temperature and 
composition of the maximum in this dome-shaped surface corres- 
pond respectively to the melting-point and compositionof the com- 
pound. As the melting-point is at the maximum temperature on this 
surface addition of any of the three components to the molten 
compound will lower its freezing-point. The intersection of the 
dome-shaped surface with the other three surfaces forms curves 
giving liquids in equilibrium with two solids, and these curves in 
tum intersect at points, signifying liquid compositions in equilib- 
rium with three solids. 

Fig.141 is a projection of such a prism where D is the com- 
position of the ternary compound, k,, ky, kz are binary eutectics 
and K,, Ky, Kg are ternary eutectics. The three solid phases co- 
existing with liquid at any of the ternary eutectics are, of course, 
those of the adjacent fields; for example, liquid of composition 
K, is in equilibrium with the solids A, B and compound. The lines 
for compound and component, viz. K,Ky, K,K3 and K3K, must all 


326 THE PHASE RULE 


pass through a maximum temperature and these maximum tempera- 
tures must be at their intersections with the straight lines joining 
D to A, B andC respectively. Thus A’, the intersection of K)K, 
and AD is the maximum temperature on K,Ky, C is the maximum 
temperature on K,K, etc. This is readily seen when it is realized 
that the points A’, B’ and C” are, in fact, binary eutectics in the 
respective sub-systems A-compound, B-compound, C-compound, 
and since addition of a third substance to the solution must lower 
the temperature of such eutectics the latter must be at temperature 
maxima. The arrows of the figure have the significance described 
previously, and it is seen that there are three possible end points 
in the solidification of ternary melts, viz., Ky, Ky and K3. 

IV. An Incongruently Melting Binary Compound Can Form. 

If two of the three components fom an incongruently melting 
compound one of the faces of the ternary prism will be of the type 
shown in Fig. 42 (p. 149). The solid model will consist of four 
surfaces as in Fig. 138 with the important difference thatkjk, 
will not pass through a (stable) maximum temperature. If, for 
example, k4 is the melting-point of the incongruently melting 
compound of B and C (a binary peritectic), 43 will be the eutectic 
for this compound with component B, and will therefore always lie 
at a lower temperature than k,. Addition of A to the binary system 
B-C will lower both the transition point 4, and the eutectic point 
ka to Kg and K, respectively. 


Fig. 141 Fig. 142 


Consider two cases illustrated by projecting such a solid model 


SYSTEMS CONSISTING OF SOLID AND LIQUID PHASES ONLY 327 


onto the base in the usual way. In the one we have Fig. 142, where 
the line joining D, the composition of the incongruently melting 
compound, to A does not intersect K,Ky and in the other, Fig. 143, 
where it not only intersects KK, but also intersects k,K,. The 
arrows, as usual, point to lower temperatures. In Fig. 142 K, is 
a ternary eutectic but Ky is a temary peritectic. In Fig. 143 both 
K, and Ky are ternary eutectics and D’ is at a maximum tempera- 
ture for the line K,K.. We may show this qualitatively by imagin- 
ing that a melt of composition m be cooled. As m is on the line 
separating the fields for compound and A it must yield these two 
solids. Now if the temperature of D_ be lower than that of Ky 
(that is, if the arrow head between D and K be reversed so that 
D’ be not a maximum temperature) the liquid composition on cool- 
ing would pass in the direction of D’, say to some point n. In 
other words liquid m would have yielded n and two solids of com- 
position D and A. Inasmuch as m lies outside the triangle DAn 
this is impossible (see p. 280). This and similar conclusions can 
be reached with the aid of the useful rule enunciated by Rooze- 
boom’, and sometimes referred to as the theorem of Alkemade, 
which enables one to predict readily whether a given univanant 
line, corresponding to equilibrium between a liquid and two solids 
in any such projection of a ternary liquid- solid system moves 
toward higher or lower temperatures in a given direction. Accord- 
ing to this rule, for such mivariant lines the temperature rises in 
the direction of the straight line which joins the points expressing 
the compositions of the solid phases belonging to that univariant 
line. 

The crystallisation of melts of such systems should cause no 
real difficulty if the discussion of the previous types is thoroughly 
understood, but we shall use Fig. 142 to refer to another possible 
type of crystallisation. If the original melt has the composition 
p, solid.C will separate while the liquid moves from p tog. 
Then C will dissolve and D separate while the liquid follows 
qK,, but the latter can never reach Ky for that would mean the 
impossible situation of a total composition p giving the composi- 
tions Ky, C and D. The liquid composition will therefore follow 
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qK, only as far as q’, the extension of Dp, during which time all 
of the solid C which separated initially retums to solution and 
some solid D separates. Atq , therefore, we now have the liquid 
q’ and solid D. As there is only one solid present the liquid need 
not now follow g’Ky;_ it will follow q‘7, the extension of Dq’, 
meanwhile depositing more D. At r solid A forms as well as D 
and the liquid must now follow rK,. At K, the usual temperature 
halt is observed while the remaining liquid solidifies completely 
in depositing b, more A and more D. 

Still other complications can arise when ,for instance, 4K» in 
Fig. 142 is so strongly curved that tangents to it intersect CD 
instead of BD. This can give rise to the phenomenon of ‘‘recurrent 
erystallisation’’ in which a solid phase begins to separate, re- 


dissolves, and then separates again. 


Fig. 143 Fig. 144 


It must be emphasised that all the above discussion is appli- 
cable only when the total composition of the system remains con- 
stant during a given crystallisation. If, as is often the case in 
actual practice, certain solids are removed, either actually or 
effectively, from contact with the system as soon as they are 
formed, the phase changes are considerably altered. This isa 
matter of no small importance in considering, for instance, the 
crystallisation of magmas where gravitational and deformative 
forces are at work!?, Suppose, for example, that, in the crystal- 
lisation of the melt p, Fig.142,all of the solid C which had formed 
while the liquid moved to g was at this point removed from the 
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liquid. This leaves a total composition q, so that further cooling 
will cause only separation of D while the liquid follows qr’ , the 


extension of Dq.'” 


V. An Incongruently Melting Ternary Compound Can Fom. 


When the incongruently melting compound comprises all three 
components the projection is typified by Fig. 144 where D is the 
composition of the compound and ky, kg, kg are binary eutectics. 
Here the point D must lie outside the field for liquids saturated 
with D, that is, outside of K,K,K3. It is therefore evident that 
solid D can never be in stable equilibrium with a melt of the same 
composition—this is, of course, why it is designated as an in- 
congruently melting compound. The direction of the arrows can 
readily be ascertained by applying the rule of Roozeboom (loc. 
cit.), and the course of crystallisation of various melts is treated 


in the same way as that described above. 
VI. Binary Solid Solutions Can Form. 


The formation of solid solutions has been excluded from all the 
above discussion, but in actual practice, particularly with metal 
systems, solid solution formation is of common occurrence. No 
discussion of solid-liquid equilibria would therefore be complete 
without at least a brief reference to it. As for ternary liquid sys- 
tems a variety of types is found depending on how many pairs of 
the three components fom solid solutions, whether such solid solu- 
tions comprise a complete or an incomplete series, and whether 
they show a minimum in the freezing-point curve. Of course, there 
may be compounds formed as well as solid solutions, but itis im- 
possible to include all these types in the present work. We shall 
present only two types, the first of which is a system in which one 
pair of components foms a complete series of solid solutions the 
melting-points of which lie between those of the two components 
forming them. 

Suppose that A, B and C are three components, that A and B, 
and A and C are not soluble in the solid state, but that B and C 
form a complete series of solid solutions the melting-points of 
which all lie between the melting-point of B and that of C. The 
systems A-B and A-C will therefore belong to the simple eutec- 
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tic type as illustrated in Fig. 38(p. 135)and the system B-C will 
belong to the type of Fig. 45 (I) (p. 159). A typical series of iso- 
thermal sections of the corresponding prism is shown in Figs. 145 
to 148 in which k,, ky are the two eutectics. Let us suppose, 
also, that bea <to <a, <ta<tp- At temperatures below the lowest 
temperature at which liquid can form we have Fig. 145 where all 
proportions of the three components yieldtwo solid phases, namely 
A and a solid solution of Bin C. In Fig. 146, slightly above bays 
the temperature of the lower of the two eutectics (£,), a liquid 
phase ispossible giving two sets of isothermally univariant liquid- 
solid equilibria (at constant pressure), namely, liquids on ap satu- 
rated with A and liquids on bp saturated with solid solutions of 


B 


Fig. 145 Fig. 146 


B in C (as far as g) as shown by the tie-lines. At the Same time 
the intersection of ap and bp at p gives a liquid which can exist 
in contact with both solid A and solid solution g. The triangle 
pyA is therefore isothermally invariant. Furthermore the area for 
two solids has become reduced in size to ABy. When the tem- 
perature is raised to just above the melting-point of C (tc) we 
have Fig. 147. The point p is moving along kok, toward ky, g 
toward B and a toward A. At the same time the triangle pgA is 
enlarging. Notice that solid solutions from g to s are in equilib- 
rium with liquids p to J so that sl is actually a tie-line (corres- 
ponding, say, to de of Fig. 46, p. 159).,With rising temperature Fig. 
148, corresponding to the temperature of k, is ultimately reached. 
In the meantime the tie-line /s has lengthened (and, perhaps, 
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passed through a maximum length and begun to shorten again), 
Aq has become coincident with AB and (simultaneously) p has 
reached k,. The line kjk, is thus the locus of p, representing 
liquids saturated with A and solid solution. As the temperature is 
raisedabove ¢,_ the univariant. regions will diminish and eventually 
disappear, the lines Jk, and ak, will no longer be coterminous 
and the tie-line /s will diminish to zero at the melting-point of b. 


The solid model of which Figs. 145 to 148 are the sections 
may now be visualised in part as two curved surfaces forming a 
trough along k,ky. We should, in fact, realise that there is con- 
siderable resemblance between this system and ternary liquid-va- 
pour systems when two of the three liquid components are im- 
miscible. This resemblance should be apparent by comparing the 
system under discussion with Fig. 128 (p. 309) and its isothermal 
sections (Figs. 129 to 133) modified to illustrate the case where 
C is completely immiscible in both B and A. For example, in Fig. 
129 the bivariant areas markedL, and Ly would be reduced to zero 
so that the two-liquid region would cover the entre triangle — 
corresponding modifications being made in Figs. 130 to 133. 

Fig. 149 shows the projection of the solid model of which 
Figs. 145 to 148 are the isothems. The crystallisation of melts 
in such systems introduces certain new aspects which have not 
arisen in the foregoing discussion. We shall illustrate by exam- 
ining the crystallisation of a melt L,, chosen to be within the 
area BCk jk), under conditions such that equilibrium always ob- 
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tains throughout the system. Solid will first appear when the tem- 
perature is lowered to that of the point where the vertical line 
dropped from [,, in the solid model first strikes the surface for 
liquid saturated with solid solutions; in other words, to that of 
the isotherm in which [,, lies on the curve for liquids in equilib- 
rium with solid solutions of B in C. The solid will have some 
composition S,. As the system is further cooled L, will fall with- 
in the univariant region for liquids saturated with solid solution 
and, according to the gradually altering direction of the tie-lines, 
the composition of the liquid will follow a curved path (initially 
directly away from $,) toward L,» while the solid will follow S,S. 
to So, LyS, being the tie-line at the new temperature. Notice that 
the path followed by the liquid during the crystallisation of the 
primary phase when the latter is a solid solution is not a straight 
line as it is when only a pure solid crystallises. At all times the 
line joining the two conjugate phases must, of course, pass through 
L,, the total composition of the system. It must be understood 
that at any instant during this stage all of the solid phase has a 
C single composition on S)So. 

When the liquid has reached L, 

(and the solid has reached S,) 

solid A must begin to form for 

l., is on k,k, which denotes 

liquids saturated with respect 

to A as well as to solid solution. 


The liquid composition now 


follows k,k, to k, with contin- 

Fig. 149 ued temperature lowering, de- 
positing solid A and more solid solution of gradually altering 
composition along BC toward C. One might, at first sight, suppose 
that the liquid composition moves all the way to k», but a moment’s 
consideration will show that this is not possible. By joining A to 
L., and producing the line to cut AB in S, it becomes apparent that 
when the total composition L is completely solidified to a mixture 
of A and solid solution, the composition of the latter can be no 
richer in C than that represented by the point S;. This, therefore, 
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must be the last solid solution to be formed, and the liquid L3, on 
the tie-line L.,S,, must be the last liquid. In other words, the last 
drop of melt must have the composition L, and at that point crys- 
tallisation is complete. It is clear that the composition of the 
last liquid will depend on the original total composition—a fact 
which, as shown previously, is not always true when solid solu- 
tions are absent. An example of the type just described is the 
silicate system diopside (A)—anorthite (B)—albite (€)??4 in which, 
however, the eutectic in the system diopside-albite practically 
coincides with pure albite. 


VII. Ternary Solid Solutions Can Form. 


Just as two solids may under certain circumstances form a 
binary solid solution so also may three solids form a temary solid 
solution—a homogeneous solid in which the concentration of all 
three components can be varied, often only within definite limits. 
They are thus completely analogous to ternary liquid solu- 
tions. 

In considering temary solid solutions we can again abbreviate 
our treatment by referring to the parallel which exists between the 
systems of this section and the ternary liquid-vapour equilibria of 
Chapter XV. Indeed much of the material there discussed can be 
transcribed to solid-liquid equilibria merely by replacing the words 
‘liquid’ by ‘solid’, ‘vapour’ by ‘liquid’ and ‘boiling-point’ by ‘melt- 
ing-point’ wherever they occur. This parallel results in an analogy 
between the phase changes occuring in a closed liquid-vapour sys- 
tem when the temperature is altered (as, for example, in the iso- 
plethal changes described on p. 298) and those occurring in a solid- 
liquid system during melting or freezing. In practice, however, 
the slower attainment of equilibrium in solid-liquid systems gives 
rise to some differences. The student should be reminded, too, 
that whereas a binary maximum azeotropic boiling-point in liquid- 
vapour systems is a common occurrence the analogous maximum 
in solid-liquid systems is very rare (see p. 161). 

To illustrate the parallel we observe that Fig. 113(p. 297) rep- 
resents essentially the phase relationships between solid and liq- 


uid when all three components are soluble in the solid (and liquid) 


334 THE PHASE RULE 


state in all proportions. The temperatures t,, ¢g and tg are thus 
the melting-points instead of the boiling-points of the respective 
components under the pressure of the diagram. (We have assumed 
also that none of the three component binaries exhibits a minimum 
in the melting curve). 

In the same way Fig. 122 (p. 304) typifies a system of three 
solids(A, B, C) which are completely mutually soluble but in which 
there is a minimum in the melting-point curves for both of the com- 
ponent binaries A-B and A-C but not in the binary B-C. Such 
is the case in the system p-dichlorobenzene (A)—p-dibromoben- 
zene (B)—p-chlorobromobenzene i@i4. 


VIII. Complex Types. 


Many systems of great practical importance to the ceramist, 
glass technologist, geologist and metallographer showa phase be- 
haviour which represents a combination of many of the foregoing 
types and the phase relations are often found to be most com- 


plex.’® We shall now describe such a system. 


2200 2200° 
D 
2100° aloo°® 
e e 
2000 2000 
1900° 1900° 
1800 1800° 
I700 (700° 
1600° 1600° 
1500" 1500° 
Fig. 150 


The system CaO—A1,0,——SiO,: The well-known product 
Portland cement, while containing appreciable quantities of the 


oxides of iron and magnesium, etc. can be considered as essen- 
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tially comprising the oxides of calcium, aluminium and silicon. 
The importance of the study of the system CaQ#=Al,0,—SiO, 
will therefore be apparent, and it has received considerable atten- 


tion. !® 


Fig. 151 


The three components, calcium oxide, aluminium oxide, and 
silica, (the stable form of whichat the melting-point is cristobalite), 
melt at 2570°, 2050°, and 1710° respectively. These components 
do not give rise to any solid solutions but forma number of binary 
and ternary compounds. 

The freezing-point curves for the binary systems are shown in 
Figs. 150, 151 and 152. From Fig. 150 it will be seen that silica 
and alumina form only one compound, Al,Si,Q,, the incongruent 
melting-point.of which, C, lies at 1810°. The eutectic b occurs 
at 1545°. The binary system silica—lime is more complex, there 
being formed at the temperature of the fusion curve (Fig. 151) 
three compounds CaSiO, (curve BDC), Ca3Si,07 (curve CE), and 
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GasSi0, & (curve EFG). The melting-point of CaSiO, (D) lies 
at 1540°, and that of Ca,SiO, (F) at 2130° The compound 
Ca,Si,O, undergoes transition to Ca,SiO, at 1475° (E).. «The 
eutectics B,C, and G lie at 1436°, 1455° and 2065° respectively. 
The melting curve of silica (AB) is interrupted at a temperature 
slightly below 1700° by a two-liquid line ub, and there is a dis- 
continuity in its slope at x corresponding to the transition, at 
1470°, between the two polymorphic forms of silica, cristo balite 
and tridymite. When a mixture of Ca,SiO, and CaO is cooled 
below 1900°, combination takes place with formation of Ca,SiQ;. 
This compound does not exist in equilibrium with a liquid phase. 


The two components lime and alumina form a still more complex 


CaO Al,0, 


Fig. 152 


system and give rise to four compounds stable in contact witha 


liquid phase. These compounds are Ca;Al,0,, CaAleOn 


CaAl,0,, and Garni On The first compound undergoes decom- 


Fic. 153—Model of systems of CaO—AI,0O;—Si0:. 
[To face page 336. 
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position at 1535° (B, Fig. 152), a temperature below its melting- 
point. The compound Ca;A1,0,, (D) melts at 1455°, the compound 
CaAl,0,(F) at 1600°, andthe compound Ca,Al, 901, (H) at1720°. 
The eutectics C, EF, G and I lie at 1395°, 1400°, 1590° and 1700° 


respectively. 


3ALO, 2510, 


He 


Fig. 154—The system CaO-Al1,0s- SiOz. 


For the representation of the temary equilibria use may be made 
of the solid prismatic model, Fig. 153, and of the projection of the 
temary curves on the base of the prism, Fig.1542°. Two ternary 
compounds have been obtained, both stable at the melting-point, 
and there are therefore two areas lying entirely within the prism 


or triangle. The stable ternary compounds are CaAl,Si.O0g (anor- 
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thite), melting at 1550°, and Ca,Al,SiO7, melting at 1590°. A 
third ternary compound, Ca3Al,SiOg, is unstable at the melting- 
point and is not represented in the diagram or model. There is 
a small region of two liquids near the silica apex of Fig. 154, 


not shown in Fig. eee 


In the solid model this would appear 
as an additional surface, somewhat resembling that of Fig. 103 
(p. 289), lying above and sloping downward and inward to meet the 
surface for silica. 

The faintly-drawn lines in the triangular diagram (Fig. 154) 
represent isotherms. By means of these one gains a knowledge 
of the contour of the surfaces of the solid model. 

From such an investigation of equilibria as that just described 
much information is obtained with regard to problems in petrology 
and mineral formation and the origin of igneous rocks.?” From 
the data obtained, and their graphic representation (Fig. 154), 
Rankin and Wright concluded that Portland cement clinker prepared 
in the ordinary way from lime, silica and alumina, would be essen- 
tially a mixture of Ca,SiO;, Ca,SiO,, and Ca,Al,0, with some 
Ca,Al,0;,°° and, possibly,a small amount of free CaO. This 
conclusion was confirmed by the work of the United States Bureau 
of Standards. 


NOTES 


1]. A triangular plot is not adequate for such metathesis. 


2. For an excellent discussion of the subject matter of this chapter 
see the special issue of the J. Amer. Ceramic Soc. entitled Phase Dia- 


grams for Ceramists, November 1, 1947, Part II. 


3. This is done by drawing lines parallel to the base of the prism, 


from the edge t,A to the face BC, and passing through the points on the 


different ternary curves. 
4. Carveth, J. Physical Chem., 1898, 2, 209. 
5. Mazzotto, Z. Metallkde, 1913, 4, 273. 


6. For a more extensive treatment of this and similar topics see, for 


example, Roozeboom, Z. physikal. Chem., 1893, 12, 359. 
7. Wolters, Neues Jahrb. f. Min. Geol. u. Pal. Beil.-Bd., 1910, 30, 55. 
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8. This may be stated in another way: It is anecessary condition 
that the quadrilateral formed by joining the compositions of the four 
phases have no re-entrant angles. 

9. Roozeboom, Z. physikal. Chem., 1893, 12, 359. 

10. See Geer, J. Phys. Chem., 1904, 8, 257. 

11. See Bowen, The Evolution of Igneous Rocks, Princeton University 
Press, 1928. 

12. Geer, loc. cit. 

13. Bowen, Am. J. Sci., 4th Series, 1915, 40, 161. See also Sahmen 
and von Vegesack, Z. physikal. Chem., 1907, 59, 257 for a description of 
other types of systems with solid solution. 

14. Campbell and Prodan, J. Amer. Chem. Soc., 1948, 70, 553. 

15. See, for instance, Janecke, Kurzgefasstes Handbuch Aller Legie- 
rungen, Leipzig, 1937, and the special issue of the J. Amer. Ceramic 
Soc., Nov. 1947, Part II. 

16. Rankin and Wright, Amer. J. Sci., 1915 (4), 39, 1; Bowen and 
Greig, J. Amer. Ceramic Soc., 1924, 7, 238; Greig, Amer. J. Sct., 1927 
(5), 13, 1; Bogue, The Chemistry of Portland Cement, Reinhold, 1947. 

17. The compound CagSiO4 occurs in three polymorphic forms, a, B, 
and y. The form stable at the melting-point is a. 

18. The compound Caz Al,0,4 may have the composition Ca, 5 Al, 4033 
(see Bussem and Kitel, Z. Krist., 1936, A 95, 175 and Thorvaldson and 
Schneider, Can. J. Res., 1941, B 19, 109). 

19. The compound Cay Al, 90 ,g may really be two compounds (CaAl,0, 
and Caz Also0z) )- See Lagerqvist, Wallmark and Westgren, Z. anorg. 
allgem. Chem., 1937, 234, 1. 

90. J. W. Greig, Amer. J. Sci., 1927 [5], 13, 41. 

2]. The existence of two liquids in this system places it, strictly 
speaking, outside of the subject matter of this chapter (see p. 314). 

22. Bowen, J. Geol., 1915, 23, Supplement; ibid., 1917, 25, 209. 

23. See, however, the work of Bussen and Eitel (loc. cit.) and that of 


Thorvaldson and Schneider (loc. cit.). 


CHAPTER XVII 
AQUEGUS SYSTEMS 


We are now to consider a special but very common case of the 
temary solid-liquid equilibria described in the preceding chapter. 
This arises when one of the three components has a melting-point 
considerably below that of the other two, so that at ordinary tem- 
peratures it is molten and can therefore be regarded as solvent for 
the other two which are solids. Usually the molten component is 
water and the solid components are salts with a common ion. 
We shall confine ourselves largely to such systems in this chapter.” 
It need hardly be said that the study of the relations of salts and 
water is a matter of not only theoretical but great practical impor- 
tance. 

As in the preceding chapter we shall require two dimensions 
in which to express the two independent concentration variables. 
The two dimensional diagram may have the form of an equilateral 
triangle, or it may be based on rectangular coordinates. Examples 
of both kinds willbe found in the sequel. The pressure variable is 
usually ignored, for a change in pressure has a negligible effect 
on liquid-solid equilibria. If it is required to show the effect of 
change of temperature then a third axis is added at right angles 
to the plane of the concentration axes. Furthermore, as the salts 
are ordinarily involatile it is not necessary to show vapour com- 
positions as all vapours will, of course, be pure water. 

The equilateral triangle method of expressing concentrations 
has already been described in Chapter XIII. It suffices, therefore, 
to describe the method based on rectangular coordinates. A com- 
mon way is to plot grams or moles of one salt in a fixed amount 
of water along the horizontal axis and grams or moles of the other 
salt in the same fixed amount of water along the vertical axis. The 
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fixed amount of water is often 100 grams or 1000 grams. A real 
weakness of this method of plotting is its inability to express any 
composition which does not contain water; for example, there is 
no point on the diagram which represents the composition of either 
of the pure anhydrous salts for these would be at an infinite dis- 
tance from the origin along the rectangular axes. In other words 
such a plot has no limits, but for many purposes (see Chapter 
XVIII) it is quite adequate, and, indeed, to be preferred for pur- 
poses of certain calculations. In order to produce a plot which 
has finite boundaries one may, altematively, plot grams of one 
salt in a fixed total weight of mixture against grams of the other 
salt in the same fixed total weight of mixture to give a right-angled 
isosceles triangle, but this procedure, suggested by Roozeboom,® 


is not widely used. 
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Another method of representing the isothermal relations ina 
ternary system is to make use of the rectangular diagram due 
to Janecke4 (Fig. 155) . In constructing this diagram the total 


salt is put equal to 100, and the amounts of the two salts, xA and 
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(100 -x) B, are measured off along the side AB of the rectangle. 
The amount M of water in the solution associated with 100 parts 
of total salt is measured upwards along the side of the rectangle. 
Since, according to this method, M would become infinite for pure 
water, it is better to represent the amount of water in the solution 
by a number N the value of which is given by N= 100M/100+ M. 
For pure water (M=~), N becomes equal to 100. It is possible, 
by modifying this type of plot, to form a plane diagram which gives 
a good general picture of the effect of change of temperature on 
the system. This is accomplished by plotting temperature instead 
of the amount of water on the vertical axis. Such a diagram will 


not, of course, convey any information regarding water content. 
I. The Anhydrous Salts are the Only Solids. 


Where we are dealing with the equilibria between aqueous 
solutions and two salts with the same ion a simple two branched 
curve, e.g. acb (Fig. 156), will be obtained if the two salts do 
not form any double salt. In this diagram a represents the solu- 
bility of the salt A and b} the solubility of the salt B. Since we 
are dealing with a three-component system one solid phase in con- 
tact with solution will constitute a bivariant system (in the ab- 
sence of the vapour phase and under a constant pressure). At any 
given temperature, therefore, the concentration of the solution in 
equilibrium with the solid can undergo change. If to a pure solu- 
tion of A a small quantity of B is added the solubility of A will 

a0 in general be altered; as a rule 
it is diminished, but sometimes 
it is increased.” The curve ac 
represents the varying composi- 
tion of the solution in equilib- 
rium with the solid component 
A. Similarly, the curve be rep- 


resents the composition of the 


solutions in contact with pure 
B as solid phase.® At the point 
c, where these two curves inter- 
sect, there are two solid phases, viz. pure A and pure B, in equi- 


Fig. 156 
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librium with solution, and the system becomes isothemally (and 
isobarically) invariant. At this point the solution is saturated with 
respect to both A and B, and at a given temperature must have a 
perfectly definite composition. 

A mixture of the three components having a total composition 
represented by a point x within the triangular area wAc will give 
rise to the heterogeneous system consisting of solid A and a sat- 
urated solution represented by the point on the saturation curve uc 
where the tie-line Ax cuts the curve ac. Similarly, mixtures having 
a total composition represented by a point in the area bBe will 
give rise to solid B and a saturated solution represented by a 
point on the curve bc. From this diagram, also, the relative 
amounts of solid phase and saturated solution formed can be ob- 
tained. Thus, in the case of the mixture x, the amount of satura- 
ted solution formed will be represented by the distance Ax, and 
the amount of solid phase deposited will be represented by the 
distance of x from the curve ac. 

An equilibrium diagram of the type shown in Fig. 156 is given 
by the system NaCI—KCI—H,0.’ 

The isothermal solubility curves are of great importance for 
obtaining an insight into the behaviour of a solution when subjec- 
ted to isothermal evaporation. Suppose, for example, a solution 
of A and B of composition p is evaporated at the temperature of the 
isotherm under conditions such that equilibrium is maintained 
throughout the process. Loss of water by evaporation must cause 
the total composition to leave p and follow the prolongation of the 
line joining the water apex to p, namely pyars. When evaporation 
has been sufficient for the total composition to reach y the liquid 
is now saturated with respect to A and further evaporation causes 
solid A to separate. Dy the time the total composition has 
reached, say, x, the liquid composition will have moved to y’, on 
the end of the tie-line through A and x. Similarly when the total 
composition has reached r the liquid composition has reached c, 
solid A always continuing to separate. Further evaporation causes 
the total composition to enter the isothermally invariant triangle 
AcB which means *that the liquid c will deposit B and more A 


344 THE PHASE RULE 


simultaneously but must itself maintain constant composition. 
This state of affairs must obtain throughout the remainder of the 
evaporation, that is, until the total composition has reached s 
where all the water has evaporated. The last drop of liquid will 
therefore still have the composition c. In a similar manner the iso- 
thermal evaporation of a liquid p’ would first deposit B and then 
both B and A when the liquid reaches c. The point c represents, 
therefore, the composition of the last drop of liquid before the 
system completely dries up. It is referred to as the “‘drying up’’ 
point. One need hardly say that even though c represents a solu- 
tion in equilibrium with two solids it is very far from being a 
eutectic point in spite of its slight resemblance to the eutectic of 
Fig. 38 (p. 135). 

Let us now examine the effect of change of temperature on the 
general aspect of Fig. 156. Usually a drop in temperature will 
decrease the solubility ofboth A and B in water so that both aand 
b will move nearer to the water apex. The position of c will also 
alter accordingly. Indeed, this will become clear if the reader 
will refer to the last two isotherms shown in Fig. 136 (p. 318) and 
realise that we are at present dealing merely with a special case 
of the general type there shown; namely, that in which B (Fig. 
136) corresponds to water and A and C to the two salts. The fifth 
isotherm of Fig. 136 would thus be at a temperature below the 
freezing-point of water so that the fan-shaped area at b denotes 
liquids in equilibrium with ice. 

The familiar operation of purification of solids by recrystallisa- 
tion can often be interpreted in the light of Fig. 156. We shall 
assume that the solid to be obtained is denoted by A, that water 
is the solvent to be used, that the (one and only) soluble impurity 
to be removedis denotedby B and that the phase relations between 
A, B and solvent are of the type shownin Fig. 156. Let the orig- 
inal mixture of A contaminated with B be denoted by s. Solvent 
(water) is added to bring the total composition to x. The tempera- 
ture is now raised to the point where a, b and c have altered their 
positions so as to leave x in the bivariant, unsaturated liquid 
area. In other words, at this higher temperature the original solid 
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has dissolved, except for any insoluble impurities. The latter are 
now filtered off and the solution is cooled, say to the original tem- 
perature represented by Fig. 156. From the location of x it is ob- 
vious that only solid A will separate, all of the original B being 
retained in the mother. liquor q. Finally, by filtering, the required 
pure A is obtained. The small amount of mother liquor adhering 
to the solid, and which contains an even smaller amount of the 
impurity B, may then be removed by blotting or centrifuging. It 
might be pointed out that theoretically putification couldhave been 
effected merely by thorough stirring of the original mixture x with- 
out raising the temperature if insoluble impurities had not been 
present. In practice, however, one cannot be sure that thorough 
stiming of the complex x will result in all of the impurity B being 
retained by the liquid phase g. One should also remember that 
if A forms a compound or solid solution with the impurity purifica- 
tion may not be nearly so simple a process. 
IJ. Binary or Ternary Compounds are Formed. 

If either A or B or both A and Bformm compounds (hydrates) with 
the solvent the general character of the isotherm is not greatly 
different from Fig. 156. Thus, in Fig. 157, A forms a hydrate of 
composition D, and ac is the (isothermal) solubility curve of D, 
bc that of B. In Fig. 158 both A and B form the hydrates D and 

AsO 


Fig. 157 Fig. 158 


E respectively, of which ac and be are the respective solubility 
curves. The triangles DcB in Fig. 157 and DcE in Fig. 158 denote 


isothermally invariant, three-phase equilibria (liquid c in equilib- 
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rium with two solids). The system NaCl—Na,SO,—+H,O at 1522 
is of the type shown in Fig. 157, there being a hydrate of the coms 
position Na,SO, *1OH,O; the system CaCl;~MgCl;—H,O at O 

is of the type shown in Fig. 158 where the hydrates are CaCl, 
6H,O and MgCl, * 6H,0. 

When the two components, A and B, can fom a cesalnalh the 
isothermal diagram will exhibit three curves, such as ac, cc’, cb 
(Fig. 159), c and c’ representing solutions which are in equilib- 
rium with pure A and double salt, and pure B and double salt 
respectively. The composition of the anhydrous Gaga salt is 
represented by the point D on the side of the triangle AB. 

If the line joining the point D with the angle of the triangle 
representing pure water cuts the curve cc’ for the double salt 
(as in Fig. 159), then the double salt will be stable and will dis- 
solve in water without undergoing decomposition (see infra, 
p. 347); the compound D is then said to be ‘‘congruently saturat- 
ing’.'! But if the line joining D with the opposite angle ofthe 
triangle cuts the curve for one of the single salts, then the double 
salt on being brought into contact with water will undergo decom- 
position with deposition of the pt salt; the compound is then 
said to be ‘ ‘incongruently saturating”’ 5 

Returning to Fig. 159 we can see why D will dissolve in water 
without decomposition. Any mixture of D and water must lie on the 
line joining D to the water apex. If sufficient water be added to 
bring the total composition to some point x and the system brought 


Fig. 159 


to equilibrium, it is obvious that since we are within the area for 
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liquids saturated with D some of the D will remain undissolved 
and there will be no other solid phase present. In other words the 
D that has dissolved has done so without decomposition, at least 
without decomposing to form a new solid phase. It will always be 
possible to do this if, as stated above, the line joining Dto the 
water apex cuts cc’. The point of intersection d is, in fact, the 
(stable) solubility of D in water. 

It is seen from the foregoing that the system D-H,O is a stable 
one, and we can regard the system A-B-H,O as comprised of the 
two sub-systems A-D-H,O and B-D-H,O. In this way one can pre- 
dict the results of the isothermal evaporation of various solutions 
by applying the discussion on p. 343 for the isothermal evaporation 
of systems of the type shown in Fig. 156 to both sub-systems. 
Thus evaporation of the liquid p, Fig. 159, will first deposit D 
and then dry up at c in depositing both D and A. Similarly 
evaporation of the liquid p’ will give B then both B and D while 
drying up atc’ There are, therefore, two drying up points, c 
and c’, for the entire system at the temperature of the isothem. 

Consider, on the other hand, Fig. 160. Clearly, addition of 
water to D can never give a complex lying within the area for 
liquids saturated only with D. If only enough water is added to 
give a total composition x, some of D must not merely dissolve 
but must decompose to form some “solid B, and liquid saturated 
with these two solids must have the composition c’, for x lies 
within the isothermally invariant triangle Dc’B. If enough water 
is added to bring the complex to y then all of the original D must 
dissolve and the only solid present will be B. Obviously, then, 
if not too great a quantity of water is added to D (not enough to 
produce an unsaturated solution by bringing the complex into the 
area acc’ bi, 0) solid B will always be formed by decomposition 
of D. Hence the term “‘incongruently saturating’’ used to describe 
D. 

We are now in a position to describe the isothermal evaporation 
of liquids in systems of this type. Evaporation of solution p will 
first deposit A and then both A and D when the solution composi- 


tion reaches c. Similarly evaporation of the solution p’ will 
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deposit D and then both D and A. Certain complexities arise, how- 
ever, when we begin with a liquid such as g. The phase changes 
will be the reverse of those described in the preceding paragraph: 
B will separate when the composition reaches d and will increase 
in amount while the liquid composition follows the solubility curve 
toc’. Atthis point the quantities of liquid and B will be in the 
ratio of zB to c’ z. Continued evaporation, bringing the complex, 
say, to x causes the quantity of liquid to diminish, but its concen- 
tration to remain constantat c’, while D separates and B gradually 
dissolves. By the time B has disappeared the total composition 
has reached D and the last drop of liquid, still of compositionc’ , 
has dried up. The point c’ is, of course, not a peritectic point or 
a transition point in spite of the fact that it may involve, as just 
described, a disappearance of one, and the appearance of another, 
solid. (We can check the feasibility of this latter process by the 
fact that the line joining the compositions of the reactant phases 
(Be * ) crosses that joining the compositions of the phases produced 
(D-H,0), the water lost by evaporation being regarded as a sep- 
arate phase, cf. p. 324.) 

If we evaporate isothermally aliquidof composition r the above 
description requires modification. When the total composition 
reaches e solid B begins to fom and continues to do so while the 
liquid moves to c’. As the complex passes from f to g some of 
B redissolves and D separates leaving at g a solid mixture of D 
and B as the last drop of liquid c’ dries up. (Check: Be’ inter- 
sects g-Hi,0). 

It is evident from the foregoing that systems of the type of 
Figs. 159 and 160 have two “‘drying up points’’ depending on the 
composition of the original liquid. 

We have used the terms ‘‘congruently’’ and ‘‘incongruently 
saturating’ above in connection with solids, but one commonly 
speaks somewhat analogously of ‘“‘congruently”’ and ‘‘incongment- 
ly saturated solutions’. These terms were first introduced by 
Meyerhoffer'”. A “‘congmently saturated solution’’!3 is one from 
which the solid phases are continuously deposited during iso- 
thermal evaporation to dryness. This means that such solutions 
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can be prepared by mixing, in appropriate proportions, sol vent and 
the solidphase or phases with which the solutionis in equilibrium. 
Thus solutions a, c, d, c’ and b in Fig. 159, and solutions a, ¢ 


6 


and b in Fig. 160, are congruently saturated. An ‘‘incongruently 
saturated solution’’, on the other hand, is a solution during the 
isothermal evaporation of which (in the presence of the solid 
phases with which it is in equilibrium), at least one of the solids 
disappears. Solution c’ of Fig. 160 is thus incongruently satu- 
rated. We may here point out that an incongruently saturated solution, 
as here defined, is not, as one might expect, the exact converse 
of a congruently saturated one, for this would require the former 
to mean solely a solution which cannot be prepared by mixing 
solvent and the solid phases with which it is in equilibrium. 
While this is a necessary condition for an incongruently saturated 
solution it is not a sufficient one—if it were a sufficient one all 
solutions along ac, cc’ or be’ in Fig. 159, except solutions a, c, 
d, c’ and b, would be incongruently saturated, but the term is not 
ordinarily employed in this sense. Further it may be notedthat 
whereas the idea of evaporation to dryness is inherent in the def- 
inition of congruently saturated solution it is not in incongruently 
saturated solution, for an incongruently saturated solution, suchas 
c’ in Fig. 160, may or may not remain incongruently saturated as 
evaporation is continued to dryness, depending on the total com- 
position of the original system. 

It should be borne in mind that in all of the evaporation proc- 
esses so far described only water is assumed to be removed from 
the system. If, however, one of the salts, say the first one deposi- 
ted, be removed from the system as soon as fomed, the subse- 
quent phase changes may be quite different. (Exercise: In the 
evaporation of the liquid r (Fig. 160) what would be the effectof 
filtering off all the solid B which had been deposited up to the 
time the complex had reached f, and continuing the evaporation of 
the filtrate?) 

The system NH,NO,— AgNO3;——-H,0 at 30 is of the type 
shown in Fig. 159 for the double salt NH,NO,° AgNO, is formed 
and it is congruently saturating. On the other hand in the system 
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KNO,;—AgNO;—H,0 at 30°*° there is the double salt KAg(NO3)o 
which is incongruently saturating, and the system follows the type 
of Fig. 160. 

Sometimes, as in the system Na,SO,—(NH,4),SO0,—-H,0'° at 
35°, the double salt is a temary compound, i.e., it is hydrated, 
while the component salts remain anhydrous, but more commonly 
at least one of the component salts is hydrated when the double 
salt is hydrated. Such a type is shown in the isothem Fig. 161 
where not only does one of the component salts fom a stable 
hydrate (D) at the given temperature (as in Fig. 157) but also a 
ternary compound of composition E) (hydrated double salt) is 
formed. Again it is seen that the three saturating solid phases 
have their own solubility curves. As before the compound D is 
congruently saturating when the line joining its composition to the 
water apex cuts its solubility curve cc’. Total compositions with- 
in the triangles DcE and Ec’ B give liquid c, solids D and EB, and 
liquid c’, solids E and B respectively. The triangles DEB and 
ADB represent three-solid mixtures. An example of this type is 
the system Tl,SO,—Al,(SO,),-—-H,O at 25°17 where Al,(SO,)3 
forms the hydrate Al,(SO,),°17H.C and there is a hydrated double 
salt (alum) TIAI(SO,), °12H,O. 


420 


Fig. 161 Fig. 162 


Fig. 162 shows another common type in which are found hy- 
drates of both component salts as well as of the double salt, each 
with its own solubility curve. The system FeSO,— Al, (SO 
HO at 95°78 is of this type. 

Finally, it should be stated that frequently several compounds, 


‘2 
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both binary andtemary, are found. Opportunity for examining such 
types will be found later in this chapter. 


Il]. Transition Point and Transition Interval. 


As is very well known, there exist a number of hydrated salts 
which, on being heated, undergo apparent partial fusion; and in 
Chapter VIII the behaviour of suchhydrates was more fully studied 
in the light of the Phase Rule. Glauber’s salt, or sodium sulphate 
decahydrate, for example, on being heated to a temperature of 
about 32.5°, partially liquefies, owing to the fact that the water 
of crystallisation is split off and anhydrous sodium sulphate 
formed, as shown by the equation 

Na,SO,, 10H 0% NaSO, + 10H,0, 
the water on the right then dissolving some of the sodium sulphate 
to fom a saturated solution. The temperature of 32.5°, it was 
leamed, constitutes a transition point for the decahydrate and 
anhydrous salt plus water; decomposition of the hydrated salt 
occurring above this temperature, combination of the anhydrous 
salt and water below it. 

Analogous phenomena are met with in systems constituted of 
two salts and water in which the fomation of double salts can 
take place. Thus, for example, if d-sodium potassium tartrate is 
heated to above 55°, apparent partial fusion occurs, and the two 
single salts, d-sodium tartrate and d-potassium tartrate, are de- 
posited, the change which occurs being represented by the aa 

4NaKC ,0,H,, 4H,02Na,C,0,¢Hy, 2H,0 + 2K,C,0 ee H,O 
+ 11H,0, 

where, again, the water produced foms a solution. We can gen- 

eralise this phase reaction, as we did in the analogous two-com- 
ponent case(p. 151), by the equation 

S194 5, + 5Q +L, 

where S, and S, stand for the salts which form the double salt 

S12, and L is the resulting saturated solution. On the other hand, 

if sodium and potassium tartrates are mixed with water in the 

proportions shown on the right side of the equation, the system 


will remain partially liquid so long as the temperature is main- 
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tained above 55° (in a closed vessel to prevent loss of water), 
but on allowing the temperature to fall below this point, com- 
plete solidification will ensue, owing to the fomation of the hy- 
drated double salt. Below 55°, therefore, the hydrated double 
salt is the stable system, while above this temperature the two 
single salts plus saturated solution are stable.'® The decom- 
position of sodium potassium tartrate differs from that of Glauber’s 
salt in that two new solid phases are formed. 

In the example of double-salt decomposition just mentioned 
sufficient water was yielded to cause a partial liquefaction; but 
other cases are known where this is not so. Thus, when copper 
calcium acetate is heated to a temperature of 75°, although de- 
composition of the double salt into the two single salts occurs as 


represented by the equation” ° 


CuCa(C,H30,)4,8H,O==Cu(C,H30,),,H,0 + Ca(C,H,0,).,H,O 
+ 6H,O, 

that is, S552 S, + S, + Las before, the amount of water split off 

is insufficient to give the appearance of partial fusion, and, there- 

fore, only a change in the crystals is observed. 

The preceding examples, in which decomposition of the double 
salt was effected by a rise of temperature, were chosen for first 
consideration as being more analogous to the case of Glauber’s 
salt; but not a few examples are known where the reverse change 
takes place, formation of the double salt occurring above the trans- 
ition point, and decomposition into the constituent salts below it. 
Instances of this behaviour are found in the case of the formation 
of astracanite from sodium and magnesium sulphates, and of sodium 
ammonium racemate from the two sodium ammonium tartrates, to 
which reference will be made later. Between these various Sys- 
tems, however, there is no essential difference; and whether de- 
composition or formation of the double salt occurs at temperatures 
above the transition point will of course depend on the heat of 
change at that point. For, in accordance with the principle of 
LeChatelier (p. 22), that change will take place at the higher 
temperature which is accompanied by an absorption of heat. If, 
therefore, the formation of the double salt from the single salts 
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is accompanied by an absorption of heat, the double salt will be 
formed from the single salts on raising the temperature; but if the 
reverse is the case, then the double salt on being heated will de- 
compose into the constituent salts.”! 

In those cases where the change at the transition point is ac- 
companied by the taking up or the splitting off of water the general 
rule can be given that if the water of crystallisation of the two 
constituent salts together is greater than that of the double salt 
the latter will be produced from the former on raising the tempera- 
ture (e.g. astracanite from sodium and magnesium sulphates); 
but if the double salt contains more water of crystallisation than 
the two single salts raising the temperature will effect the decom- 
position of the double salt. When we seek for the connection be- 
tween this rule and the principle of LeChatelier, it is found in 
the fact that the heat effect involved in the hydration or dehydra- 
tion of the salts is much greater than that of the other changes 
which occur, and determines, therefore, the sign of the total heat 
effect. 

The preceding account may now be interpreted by means of 
triangular diagrams. Let us suppose, as with the double tartrate 
and double acetate cited above, that the double salt (D) which 
undergoes the transition, and the salts (E and F’) into which it 
decomposes are all hydrated, that the double salt exists in equi- 
librium with solution below but not above the transition tempera- 
ture, and that the composition of D can be expressed in tems of 
water and the two hydrates formed by its decomposition. In other 
words let us consider the type where the transition is of such a 
nature that the phase reaction is 

Sjome 91° + Sot L—heat. 
At a temperature just above the transition temperature the isotherm 
may be as shown in Fig. 163 (cf. Fig. 158, p. 345). Notice that D 
lies within the triangle EFH,0, for we have assumed that D can be 
expressed in terms of KE, F and H,0. The solution c, saturated 
with respect to both E and F always lies, except by sheer coinci- 
dencez2 to one side of the line joining D to the water apex. At 


this temperature, according to our assumption that D cannot exist 
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as a stable solid in contact with solution, a complex of the com- 
position D, when brought to this temperature, must give solids FE 
and F and liquid c. Let us now lower the temperature to just be- 
low the transition temperature to give, say, Fig. 164. It is now 


A.0 


Fig. 163 Fig. 164 


possible for D to exist in contact with solution and D will there- 
fore have its own solubility curve cc’. In passing through the 
transition point, therefore, the three phases FE, F and c, of total 
composition D, just referred to, will have combined to form solid 
D in accordance with the equation-given above, or rather the re- 
verse of it, for we are here considering a temperature change such 
as will form, not decompose, the double salt. [t will be observed 
that D is now incongruently saturating, and that D can coexist 
with solid E and liquid c, or with solid F and liquid c'. At some 
still lower temperature it is now possible for the disposition of 
the solubility curves to alter so as to make D congruently saturat- 
ing. This will occur when c’ moves so as eventually to lie on 
D-H,0 as in Fig. 165. Continuing to lower the temperature will 
give an isotherm of the type of Fig. 162 (p. 350). The range of 
temperature between that at which double sult can begin to be 
formed (the transition point) and that at which it ceases to be de- 
composed by water is called the transition interval. 7° 

In this example the transition interval extends downwards from 
the transition temperature; but many cases are known, such as 
those referred to on p. 352, where the transition interval extends 
upwards from the transition temperature. Indeed we shall later 
describe the system (NH 4)2S0,—Na,SG,;—-H,O where there is 
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found a double salt with both an upper and a lower transition 
interval. 

One special case may here 

HO be noted: If the components A 

and B are optical antipodes and 

D represents a racemate then, 

inasmuch as A and B or their 

hydrates have identical solu- 

bilities, the isotherm corres- 

ponding to Fig. 163 willbe sym- 


metrical with respect to the line 
D-H,O and c will lie on the 


latter. At the transition point 


Fig. 165 


where the racemate comes into existence the isotherm will still 
be symmetrical and therefore the solubility curve of D (cc’, Fig. 
164) will be intersected symmetrically by D-H,O. The racemate, 
therefore, will be congruently saturating as soon as it comes into 
existence and there will be no transition interval. 

There is, however, another type of transition where the double 
salt, in decomposing, requires water to yield the two single salts. 
This is so for astracanite, Na.Mg(SO,). ° 4H,0, which cannot yield 
its single salts Na,SO,* 10H,O and MgSO, *7H,O without acquir- 
ing water, according to the equation 
Na ,Mg(SO,)2 *4H,0 + 13H,O02Na,SO,°10H,0 + MgSO, ° 7H,O. 
In general terms, then, the phase reaction at this transition point 
is 

L + Spome 5, + So- 
Graphically, such a situation arises when, in Fig. 163, the point 
D lies outside of the triangle EcF as in Fig. 166. This is fora 
temperature on the side of the transition point where EF and F are 
stable and D unstable in contact with solution. It is to be noted 
that while D is unstable in contact with solution it can exist in the 
absence of liquid. Let us alter the temperature in the direction ot 
the transition point. When the latter is reached all four phases, 
D, E, F and liquid can coexist. On the other side of the transition 


temperature we have Fig. 167 where D is now stable in contact 
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with liquid but, as yet, it is incongruently saturating. Actually, D 
can exist on both sides of the transition temperature but on only 
one side of it in contact with liquid. We shall have occasion to 
refer to this later. In viewof the possibility of D being stable, 
under appropriate conditions, on both sides of the transition tem- 
perature, it is better to regard this temperature as a transition tem- 
perature of the system rather than of the double salt. Finally, at 
temperatures further removed from the transition temperature, J) 
may, of course, become congruently saturating. 


Fig. 166 Fig. 167 


Solubility Curves at the Transition Point. At the transition 
point, as has already been shown, the double salt and the two con- 
stituent salts can existin equilibrium with the same solution. The 
transition point, therefore, must be the point of intersection of two 
solubility curves:74 the solubility curve of the double salt and 
the solubility curve of the mixtures of the two constituent salts. 
It should be noted here that we are not dealing with the solubility 
curves of the single salts separately, for since the systems are 
composedof three components, a single solid phase can, at a given 
temperature, be in equilibrium with solutions of different com- 
position, and two solidphases in contact with solution(and vapour) 
are therefore necessary to give a univariant system. The same 
applies, of course, to the solubility of the double salt; fora 
double salt also constitutes a single phase, and can therefore 
exist in equilibrium with solutions of varying composition. [f, 
however, we make the restriction (which we do for the pre sent) 


AQUEOUS SYSTEMS 357 


that the double salt is not decomposed by water, then the solu- 
tion will contain the constituent salts in the same relative propor- 
tions as they are contained in the double salt, and the system 
may therefore be regarded as one of two components, viz. double 
salt and water. In this case one solid phase is sufficient, with 
solution and vapour, to give a univariant system; and at a given 
temperature, therefore, the solubility will have a perfectly definite 
value. 

Since in almost all cases the solubility is determin ed in open 
vessels, we shall in the following discussion consider that the 
vapour phase is absent, and that the system is under a constant 
pressure, that of the atmosphere. With this restriction, therefore, 
four phases will constitute an invariant system, three phases a 
univariunt, and two phases a bivariant system. 

It has already been learned that for sodium sulphate and water, 
the solubility curve of the salt undergoes a sudden change in 
direction at the transition point, and that this is accompanied by 
a change in the solid phase in equilibrium with the solution. The 
same behaviour is also found with double salts. To illustrate this, 
we shall briefly discuss the solubility relations of a few double 
salts, beginning with one of the simplest examples, that of the 
formation of rubidium racemate from rubidium d- and /-tartrates. 
The solubilities are represented diagrammatically in Fig. 168, the 
the numerical data being contained in the following table, in which 
the solubility is expressed as the number of gram-molecules 
Rb,C4H,O.¢ in 100 gm.-molecules of water:”> 


AS 
3544 
aos 
40°7 
54 


Solubility of tartrate 
mixture. 


Solubility of racemate. 


In Fig. 168 the curve AB represents the solubility of the race- 
mate, while A’ BC represents the solubility of the mixed tartrates. 
The line AB represents, in fact, the variation with temperature of 
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the concentration of a solution such as d (Fig. 161) and A’ BC 
corresponds to the variation with temperature of the solution c 
(Fig. 163), it being remembered that for optical isomers c lies 
on D-I1,0 and the isotherm is symmetrical.”° Below the transi- 
tion point, therefore, the solubil- 
ity of the racemate is less than 


~13 that of the mixed tartrates. The 
3 solution, saturated with respect to 
3 

B19 the latter, will be supersaturated 


with respect to the racemate; and 
if a nucleus of this is present, 


racemate will be deposited, and 


the mixed tartrates, if present in 
a6" 80° 34° sa" 42° ae" 50°54 58° equimolecular amounts, will ulti- 

Fig. 168 mately entirely disappear, and 
only racemate will be left as solid phase. The solution will then 
have the composition representedby a point on the curve AB. Con- 
versely, above the transition point, the saturated solution of the 
racemate wouldbe supersaturated with respect to the two tartrates, 
and transformation into the latter would ensue. If, therefore, a 
solution of equimolecular proportions of mbidium d- and l-tartrates 
is allowed to evaporate at a temperature above 40° a mixture of 
the two tartrates will be deposited,?” while at temperatures below 
40° the racemate will separate out. 

Similar relationships are met with in the case of sodium ammo- 
nium d- and /-tartrate and sodium ammonium racemate; but here the 
racemate is the stable form in contact with solution above the 
transition point (27°).7° In the examples just described the solu- 
bility relationships at the transition point are of a simpler char- 
acter than for most double salts as a consequence of the iden- 
tical solubility of the two tartrates and the resulting zero transi- 
tion interval. Very different, however, is the behaviour of, say, 
astracanite, or of the majority of double salts; for the solubility 
of the constituent salts is now no longer the same. If, for example, 
excess of a mixture of sodium sulphate and magnesium sulphate, 
in equimolecular proportions, is brought in contact with water be- 
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low the transition point (22°), more magnesium sulphate than 
sodium sulphate will dissolve, but a solution saturated with both 
solids will result. This will be made clearer by referring to Figs. 
166 and 167, where A may be taken as representing MgSO,, B as 
Na SO,4,E as MgSO, 7H,O, F as Na,SO,+10H,O, and D as astra- 
canite (NagMg(SO,).°'4H,O). The total composition of the mix- 
ture just described corresponds to some point x in these diagrams. 
The composition of the resulting solution is given by the follow- 
ing figures, which express number of gm.-molecules of the salt 
in 100 gm.-molecules of water: 7° 


COMPOSITION OF SOLUTIONS SATURATED WITH RESPECT TO 
Na SO4,10H2O AND MgSO,4,7H,2O (point c, Fig. 166). 


At the transition point, then, it is evident that the solution 
contains more magnesium sulphate than sodium sulphate; and 
this must still be the case when astracanite, which contains 
sodium sulphate and magnesium sulphate in equimolecular propor- 
tions, separates out. If, therefore, the temperature is raised 
slightly above thetransition point, magnesium sulphate and sodium 
sulphate will pass into solution, the former, however, in larger 
quantities than the latter, and astracanite will be deposited; and 
this process will go on until all the magnesium sulphate has dis- 
appeared, and a mixture of astracanite and sodium sulphate deca- 
hydrate is left as solid phases. Since there are now three phases 
present, the system is univariant (by reason of the restriction pre- 
viously made that the pressure is constant and the vapour phase is 
absent), and at a given temperature the solution will have a def- 
inite composition, as given in the following table, (p. 360). 

From these figures, therefore, it will be seen that at a tempera- 
ture just above the transition point a solution in contact with the 
two solid phases, astracanite and Glauber’s salt, contains a rela- 
tively smaller amount of sodium sulphate than a pure solution of 
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COMPOSITION OF SOLUTION SATURATED WITH RESPECT TO 
NagMg(SO4)9,4H2O AND NaySO4,10H2O (point c’, Fig. 167). 


astracanite would; for in this case there would be equal molecular 
amounts of Na,SO, and MgSO,. A solution which is saturated 
with respect to astracanite alone, will contain more sodium sul- 
phate than the solution saturated with respect to astracanite plus 
Glauber’s salt, and the latter will therefore be deposited. Irom 


Ratio anak! in solution 


this, therefore, it is clear that if excess of astracanite is brought 
in contact with water at about the transition point, it will under- 
go decomposition with separation of Glauber’s salt (supersatura- 
tion being excluded). 

This will perhaps be made clearer by considering Fig. 169. 
In this diagram the ordinates represent the ratio of sodium sul- 
phate to magnesium sulphate in the solutions, and the abcissae 
represent the temperatures. The line AB represents solutions 
saturated with respect to a mixture of the single salts (p. 359); 
BC refers to solutions in equilibrium with astracanite and mag- 
nesium sulphate; while BX represents the composition of solu- 
tions in contact with the solid phases astracanite and Glauber’s 
salt. The values of the solubility are contained in the following 
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table, and in that on p. 360, and are, as before, expressed in gm.- 
30 


molecules of salt in 100 gm.-molecules of water: 


At the transition point the ratio of sodium sulphate to mag- 
nesium sulphate is approximately 1:1.6. In the case of solutions 
saturated with respect to both astracanite and Glauber’s salt, the 
relative amount of sodium sulphate increases as the temperature 
rises, while in the solutions saturated for astracanite and magnes- 
ium sulphate, the ratio of sodium sulphate to magnesium sulphate 
decreases. 

If we consider only the temperatures above the transition point 
we see from the figure that solutions represented by points above 
the line BX contain relatively more sodium sulphate than solutions 
in contact with astracanite and Glauber’s salt; and solutions ly- 
ing below the line LC contain relatively more magnesium sulphate 
than solutions saturated with this salt and astracanite. These 
solutions will therefore not be stable, but will deposit on the one 
hand, astracanite and Glauber’s salt, and on the other hand, astra- 
canite and magnesium sulphate, until a point on BX or LC is 
reached. All solutions, however, lying to the right of CBX, will 
be unsaturated with respect to these two pairs of salts, and only 
the solutions represented by the line XY (and which contain equi- 
molecular amounts of sodium and magnesium sulphates) will be 
saturated with respect to the pure double salt. 

IV. Presence of Vapour. 


With Glauber’s salt we saw that at a certain temperature the 
vapour pressure curve of the hydrated salt cuts that of the saturated 
solution of anhydrous sodium sulphate. That point, it will be 
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remembered, is a quadruple point at which the four phases sodium 
sulphate decahydrate, anhydrous sodium sulphate, solution, and 
vapour, can coexist; and is also the point of intersection of the 
curves for four univariant systems. In the formation of double 
salts, similar relationships are met with; and also certain dif- 
ferences, for we are now dealing with systems ofthree components. 
Two examples will be chosen here for brief description, one in 
which fomation, the other in which decomposition of the double 
salt occurs with rise of temperature. 

On heating a mixture of sodium sulphate decahydrate and mag- 
nesium sulphate heptahydrate it is found that at 22° partial lique- 
faction occurs with formation of astracanite. At this temperature, 
therefore, there can coexist the five phases 

Na,SO,,10H,0; MgSO,,7H,O; Na ,Mg(SO,),,4H,0; 
solution; vapour. 

This constitutes, therefore, a quintuple point, which term we 
havehad occasion to use before (p. 316) in connection with ternary 
eutectics. Since there are three components present in five phases 
the system is invariant. This point, also, will be the point of 
intersection of curves for five univariant systems, which must each 
be composed of four phases. These systems are: 

I. Na,SO,,10H,0; MgSO,,7H,O; Na .Mg(SO,),,4H,O; vapour. 
II]. Na,SO,,10H,O; MgSO,,7H,O; solution; vapour. 
Ill. MgSO, 7H,O; Na,Mg(SO,).,4H,O; solution; vapour. 
IV. Na,SO,,10H,0; Na,Mg(SO,),,4H,O; solution; vapour. 
V. Na,SO,,10H,0; MgSO,,7H,O; Na ,Mg(SO,).,4H.O; solution. 

On representing the vapourpressures of these different systems 
graphically, a diagram is obtained such as is shown in Fig.170,°4 
the curves being numbered in accordance with the above list. When 
the system | is heated, the vapour pressure increases until at the 
quintuple point the liquid phase (solution) is formed, and it will 
then depend on the relative amounts of the different phases 
whether, on further heating, there is formed system [II, IV, or V. 
If either of the first two is produced, we shallobtain the vapour 
pressure of the solutions saturated with respect to both double 


salt and one of the single salts; while if the vapour phase disap- 
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pears, there will be obtained the pressure of the condensed sys- 
tem formed of double salt, two single salts and solution. This 
curve, therefore, indicates the chunge of the transition point with 
pressure; and since, in the ordinary determinations of the transi- 
tion point in open vessels, we are in reality dealing with con- 
densed systems under the pressure of |] atm., it will be evident 
that the transition point does not accurately coincide with the 
quintuple point (at which the system is under the pressure of its 
own vapour). As with other condensed systems, however, pressure 
has only a relatively slight influence on the temperature of the 
transition point. Whether or not pressure raises or lowers the 
transition point will depend on whether transformation is ac- 
companied by an increase or diminution of volume (principle of 
Le Chatelier, p. 22). In the formation of astracanite expansion 
occurs, and the transition point will therefore be raised by in- 


? Vv 
, Vv 


IV 
It 
ll I IV 


It 


Fig. 170 Fig. 171 


crease of pressure. Although measurements have not been made 
for this system the existence of such a curve has been experi- 
mentally verified for copper and calcium acetates and water (v. 
infra).°” 

The vapour pressure diagram for copper calcium acetate and 
water (Fig. 171), is almost the reverse of that already discussed, 
Here, the double salt decomposes on heating, and the decom- 
position is accompanied by a contraction. Curve I is the vapour 
pressure curve for double salt, two single salts (p. 352), and va- 
pour; curves III andIV give the vapour pressures of solutions satu- 
rated with respect to double salt and one of the single salts; curve 
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II is the curve of pressures for the solutions saturated with respect 
to the two single salts; while curve V again represents the 
change of the transition point with pressure. On examining this 
diagram it is seen that whereas astracanite could exist both above 
and below the quintuple point, copper calcium acetate can exist 
only below the quintuple point. This behaviour is found only when 
the double salt is decomposed by rise of temperature, and where 
the decomposition is accompanied by a diminution of volume.?° 

As already mentioned, the decomposition of copper calcium 
acetate into the single salts and saturated solution is accompanied 
by a contraction, and it was therefore to be expected that increase 
of pressure would lower the transition point. This expectation of 
theory was confirmed by experiment, for van’t Hoff and Spring 
found that although the transition point under atmospheric pressure 
is about 75°, decomposition of the double salt apparently took 
place even at the ordinary temperature when the pressure was in- 
creased to 6000 atm.?4 


V. Rectangular Coordinates. 


The method of plotting concentrations on rectangular coordi- 
nates described earlier (p. 340) may now be illustratedby consider- 
ing types of isothems for systems such as those used previously 
to illustrate the transition interval, etc.. We have already learned 
in the preceding chapter that if the temperature is outside®® the 
transition interval, it is possible to prepare a pure saturated solu- 
tion of the double salt. If we suppose the double salt to contain 
the two constituent salts in equimolecular proportions, its satura- 
ted solution must be represented by a point lying on the line which 
bisects the angle AOB, e.g. point D, Fig. 172. But a double salt 
constitutes only a single phase, and can exist, therefore, in con- 
tact with solutions of varying concentration, as represented by 
EDF. 

Let us compare, now, the relations between the solubility curve 
for the double salt, and those for the two constituent salts. We 
shall suppose that the double salt is formed from the single salts 
when the temperature is raised above a certain point (as in the 
formation of astracanite). At a temperature below the transition 


AQUEOUS SYSTEMS 365 


point, as we have already seen, the solubility of the double salt 
is greater than that of a mixture of the single salts. The curve 
EDF, therefore, must lie above the point C, in the region represent- 
ing solutions supersaturated with respect to the single salts (Fig. 
173). Such a solution, however, would be metastable, and on being 
brought in contact with the single salts would deposit these and 
yield a solution represented by the point C. At this particular 
temperature, therefore, the isothermal solubility curve will consist 


of only two branches. 


A E 
t D 
F 
0 I B 
Fig. 172 Fig. 173 


Suppose, now, that the temperature is that of the transition 
point. At this point, the double salt can exist together with the 
single salts in contact with solution. The solubility curve of the 
double salt must, therefore, pass through the point C, as shown in 
Fig. 174. 

From this figure it is seen that a solution saturated with re- 
spect to double salt alone (point D), is supersaturated with respect 
to the component A. If, then, at the temperature of the transition 
point, excess of the double salt is brought in contact with water,°° 
and if supersaturation is excluded, the double salt will undergo 
decomposition and the component A will be deposited. The rela- 
tive concentration of the component B in the solution will, there- 
fore, increase, and the composition of the solution will be there- 
by altered in the direction DC. When the solution has the composi- 
tion of C, the single salt ceases to be deposited, for at this point 
the solution is saturated for both double and single salt; and the 


system becomes isothermally invariant. 
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This diagram explains very clearly the phenomenon of the de- 
composition of a double salt at the transition point. As is evident, 
this decomposition will occur when the solution which is saturated 
at the temperature of the transition point with respect to the two 
single salts (point C), does not contain these salts in the same 
ratio in which they are present in the double salt. If point C lay 
on the dotted line bisecting the right angle, then the pure saturated 
solution of the double salt would not be supersaturated with respect 
to either of the single salts, and the double salt would, therefore, 
not be decomposed by water. As has already been mentioned, 
this behaviour is found for optically active isomerides, the solu- 
bilities of which are identical. 

At the transition point, therefore, the isothermal curve also 
consists of two branches; but the point of intersection of the 
two branches now represents a solution which is saturated not 
only with respect to the single salts, but also for the double salt 
in presence of the single salts. 


Fig. 174 Fig. 175 


We have just seen that by a change of temperature the two 
solubility curves, that for the two single salts and that for the 
double salt, were made to approach each other (cf. Figs. 173 and 
174). In the previous section, however, we found that on passing 
the transition point to the region of stability for the double salt, 
the solution which is saturated for a mixture of the two constituent 
salts is supersaturated for the double salt. Point C must lie, 
therefore, above the solubility curve of the pure double salt (Fig. 
175), and a solution of the composition C, if brought in contact 


AQUEOUS SYSTEMS 367 


with double salt, will deposit the latter. If the single salts were 
also present, then as the double salt separated out, the single salts 
would pass into solution, because so long as the two single salts 
are present, the composition of the solution must remain unaltered. 
If one of the single salts disappear before the other, there will be 
left double salt plus A, or double salt plus B, according to which 
was in excess; and the composition of the solution will be either 
that represented by D (saturated for double salt plus A), or that 
of the point F (saturated for double salt plus B). 

In connection with the isotherm represented in Fig. 175, it 
should be noted that at this particular temperature a solution sat- 
urated with respect to the pure double salt is no longer supersat- 
urated for one of the single salts (point D); so that at the tem- 
perature of this isotherm the double salt is not decomposed by 
water. At this temperature, further, the boundary curve consists 
of three branches—AD, DF, and FB—which give the composi- 
tion of the solutions in equilibrium with pure A, double salt, 
and pure b respectively; while the points D and F represent 
solutions saturated for double salt plus A and double salt plus 
B. 

On continuing to alter the temperature in the same direction as 
before, the relative shifting of the 
solubility curves becomes more 
marked, as shown in Fig. 176. At the 
temperature of this isotherm the solu- 
tion saturated for the double salt now 
lies in a region of distinct unsatura- 


tion with respect to the single salts, 


and the double salt can now exist as 

Fig. 176 solid phase in contact with solutions 

containing both relatively more of A 

(curve ED), and relatively more of b (curve DF), than is contained 
in the double salt itself. 

From what hasbeen said and from examination of the isothermal 

diagrams of Figs. 173 to 176 it will be seen that the transition 

interval is the temperature range between the temperature for Fig. 
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174 and that for Fig. 175. 

Application to the Characterisation of Racemates. The form of 
the isothermal solubility curves is also of great value for deter- 
mining whether an inactive substance is a racemate or a conglom- 
erate of equal proportions of the optical antipodes.>’ 

The formation of racemates from the two enantiomorphous iso- 
merides is analogous to the formation of double salts. In Fig. 177 
are given diagrammatically two isothemal solubility curves for 


optically active substances. The up- 


g : per isotherm acb represents the solu- 
+ i bility relations when the formation of 
. G a racemate is excluded, as, e.g. in 
= the case of rubidium d- and /-tartrates 
§ above the transition point (p. 357). 
8 The solution at the point ¢ is, of 


u course, inactive, and is unaffected 
by addition of either the d- or l- 


O Concentration of d-form 


Fig. 177 b 
form. The lower isothem, on the 


other hand, would be obtained at a temperature at which the race- 
mate could be formed. The curve a’e is the solubility curve for 
the l-form; 6’ f, that for the d-form; and edf, that for the racemate 
in presence of solutions of varying concentration. The point d 
corresponds to saturation for the pure racemate. 

From these curves, now, it will be evident that it will be possi- 
ble, in any given case, to decide whether or not an inactive solid 
is a mixture or a racemate. [or this purpose, two solubility deter- 
minations are made, first with the inactive material alone (in ex- 
cess), and then with the inactive material plus excess of one of 
the optically active forms. If we are dealing with a mixture, the 
two solutions thus obtained will be identical, both will have the 
composition corresponding to the point c, and will be inactive. 
if, however, the inactive material is a racemate, then two different 
solutions will be obtained; namely, an inactive solution corres- 
ponding to the point d (Fig. 177), and an active solution corres- 
ponding either to e or f, according to which enantiomorphous form 
was added. 
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The Solid Model. When a series of isothermal diagrams is 
assembled so that temperature is plotted along a third axis at 
right angles to the plane of the other two a rectangular solid model 
is obtained. For our first illustration we have chosen the system 
sodium sulphate-ammonium sulphate-water at one atmosphere °® 
over a temperature range from about -20° to 100 °(Fig. 178). Con- 
centrations are plotted in moles of salt per fixed amount of water. 
The stable solid phases found are ice, anhydrous ammonium sul- 
phate, anhydrous sodium sulphate, sodium sulphate decahydrate 
and the double salt NaNH,SO4°2H,O, for each of which there is 
a surface of saturation in the model. These surfaces intersect 
at lines (univariant equilibria) and the latter intersect at points 
(invariant equilibria). The equilibria of the component binary sys- 


Fig. 178 


tems Na,SO,-H,O and (NH,).SO,-H,O are given, as one would 
expect, by the corresponding faces of the model: thus CDEF is 
really a portion of Fig. 79 (p. 243) and CGH a simple eutectic 
type of diagram such as given in Fig. 38 (p. 135). DK and GK 
are ternary eutectic curves and K is a ternary eutectic point. 
The double salt comes into existence as an incongruently saturat- 
ing salt at -16° (point P). Between 18° and 38° (the temperature 
of A and B respectively) it is congruently saturating and at the 
latter temperature it again becomes incongruently saturating. 
Finally at 59.3° (point R) it disappears from the diagram alto- 


370 THE PHASE RULE 


gether. The temperatures of the points on the diagram are as follows: 


The line AB is drawn to show where a plane which bisects the 
right angle between the concentration axes would intersect the 
saturation surface for the double salt. As the latter contains 
sodium and ammonium sulphates in equimolecular proportions its 
composition must lie on this plane. Hence the double salt is 
congruently saturating only between the temperatures of A and 
B, for only between those temperatures can water be added to it 
without decomposition. It will be observed that the double salt 
has a lower transition interval from -16° to 18° and an upper from 
38° to 59.3°. (The student is recommended to draw for himself 
various isothermal sections of this model both on rectangular and 
triangular coordinates.) 

Space Model for Carnallite. We shall conclude this section 
with a reference to the system potassium chloride-magnesium 
chloride-water,>° which has merited much study because of its 
relation to the famous Stassfurt salt deposits where large 
quantities of carnallite (KMgCl, - 611,0) are found. 

Fig. 179 is a diagrammatic sketch of the model for carnallite. 
Along the X-axis is measured the concentration of magnesium 
chloride in the solution; along the Y-axis, the concentration of 
potassium chloride; while along the T-axis is measured the tem- 
perature. The various saturation surfaces are labelled according 
to the solid phases present and given in the accompanying table 
(page 371). Most of the features should be evident from the dia- 
gram. The point I’, is at a maximum temperature in the melting 
curve BF,G, of MgCl: 12H,O. Similarly F is a maximum tempere- 
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ture on EF'G and M is a maximum temperature on EMK. Carnallite 


Fig. 179 


is at all temperatures incongruently saturating because all points 


on its surface of saturation have a ratio of MgCl, to KC! greater 
than that in the double salt. 


Bivariant Systems 


Solid phase. Area of existence. 


Ice 
KCl 
Camallite 
MgCl,, 12H, 0 
MeCl,,8H2O 
MgCl, , 6H,O 
MgCl.,4H,O 
MgCl, , 2H)O 


ABDC 
CDEMKLNO 
EFGHJKM 


BF ,G,GFED 
G,H,HG 
H,J,JH 

J) 1GLKI 
LN, NL 


The data from which the model is constructed are given in the 
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following table: 


Invariant Systems —Binary and Ternary 


Composition of solution. Gram- 
molecules of salt per 1000 gram-mol. 
water. 


Ice 
Ice; MgCl,12H,O 
Ice; KCl 
Ice ; MgCl,,12H,O ; KCl 
MgCl,,12H,O ; KCl; } 


49°2 MgCl, 
59°4 KCl 
43 MgCl,; 3KCl 
66:1 MgCl, ; 4:9 KCl 
83:33 MgCl, ; 
Almost same as Fj; contains 
small amount of KCl 


carnallite 


MgCl,,12H,O 
MgCl,,12H,O ; carnallite 


MgCl,,12H,0O ; é 
{ MgCl,,8H,O } 87-5 MgCl, 
MgCl,,12H,O; MgCl,, Almost same as G,, but contains 
H,O; carnallite small quantity of KCl 
{ ous cues MgCl, 99 MgCl, 
MgCl,,8H,O ; Almost same as H,, but contains 
MgCl,,6H,O ; carnallite { small amount of KCl 
Meer ait. é 161-8 MgCl, 


MgCl,,6H,O 
MgCl,,4H,O ; carnallite 


{ 

( 

{ 162 MgCl,; 4 KCl 
{ MgCl,,4H,O; KCl; 

( 

{ 


200 MgCl,; 24 KCl 
238-1 MgCl, 


240 MgCl, ; 41 KCl 
166:7 MgCl, ; 41-7 KCl 


carnallite 
MgCly4H,0 ; 
MgCl,,2H,O 
MgCl,,4H,O ; 
MgCl,,2H,O; KCl 
Carnallite ; KCl 


me Ne ee Ne ae ae ee 


MgCl,.2H,O ca. 241 MgCl, 
MgCl,,2H,O; KCl 240 MgCl, ; 63 KCI 
Ka 195-6 KCI 


VI. Formation of Solid Solutions or Mix-Crystals.*° 


We have so far excluded from our discussion in this chapter 
the possibility of formation of solid solutions, although we have 
referred to them in Chapter XVI. If two salts with a common ion 
do not crystallise pure from solution but crystallise together as 
a single phase (solid solution), the composition of the latter, 
even at a fixed temperature, can be altered by altering the com- 
position of the liquid from which it crystallises. We shall now 
examine the isotherms when solids of this kind are formed. 

Two possibilities immediately arise: either the two salts at 


the given temperature form an unbroken series of solid solutions 
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or they form an incomplete series (cf. Chapter VIII). 

In the first of these it is evident that in the ternary system 
consisting of the two salts and water an isothermally invariant 
system cannot be produced for there can never be more than one 
solid phase and we are assuming that there is only one liquid 
phase possible. The isothermal solubility curve will therefore 
be continuous, joining the solubilities of the component salts, 
the liquid solutions of varying composition being in equilibrium 
with solid solutions, also of varying composition. This is illus- 
trated in Fig. 180 where ab is the solubility curve just referred 
to, while the coexisting solids lying, of course, on AB, are joined 
by tie-lines to the corresponding points on the solubility curve 
(cf. Fig. 146 p. 330). The area AabB is thus isothermally uni- 
variant and the area abli,O bivariant (unsaturated solutions). The 
system (NH,).SO,—K,SO,—H,0** at 25° may be cited as an ex- 
ample of this kind. 


H,O 


Fig. 180 Fig. 181 


The salts which comprise the solid solution need not be an- 
hydrous—one may be anhydrous and the other hydrated, as in the 
system NH,CI—FeCl,—H,0*? at 70° in which NH,CI and FeCl, 
2H,O form a series of solid solutions, although, admittedly, it is 
an incomplete series. More commonly both salts are hydrated as 
in the system NH,Cr(SO,),—NH,Fe(SO,)>—-H,0** at 25°. A 
typical isotherm for the latter case is given in Fig. 18] where D 
and E are the hydrated salts. In a survey of the subject Blasdale 
(loc. cit.) concludes that, in ternary systems of two salts and 
water where solid solution is found, the water is always associ- 
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ated with either or both of the salts in a simple stoichiometric 
ratio. At the same time, when both salts are hydrated, they are 
not found to be hydrated differently. 

The slope of the tie lines in these isotherms, which, of course, 
is determined by the distribution of the salts between liquid and 
solid solutions, is of some significance.*4 Roozeboom,*” ina 
classification of types of distribution in ternary systems,*° dis- 
tinguished five types, three of which refer to complete series of 
solid solutions of the kind we are now considering. In Type I 
the concentration of one of the salts in the liquid (concentrations 
being reckoned as mole fraction of dissolved salts only) is always 
ereater than the concentration of the same salt in the coexisting 
solid solution. This will mean that all the tie-lines on being pro- 
duced in the direction of the water apex will pass the latter on 
the same side. Such is found to be the case in the system 
NH, Cr(SO ,)-—-NH,Fe(SO,).~H, 0 at 25° referred to above. This 
distribution may be more clearly shown by plotting the mole frac- 
tion of the more soluble salt in the liquid against that in the solid 
to give Curve I of Fig. 182.47 The system NII,Al(SO,).—— 
KAI(SO,),—H,0*° at 25° may be mentioned as another example, 
but it is unique in that the tie lines, when produced, all pass 
through the water apex; when plotted as in Fig. 182, therefore, 
the distribution curve will coincide with the diagonal. 


dissolved salts) 


concentration in the liquid (@s mole ftaction 


Fig. 182 


rs) 


concentration in the Solid (as mole fraction) 
In Type If the concentration of one of the salts in the liquid 
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(expressed as mole fraction of dissolved salts) is greater than that 
of the same salt in the coexisting solid solution for lower total 
concentrations of that salt, but becomes less for higher total con- 
centrations. This situation gives rise to Curve II in Fig. 182 and, 
on the triangular diagram, appears as a tendency for the tie lines 
to converge to a point on the liquid curve. This, in turn, suggests 
a tendency toward a break in the series of solid solutions (v. 
infra). As an example we cite the system Mg(NH,).(SO4),— 
Mg(NH,).(SeO4),—H,U*” at 25° where, again, the components 
are hydrated. 

In Type III the concentration of one of the salts in the liquid 
is less than that of the same salt in the coexisting solid solution 
for lower concentrations of that salt but becomes greater for higher 
concentrations (Curve III, Fig. 182). This means that on the tri- 
angular diagram the tie-lines tend to converge on the solid solution 
line, or a tendency toward compound formation. The system 
PbBr,—PbCl,—H,0°° shows this behaviour. 

In all three types isothermal evaporation of solutions produces 
different results, and the composition of the last drop of solution 
will, at the same time, depend upon the original total composition 
of the liquid being evaporated. Moreover, in each of Types II 
and III there will be a ‘‘congruent solution’’, corresponding to 
the intersection of Curves II and III respectively with the diag- 
onal (Fig. 182). Evaporation of a solution of concentration corres- 
ponding to this point of intersection will cause no change in the 
composition either of the liquid or of the solid being deposited; 
evaporation of any other solution will cause a change in the liquid 
and therefore in the solid composition either toward (Type II) or 
away from (Type III) this congruent solution. (The student will 
do well to test these conclusions for himself from an examination 
of the disposition of the tie-lines for each type). 

We have now to consider the possibility of an incomplete, or 
broken, or interrupted, series of solid solutions. Usually this 
will mean that there are two series of solid solutions, less com- 
monly it will mean that there is only one series of solid solutions 


which is nevertheless an incomplete series. There will, however, 
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always be a break in the solubility curve at the point where two 
solid phases are present in equilibrium with the liquid, whether 
the two solids are the limiting solid solutions or one is a solid 
solution and the other a compound. 

An illustration of an incomplete series is found in the system 
KCI—KI—H,0°? at 25° which is shown diagrammatically in Fig. 
183. The points a and 6 have the usual meaning. Solid B is sol- 
uble in solid A up to the concentration of d, and B in A up to the 
concentration of e. The solubility curve shows a break at c (an 
isothermally invariant solution) at which the liquidis in equilibrium 
with the two limiting solid solutions d and e. The regions Aacd 
and Bbce are isothermally univariant and crossed by tie lines. 

In Fig. 183 the solids are anhydrous, but they are commonly 
hydrated and sometimes even hydrated differently. In the system 
MnCl, —CoCl,—1i,0°” at 15-20°, for instance, there are two 
series of solid solutions, one a solution of MnCl, + 4H,O in 
CoCl, +4H,O and the other a solution of MnCl, -6H,O in CoC], - 
6H,O. 

Roozeboom (loc. cit.) has included in his classification such 
cases of incomplete solid solution and described two possible 
types (Types IV and V) on the basis of the directionof the tie- 
lines. In Type IV one of the two solid solutions contains a larger 
concentration of one of the salts than the coexisting liquid and 
the other solid solution contains a smaller concentration of that 
salt than in the coexisting liquid. Fig. 183 illustrates this situa- 
tion, for the tie-lines for one of the series, when produced, all 
pass on one side of the water apex whereas those for the other 
series all pass on the other side of it. On Fig. 182 this appears 
as Curve IV (acc’ 6), uc being on one side and c’b on the other 
side of the diagonal. 

Type V (Curve V, aff’ b) describes the rather rare occurrence 
of an incomplete series where the concentration of one of the 
salts is always greater in the liquid than in the coexisting solid. 
Here the entire curve is on the one side of the diagonal. While 
not belonging properly to the present chapter on aqueous systems, 


we give the system HgbBr,—tig],—acetone°® at 25° as an ex- 
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ample. On the triangular diagram both sets of tie-lines will, when 
produced, pass on the same side of the solvent apex. 


HeO HO 


8 A d e 8 


Fig. 183 Fig. 184 


To the above five types should be added at least a sixth to 
which attention was first drawn by Ricci?‘ (cf. p. 169). Several 
systems are known where there is incomplete miscibility in the 
solid state but in which there is only one series of solidsolutions. 
It is therefore necessary to admit the existence of a limiting solid 
solution in equilibrium with a pure substance. This situation may 
give rise toFig. 184 where the isotheymally invariant liquids ¢ and 
c’ are in equilibrium with mixtures of A and limiting solution d, 
and B and limiting solution e respectively. This corresponds in 
Fig. 182 to Curve VI (ajklmb), the relation of which to ste ie 
should now be clear. The system Na,SO,—NaBrO,——H, Or 
45° is typical of such behaviour. 

The study of the isothermal evaporation of solutions from sys- 
tems of Types IV, V and VI is left to the student. 

Finally, the reader is reminded that a system which belongs to 
one of the above types at one temperature may well belong to an- 
other at a different temperature. Furthermore, many actual sys- 
tems involve a combination of the above types at a single tempera- 
ture; there may, for example, be both compound formation and 
solid solution formation, and there may be more than two portions 
of an interrupted series of solid solutions. [Ilustrations of such 
multiple types can be readily found in the literature.°° Fig. 185, 
for the system K,CO,—Na,CO3,—-H,0 at 30°", is given to show 
that isotherms can attain a considerable degree of complexity. 
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The solid phases are 2K,CO, :3H,0, KNaCO,, the mono-, hepta- 


and decahydrates of sodium carbonate, and an incomplete series 


of solid solutions of K,CO, *6H,O in Na,CO, ‘6H, 0. 


Fig. 186 


VII. Indirect Identification of Solid Phases. 


It will be shown later (p. 472) how the composition of the 
solid phase in a system of two components can be determined with- 
out analysis, but we shall now describe how this can be done in 
a system of three components. °° 

We shall assume that we are dealing with the aqueous solution 
of two salts which can give rise to a double salt, in which case 
we can represent the solubility relations in a system of triangular 
co-ordinates. We-should then obtain the isotherm adcb (Fig. 186). 

Let us suppose that the double salt is in equilibrium with the 
solution at a definite temperature and that the composition of the 
solution is represented by the point e. The greater part of the 
solution is now separated from the solid phase, and the latter, 
together with the adhering mother liquor, is analysed. The com- 
position will be represented by a point (e.g. f) on the line eS, 
where S represents the composition of the double salt. That this 
is so will be evident when one considers that the composition of 
the whole mass must lie on the line joining the composition of the 
solution to that of the double salt, no matter what may be the rela- 
tive amounts of the solid phase and the mother liquor. 

If, in a similar manner, we analyse a solution of a different 
composition in equilibrium with the same double salt (not neces- 
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sarily at the same temperature as before), and also the mixture of 
solid phase and solution, we shall obtain two other points, as, for 
example, g and h, and the line joining these must likewise pass 
through S. The method of finding the composition of an unknown 
double salt consists, therefore, in finding, in the manner just des- 
scribed, the position of two lines such as ef and gh. The point of 
intersection of these lines then gives the composition of the 
double salt. “° 

One-can, however, determine this point of intersection alge- 
braically with greater accuracy. Suppose, for example, that the 
point e has the composition 10%A, 25%b and that f has the com- 
position 29%A, 36%B. Similarly suppose that point g is 20%A, 
10%B and that h is 30%A, 30%B. Let the point of intersection 
of the corresponding tie-lines through ef and gh be x%A, y%B. 
By the geometry of the figure, for each of these lines the change 
in percent of A will be directly proportional to the change in the 
percent of B. For ef, therefore, (29 ~10)/(36 - 25) = (« -10)/(y- 25) 
and for gh, (30 ~20)/(30 -10) = (x ~20)/(y - 10). Solving these two 
simultaneous equations gives x = 34.6%A and y = 39.2%B. 

The same result is arrived at by means of the rectangular meth- 
od of representation. 

If it is known, for example, that the solid is anhydrous, this 
information is equivalent to knowing tHe position of one of the 
tie-lines, so that, at least in theory, only one tie-line must be 
determined experimentally, and only one equation in one unknown 
need be solved if the algebraic method is used. Thus if Sis known 
to be anhydrous it is located on the base AL and it suffices to 
produce either ef or gh till it intersects Ab. Similarly if it is 
known that the solid phase is a hydrated component and therefore 
that its composition lies on one of the sides of the triangle, only 
the point of intersection of one tie-line with the appropriate side 
of the triangle is required. [t may be noted that instead of analys- 
ing the wet solid as described above it is frequently more accu- 
rate to determine the total composition of the system at the outset 
of the solubility measurement by using known quantities otf the 


initial components. This will give a point that must still be on 
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the tie-line when the system has come to equilibrium. Thus an 
original complex m will give the solution e saturated with solid S, 
and the extrapolation can be made as above using the points e and 
m instead of e and f. It is true that m, being farther removed from 
S, gives a greater error to the extrapolation, if the accuracy with 
which m is known is no greater than that with which f is known, 
but experimentally it is often possible to determine m with such 
high accuracy that the extrapolation is actually improved.°° 

The indirect determination of the composition of a solid phase 
is commonly resorted to when it is difficult to isolate the solid or 
maintain it in its pure condition while it is being analysed. Thus, 
in Fig. 186, if such were the case with the hydrate D, the points 
p and q could be determined by finding the solubility of D in the 
presence of a small amount of b, and by extrapolation, the point 
D could be located. In this way it was found,°° for instance, that 
the composition of hydrated aluminium sulphate in equilibrium 
with its saturated aqueous solution at 25° was Al,(SO,4)3 *17H,O 
and not Al,(SO4)5 ‘18Hi,0 as hitherto supposed. 


VIN. Hydrolysis. 


[t is well known that many salts, when dissolved in water, 
hydrolyse sufficiently to deposit a second solid phase. Such sys- 
tems are no longer binary, for the composition of every phase can- 
not be expressed in terms of two concentration variables; they 
are, in fact, ternary systems. Consider, for instance, a hypothet- 
ical sulphate of a bivalent metal M, which, when dissolved in not 
too large a quantity of water forms a basic salt®! of composition 
M,(OH) SO, according to the equation 

2MSO, + 2HOH==M,(OH),SO,¥ + H,SO,. 
There are thus three phases (if we exclude vapour), viz., the two 
solids, MSO, and M,(OH),SO,, and the liquid saturated with re- 
spect to both. In order to express the composition of all of these 
phases at least three concentration variables are required. If we 
choose MO, SO,, HOE the two solids have the composition MSO, = 
MO + SO, + OHOH and M,(OH).SO, = 2MO + SO, + HOH. (The 
liquid can be expressed in similar terms). If we prefer to choose 


M(OH),, HySO,, HOH for variables we have MSO, = M(OH), + 


AQUEOUS SYSTEMS 381 
H,SO,—2HOli and M,(OH),SO, = 2M(Ol), + H,SO,—2HOH. Ob- 


viously a large number of choices is available, but for convenience 
it is customary to use the first-mentioned, thereby avoiding nega- 
tive coefficients. 

When such basic salts are formed it is often impossible, by 
the ordinary methods of analysis, to decide whether one is dealing 
with a definite chemical individual or with a mixture, and it is 
here that the Phase Rule has performed exceptional service. If 
we are dealing with a condition of equilibrium at constant tem- 
perature between liquid and solid phases, three cases can be 
distinguished, °” WAZss 

1. The solutions in different experiments have the same com- 
position, but the composition of the precipitate alters. 
In this case there must be two solid phases. 

2. The solutions in different experiments can have varying 
composition, while the composition of the precipitate re- 
mains unchanged. In this case only one solid phase ex- 
ists, a definite compound. 

3. The composition both of the solution and of the precipitate 
varies. In this case the solid phase is a solid solution 
or a mix-crystal. (cf. Fig. 182, p. 374). 

In order, therefore, to decide what is the nature of a precip- 
itate produced by the hydrolysis of a normal salt it is only ne- 
cessary to ascertain whether and how the composition of the pre- 
cipitate alters with alteration in the composition of the solution. 

We shall take for our illustration the basic salts formed at 25° 
by the hydrolysis of mercurous nitrate; i.e., the system Hg,O— 
N,O.— H,0,°° and interpret the results in terms of the triangular 
diagram shown in Fig. 187 (schematic). Only a portion of the com- 
plete isotherm has been investigated so that the diagram is in- 
complete. The solid phases found are the hydrated normal salt 
Hg,0-N,O, *2H,O (point D in the Figure), which exists in an 
a- and a B- modification, and three basic salts 2lig,0° N,O;° H,O 
(point A), 5Hg,0°3N.05 *3H,0 (point B) and 4Hg,0°3N,0; *H,0 
(point C). The curve de is the stable portion of the solubility 
curve of the a- form of D andef that of the G- form. The remainder 


382 THE PHASE RULE 


of the diagram should require no further explanation. 


Hg,0 NOs 
Fig. 187 


IX. Two-Liquid Systems. 


With one exception®* we have not yet referred to any system 
in which are found, at any one temperature, more than one liquid 
phase as well as solid phases. Such a behaviour is common, 
however, particularly in connection with the phenomenon known as 
‘*salting out’’, and we shall now refer to it briefly.°° 

When a salt is added to, say,a solution of an organic liquid 
such as alcohol or acetone in water, within a certain range of con- 
centration, it frequently happens that two liquid layers are formed, 
one containing a high proportion of theorganic liquid and the other 
a high proportion of water. If sufficient salt is added then this, 
too, appears as a third (solid) phase. By this means it is possible 
to effect at least a partial separation of the organic liquid from 
the water—hence the term “salting out’? of the organic liquid. 
Conversely it is often feasible to separate a salt from its aqueous 
solution by the addition of an organic liquid. 

Fig. 188 shows a typical isotherm for the system salt — 


alcohol —water. °® 


(We shall assume that the salt is anhydrous), 
The solubility of the salt in water is given, of course, by point u 
and that of the salt in alcohol by b, the relatively low solubility 
in alcohol being indicated by the nearness of b to the alcohol 
corner of the triangle. The aqueous solubility of the salt is al- 
tered along ac by the presence of the alcohol and the solubility 


of the salt in alcohol altered along bd by the presence of the 
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water. Solutions c and d, however, are immiscible and form the 
ends of the binodal curve ckd enclosing a univariant area of two 
liquids crossed by tie-lines joining the conjugate liquids on ck 
and dk respectively. The point & is thus a plait point. The lig- 
uids c and d at the same time are both saturated with respect to 
salt and we therefore have the isothermally invariant triangle 
salt-c-d, any total composition within which must yield salt and 
the two liquid layers c and d. Finally the region bounded by 
ackdb and the water and alcohol corners is one of single liquid 
phases. 

Suppose an alcohol-water solution of composition p is to be 
“‘salted out’’. Addition of salt will bring the total composition to 
q, say, forming the two liquids x and y. Liquid layer y can now be 
separated and it has the desired high alcohol content. 

Soap Systems. A part of the process for the manufacture of 
soap can be regarded for many purposes as a salting out phenom- 
enon in a ternary system, and it is appropriate to describe it at 
this point, although it is, of course, beyond the scope of this work 
to describe such a complex process in detail. 

The question of whether a colloidal dispersion such as a soap 
solution can be regarded as a one- or atwo-phase systemhas been 
the subject of much discussion®’ and McBain®® prefers to regard 
a soap solution as a single phase. It is a reversible colloid whose 
external properties are determined solely and completely by tem- 
perature, pressure and composition: the Phase Rule, therefore, 
in its usual form, is applicable to soap systems. 

One may divide the manufacture of soap into three general 
steps: saponification of fats or oils to give soap and glycerol, 
separation or salting out of the soap by the addition of sodium 
chloride, and purification etc. of the product. We are here dealing 
primarily with the second and, to some extent, with the third of 
these. While numerous glycerides and electrolytes are involved 
in commercial manufacture it has been found convenient to consid- 
er the process as one involving merely the three components soap, 
water and electrolyte; and whether the soap is, say, potassium 


oleate or sodium palmitate, or whether the electrolyte is sodium 


384 THE PHASE RULE 


chloride or potassium chloride, makes little difference as far as 
the qualitative nature of the phase diagram is concerned. The 
isotherm for such a system in the neighbourhood of 100° is shown 
schematically in Fig. 189. The phase C is a ternary crystalline 


su 


salt b alcohol 


Fig. 188 Fig. 189 


solid (‘‘curd fibres’’), which may be a solid solution, and N and 
M are anisotropic liquid crystals (‘‘neat soap”’ and ‘‘middle soap’’ 


respectively).°” 


The area L is one of isotropic liquid, part of 
which is bounded by a binodal curve enclosing an area of two- 
liquid equilibria bkd. Solutions along abk are called ‘‘nigre”’ 
and solutions along kdef ‘‘lye’’. In practice the line def almost 
coincides with the base of the triangle and the isothermally in- 
variant triangle bdm is narrower than shown. The solubility of 
the salt in water is, of course, given by f. There are seven areas 
denoting two-phase equilibria in which both phases are of vary- 
ing composition; viz., (1) solid C and neat soap, (2) neat soap 
and middle soap, (3) middle soap and isotropic liquid, (4) neat 
soap and nigre, (5) neat soap and lye, (6) solid C and lye, and 
(7) nigre and lye already referred to. The remainder of the dia- 
gram should be self-explanatory. It will be apparent that if suf- 
ficient salt be added to a soap solution of composition p, say, to 
bring the total composition of the soap kettle to some point x three 


layers, one of neat soap, and one of nigre and one of lye will form. 
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After carefully conducting several] operations of this general nature 
the glycerol and other impurities such as alkali are removed as 
constituents of the nigre and lye (hence the term ‘‘salting out’’) 
and the neat soap is further treated to give the final product. 
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CHAPTER XVIII 
PRACTICAL APPLICATIONS OF EQUILIBRIUM DIAGRAMS. 


Having discussed qualitatively the application of the Phase 
Rule to three-component systems formed by water and two salts 
with a common ion, one may now consider how the equilibrium dia- 
grams, constructed on the basis of experimental data, can be em- 
ployed in the quantitative study of the behaviour of such systems, 
and can be used to guide the practical operations of the winning of 
salts by crystallisation from solution.! 

The System Sodium Chloride—Potassium Chloride—Water. This 
may be taken as an illustration of a simple system in which there 
is no double-salt formation, and in which, at all temperatures 
above 0°, the salts crystallise anhydrous from solution. 

On determining the composition of the solutions in equilibrium 
with each of the single salts alone and with a mixture of the two 
salts (see p. 342), the values on p. 391 are obtained.” 

These values may be plotted either in rectangular co-ordinates 
(p. 340) or in a triangular diagram (p. 278).° When the numbers 
are plotted in rectangular co-ordinates, curves such as AC, BC 
(Fig. 190), are obtained. Curve AC gives the composition of 
solutions, expressed in grams of anhydrous salt per 100 grams 
of water, in equilibrium with sodium chloride as solid phase; and 
the curve BC, similarly, represents solutions in equilibrium with 
potassium chloride. Point C gives the composition of the solution 
in equilibrium with both salts as solid phases. 

As we have already learned a point in area | represents the 
total composition of a mixture which is composed of solid sodium 
chloride and saturated solution represented by a point on the curve 
AC, a point in area II a mixture of the two solid salts plus solu- 
tion of composition C, and a point in area III, a mixture of solid 

390 
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potassium chloride and saturated solution represented by a point 
on the curve BC. Mixtures having a composition represented by 
a point in the area ACBO are unsaturated solutions. 


NaCl 
KCl 
NaCl + KCl 


NaCl + KCl 
NaCl 


KCl 
NaCl + KCl 


NaCl 
KCl 
NaCl + KCl 


KCl 
NaCl + KCl 


The equilibrium (solubility) diagram, having been plotted to 
scale, may now be used for the purpose of giving information re- 
garding the quantitative behaviour of mixtures of sodium chloride, 
potassium chloride and water of any given composition, at the 
temperature of the isotherm. Thus: What will be the result of 
shaking together, at 25°, 20 grams of sodium chloride, 30 grams 
of potassium chloride and 100 grams of water? From the solu- 
bility diagram it is found that a mixture of this composition is 
represented by a point x (Fig. 190) lying in the area III. The 
mixture, therefore, must yield a saturated solution represented 
by a point on the curve BC, together with solid potassium chloride. 
To find the composition of the saturated solution, a line xx° is 
drawn parallel! with the horizontal axis, and the point x’, where 
this line cuts the solubility curve, gives the composition of the 


saturated solution. From the curve, x’ is found to represent a 
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solution composed of 20 grams of sodium chloride and 23.1 grams 
of potassium chloride per 100 grams of water. The original mix- 
ture, therefore, gives 6.9 grams of solid potassium chloride and 
143.1 grams of saturated solution of the composition just given. 


Grams. NaCl per 100 grems 120 


O Le) 


20 30 B 40 
Grems KCl per 100 grams H,0 


Fig. 190 


A mixture of the composition 20 grams of sodium chloride, 5 
grams of potassium chloride and 100 grams of water, is represented 
by the point y (Fig. 190). At 25°, therefore, this mixture forms 
an unsaturated solution. On evaporating this solution at 25°4 
the composition will change as shown by the line yy “(see p. 343), 
and when the composition reaches the point y’ further evaporation 
will lead to the deposition of solid sodium chloride. The composi- 
tion of the solution will then change in the direction y’ C, and at 
C solid potassium chloride will also begin to separate out. 

How much water must be evaporated off before sodium chloride 
begins to be deposited, and how much pure sodium chloride can 
be obtained by isothermal evaporation of the solution at DARE, 

From the solubility curve it is found that y’ has the composi- 
tion 32.8 grams of sodium chloride and 8.2 grams of potassium 


chloride per 100 grams of water. Since in the original solution, 
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the ratio of sodium chloride to water was 20:100, and, in the 
solution y’, the ratio is 32.8:100, an amount of water x must 
have been lost by the original 125 grams of solution sufficient to 
bring the ratio of salt to water up to the value 32.8:100. That 
is, 20:(100-x) = 32.8:100. From this, x = 39.0 grams. When 
evaporation has been carried out to the point y’, therefore, the 
original 125 grams of solution will have diminished to 86 grams, 
consisting of 20 grams of sodium chloride, 5 grams of potas- 
sium chloride and 61 grams of water. 

Further evaporation leads to the point C, which has the com- 
position 29.88 grams of sodium chloride and 16.28 grams of potas- 
sium chloride to 100 grams of water. Since, at the point y’, the 
solution contains only 8.2 grams of potassium chloride to 100 
grams of water, 141 grams of solution of composition y’ must 
lose x’ grams of water to give a solution of the composition C. 
To obtain the value of x’, we have 8.2:(100~x’) = 16.28: 100. 
Hence x’ = 49.6 grams. The amount of water lost by 86 grams of 
solution y’ would therefore be 30.3 grams. 

The amount of sodium chloride deposited during evaporation of 
the solution from the point y’ to the point C can be obtained as 
follows. For a constant amount of water the ratio of sodium chlo- 
ride to potassium chloride diminishes from 32.8/8.2 at y’ to 
29.88/16.28 at C. The amount of sodium chloride, w, therefore, 
which must separate out is givenby the expression 32.8 -w :8.2 = 
29.88: 16.28, from which one calculates w = 17.75. This is the 
weight of sodium chloride in grams which will separate when 141 
grams of solution y’ is evaporated at 25° until the point C is 
reached. From 86 grams of solution y’, therefore, composed of 
20 grams of sodium chloride, 5 grams of potassium chloride and 
61 grams of water, 10.83 grams of sodium chloride would be de- 
posited; and since, as we have seen, 30.3 grams of water would 
also evaporate away, the original 125 grams of unsaturated solu- 
tion, when evaporated at 25° until the point C is reached, will 
have diminished to 44.97 grams of solution consisting of (20- 
10.83) = 9.27 grams of sodium chloride, 5 grams of potassium 
chloride and (100-39 ~30.3) = 30.7 grams of water. 
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In the same way, one can calculate the amount of water which 
will have to be evaporated off and the weight of potassium chloride 
which will be deposited when the unsaturated solution z, consist- 
ing of 20 grams of potassium chloride, 10 grams of sodium chlo- 
ride and 100 grams of water is evaporated at 25°, until the point 
C is reached. 

Separation of Salts by a Temperature—cycle Process. For the 
practical separation of two salts with a common ion, advantage 
may be taken, when possible, of the variation of the solubility of 
salts with the temperature, and by alternate evaporation at ahigher 
temperature and cooling to a lower temperature an efficient sepa- 
ration of the salts may be effected. Such a cyclic process can 
be illustrated by means of the system sodium chloridepotassium 
chloride—water.° 

In Fig. 19} the curves ac, cb represent the isotherm for 0°, 
and the curves a’c’, c’b’ the isotherm for 100°. If the original 
unsaturated solution, x, representing a mixture of 20 grams of 
sodium chloride, 14 grams of potassium chloride and 100 grams of 
water is evaporated at a temperature of 100°, the composition of 
the solution alters along the line xx’. On continued evaporation 
the solution then changes in the direction c’. At this point the 
sodium chloride which has been deposited is separated from the 
solution, which is then cooled down to 0°. During this process 
the composition of the solution alters in the direction cy, for, 
at temperatures below 100° y lies in the area for potassium chlo- 
ride and represents solutions which are supersaturated for potas- 
sium chloride. This salt, therefore, will be deposited, until, at 
0°, the solution attains the composition represented by y. At 
this point the solid potassium chloride is separated from the solu- 
tion. If the solution y is now evaporated at 100° deposition of 
sodium chloride takes place at the composition y°, andthe deposi- 
tion continues until the point c’ is again reached. The salt is 
separated and the solution cooled as before. This cycle of opera- 
tions, which yields first sodium chloride and then potassium chlo- 
ride, can be continued until all the solution is used up, or fresh 


solution can be introduced into the system at each evaporation. 
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From what has already been said in the preceding section, it will 
be easy to calculate, from the solubility data and the solubility 
diagram, the amount of water which must be evaporated off at each 
cycle and the amount of solid salt which will be deposited, and 


& 


Grams H20 
g 8 


8 


Grams NaCl per 100 


ie) 


10 20 h 30 «0 sO 
Grams KCL per 100 Grams H,0 
Fig. 191 


so the process can be controlled. The following numbers, given 


by Blasdale, will serve as illustration: 


At the outset 
At the point x 


37°22 grams H,O 
9°09 ,, NaCl 
23°1 3 HO 
a ‘ : . 8-86 grams KCl 
; - P f 7°89, H,0. 


Although the above cycle of operations has been carried out 
between the temperatures of 0° and 100°, it may also be carried 
out between any other two temperatures, e.g. 15° or 25° and 
100°.° By means of quantitative calculations carried out in the 
manner already discussed, the conditions under which the cycle 
of operations may be most economically conducted may readily be 
decided in any given case. 

Potassium Chloride—Potassium Sulphate—Water. The ease with 
which separation of mixtures of potassium chloride and sodium 


chloride into the pure salts can be effected is due to the fact 
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that the solubility of potassium chloride varies considerably, 
whereas the solubility of sodium chloride varies but little with 
the temperature. That is, the ratio of KC]: NaCl in the solution 
saturated for the two salts (points c and c’ in Fig. 190) varies 
markedly with the temperature. Such conditions, however, do not 
exist with, say, potassium sulphate and potassium chloride. 

The solubilities of these two salts at 0° and 100° are as 


follows.” 


Composition of solution in grams 
of salt per 100 grams of water. 


KCl 


K,SO 
KCl + K,SO, 
KCI 


SO 
Kel? K,SO, 


On plotting these numbers. the diagram shown in Fig. 192 is 
obtained, the curve ach being the isotherm for 0° and the curve 
a’c’b* the isotherm for 100°. 

When a solution of the composition x is evaporated at 100° 

K, $0, 


a’ 
20 


& 30 


Fig. 192 


KCL. 


potassium sulphate separates out at x’ and continues to be de- 
posited until the solution reaches the composition c’. At this 
point the potassium sulphate may be separated from the solution. 
Solution c’, as will be seen, lies in what corresponds with area 
II in Fig. 190 (p. 392), and, consequently, when the solution is 
cooled down, separation of both potassium chloride and potassium 
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sulphate takes place until the solution attains the composition c. 
Since the line joining O and c, when produced, cuts the curve 
b’c’, it follows that on evaporating the solution c at 100° potas- 
sium chloride will be deposited. The point of intersection, how- 
ever, lies very near to the point c’, so that only a small amount 
of potassium chloride, too small for industrial success, is deposi- 
ted before the point c’ is reached. In such a case as this, there- 
fore, separation of the pure salts is not feasible, and one would 
have to be content with a separation into the potassium sulphate 
deposited in the first stage of the process and a mixture of the 
two salts containing about 5 per cent. of potassium sulphate. 

In general, it can be said that when the ratio of the two salts 
in solutions saturated with respect to both salts at any two tem- 
peratures, f, and ¢,, is the same, then separation of the two salts 
is impossible; and even when the ratio is not the same separation 
will be economically successful only when there is a sufficiently 
large’ variation of the ratio with temperature. With potassium 
sulphate and potassium chloride we find that the ratioKCl:K,SO, 
is 23.04 at 0°, and 19.23 at 100°. The difference is too slight 
to make the separation feasible from an industrial point of view. 

Ammonium Perchlorate~Ammonium Sulphate—Water. An interest- 
ing example of a multiple cycle process has been worked out by 
Freeth® for the separation of a mixture of equal weights of ammo- 
nium perchlorate and ammonium sulphate. The solubility data 


on which the process was based are as follows: 


Composition of solution per cent. 


NH,CIO 
NH,CIO, + (NH),S0, 


(NH,),SO, 


NH,CIO 
NH,ClO, + (NH,),SO, 


(NH,),SO« 
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For the process of separation the following flow-sheet was 
constructed. From 9823 grams of a mixture, having the composi- 
tion 39.6 per cent. (NH,),SO4, 7.9 per cent. NH,ClO, and 52.5 per 
cent. H,O, there were deposited, at 25°, 500 grams of perchlorate, 
and a mother liquor (9323 grams) was left having the composition 
41.7 per cent. (NH,),SO,, 3.0 per cent. NH,ClO,, and 55.3 per 
cent. li,0. This solution was evaporated at 60° until 318 grams 
of water had passed off, the concentrated solution (9005 grams) 
having the composition 43.2 per cent. (NH,).SO,, 3.1 per cent. 
NH,Cl0, and 53.7 per cent. H,O. To this solution, at 60°, there 
was added a mixture of 500 grams of (NH,).SO, and 500 grams of 
NH,C1O,, giving 10,005| grams of a mixture of the composition 
43.9 per cent. (NH4),SO,,7.8 percent. NH,C1O, and 48.3 percent. 
1,0. From this mixture 500 grams of ammonium sulphate separated 
at 60°, yielding a mother liquor (9505 grams) of the composition 
40.9 per cent. (NH4).SO,, 8.2 per cent. NH,ClO, and 50.9 per 
cent. H,©. To this solution 318 grams of water were added, and 
the temperature lowered to 25°, causing 500 grams of (NH,)C10, 
to separate. This completes the cycle, the mixture now being the 
same as the original one. This cyclic process can be repeated 
time after time, and at each cycle there is obtained, from the 
quantities taken, 500 grams of pure ammonium perchlorate and 500 
grams of pure ammonium sulphate.” 

By means of similar cyclic processes a separation can be 
effected with the salts potassium sulphate and potassium nitrate, 
potassium nitrate and sodium nitrate, sodium sulphate and sodium 
nitrate.!° 

When the two salts give rise to a double salt a more compli- 
cated procedure may be necessary for the separation of the single 
salts. A good example of this is given bythe system ammonium 
sulphate——sodium sulphate— water, studied by Matignon and 
Meyer’! Dawson,!* Freeth!? and others, and described below. }4 

Ammonium Sulphate-Sodium Sulphate—Water. This system 
differs markedly from those discussed in the preceding pages in 
the fact that a double salt, (NH,4).50,, Na,SO,, 4H,O, is formed, 


which decomposes into the single salts at 59.3°. One of the com- 
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ponent salts, also, crystallises from solution in the hydrated form, 
namely, Na,SO,, 10H,O, at temperatures below 32°. At 60° only 
the anhydrous single salts are stable. 

The solubility values at 25° and at 60° are given in the 
following table:!5 


(NH SO, 4 + NB 3:50. 
(NH By SS, 4H,0 


O,, 10H 
Deo 10H, S 


(NH,),SO, 
(NH,),SO, + Na,SO, 
Na,SO, 


These values are represented graphically in Fig. 193, the tri- 
angular diagram being employed here. In this diagram the isotherm 
for 25° is represented by the curves AB, BC, CD, and the isotherm 
for 60° by the curves GH, HK. The lightly drawn lines delimit 
the areas of heterogeneous mixtures, as explained on page 342. 
Point E represents the composition of the hydrated double salt, 
and F the composition of sodium sulphate decahydrate. 

Before passing to the description of the process by which a 
mixture of ammonium sulphate and sodium sulphate can be sep- 
arated into the single salts, attention may be drawn to the fact 
that point H, which represents the composition of a solution 
saturated for both sodium sulphate and ammonium sulphate at60°, 
falls within the area for heterogeneous mixtures of double salt 
and solution at 25°. A mixture, therefore, which has the composi- 
tion H will, at 25°,separate into solid double salt anda saturated 
solution, the composition of which will be given by joining EH 
and producing the line to meet the curve BC at x. Moreover, the 
relative weights of saturated solution and of solid double salt 
are given by the lengths of the lines EH and Hz. 

The triangle GHY is the area of heterogeneous mixtures of 
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solid ammonium sulphate and saturated solution at 60°, and the 
triangle KHZ, similarly, is the area of heterogeneous mixtures of 


ay; 
(NH, 


ABCD : 25° 
GHK : 60° 


4 
HO 9) K F Na,S0, 
Fig. 193 


anhydrous sodium sulphate and saturated solutions at 60°. 

Based on the solubility data given above, the following 
process for the separation ofa mixture of equal amounts of sodium 
sulphate and ammonium sulphate has been worked out by Freeth 
the cycle of operations being indicated in Fig. 194, which rep- 
resents portions of the two isotherms in the neighbourhood of the 
points B and H in Fig. 193. 

Starting at 60° with 2632 grams of a liquor of composition 
represented by the point E in Fig. 194, namely, 24.5 per cent. 
(NH,4).SO,, 10.8 per cent. Na,SO,, and 64.7 per cent. H,O, 917 
grams of the double salt are added (which give a mixture “of com-~ 
position F), and then 1000 grams of a fifty-fifty mixture of the 
two salts. In this way 4549 grams of a mixture (point D) having 
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the composition, 32.8 per cent. (NH,).SO,, 25.5 per cent. Na,SO,, 
and 41.7 per cent. H,O are obtained. Since D corresponds to a 
point on the line HZ in Fig. 193, the mixture deposits anhydrous 
M, ry sodium sulphate (500 grams) and 
gives 4049 grams of solution of 
composition B (Fig. 194). This 
solution, which corresponds to 
point H in Fig. 193, and has 
the composition 36.9 per cent. 
D (NH,),S5O,, 16.3 per cent. Na,SO, 
and 46.8 per cent. H,O, is cooled 


to 25°, and is allowed to deposit 
917 grams of the double salt, the 
amount required for adding to the 


diluted liquor at FE: (see above). 
The mother liquor, C (3132 grams), 


is concentrated at 60° until it has 


Ge 


ie 
£ 
e 2 

ee the composition represented by 
point ee namely, 51.0 per cent. (NH,),SO,, 12.6 per cent. 
Na,SO, and 36.4 per cent. H,O, the amount of water evaporated 
off being 887 grams. Point A corresponds to a point on the line 
HY in Fig. 193, and so deposits solid ammonium sulphate (500 
grams) and gives 1745 grams of solution B, the composition of 
which has already been given. The solution B is then diluted 
by the addition of 887 grams of water to give 2632 grams of un- 
saturated solution of composition 2. The cycle has thus been 
completed, and in its course the 1000 grams of mixture have been 


separated into 500 grams of each of the single salts. 


NOTES 
1. See Blasdale, J. Ind. Eng. Chem., 1918, 10, 344; Hildebrand, 
ibid., 1918, 10, 96; Reinders, Z. anorgan. Chem., 1915, 93, 202; Freeth, 
Rec. trav. Chim., 1924, 43, 475; Thesis, Leiden, 1924; Hamid, J. Soc. 
Chem. Ind., 1926, 45, 315 T; Schloesing, Compt. rend., 1920, 171, 977; 
Neumeister, Caliche, 1929, 11, 488. 
9. See Blasdale, J. Ind. Eng. Chem., 1918, 10, 344. 
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3. It is important that the student should himself prepare the graphs 
referred to in this chapter, using a moderately large scale. 

4. If the evaporation is carried out at some other temperature, say 
100°, the corresponding isothermal solubility curve must, of course, be 
constructed. 

5. Blasdale, J. Ind. Eng. Chem., 1918, 10, 344. 

6. See Turrentine and Tanner, J. Ind. Eng. Chem., 1924, 16, 242. 

7. Blasdale, loc. cit. 

8. Rec. trav. chim., 1924, 43, 475. 

9. The student should prepare a graph showing the course of the 
separation. 

10. Hamid, J. Chem. Soc., 1926, pp.°199, 206; J. Soc. Chem. Ind., 
1926, 45, 315T. For other cases, see Blasdale, J. Ind. Eng. Chem., 
1918, 10, 344. 

11. Compt. rend., 1917, 165, 787; 1918, 166, 115, 686; Annales 
Chim. Phys., 1918, 9, 251. 

12. J. Chem. Soc., 1918, 113, 675. 

13. Freeth, Rec. trav. chim., 1924, 43, 475. 

14. See also the previous discussion of this system, p- 369. 

15. Freeth, loc. cit. Leiden, 1924. 
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SECTION 5: SYSTEMS OF MORE THAN THREE COMPONENTS 


CHAPTER XIX 
FOUR-COMPONENT SYSTEMS 


In the systems which have so far been studied we have met 
with cases where two or three components could enter into com- 
bination; but in no case did we find double decomposition occur- 
ring.! The reason for this is that in the systems previously 
studied, in which double decomposition might have been possible, 
namely, in those systems in which two salts acted as components, 
the restriction was imposed that either the basic or the acid con- 
stituent of these salts must be the same; a restriction imposed, 
indeed, for the very purpose of excluding double decomposition. 
A system formed of water and three salts with a common ion will 
constitute a four-component or quaternary system; and, if the 
restriction that the salts have a common ion be allowed to drop, 
two salts along with water will give rise to a four-component 
system for double decomposition between the salts is then possi- 
ble. 

Hitherto, in connection with four-component systems, the 
attention has been directed chiefly to the study of aqueous solu- 
tions of salts, and more especially of the salts which occur in 
sea-water, i.e. chiefly the sulphates and chlorides of magnesium, 
potassium, and sodium.” The importance of these investigations 
will be recognised when one recollects that by the evaporation of 
sea-water there have been formed the enormous salt-beds at 
Stassfurt, which constitute at present the chief source of the sul- 
phates and chlorides of magnesium and potassium. The investiga- 
tions, therefore, are not only of great geological interest as tend- 
ing to elucidate the conditions under which these salt-beds have 
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been formed, but are of no less importance for the industrial work- 


ing of the deposits. 
I. Water and Three Salts with Common Ion. 


Water and three salts with a common ion constitute a system of 
four components, and a brief discussion of such systems may be 
given here for the purpose more especially of explaining the meth- 
ods by which the composition of such systems can be represented 
graphically. 

Just as we saw (p. 340) that the equilateral triangle can be em- 
ployed for the isothermal representation of the composition of a 
ternary system, so, for the isothermal representation of the com- 
position of a quaternary system one may employ a regular tetra- 
hedron, each face of which is an equilateral triangle and the 
edges of which are all equal (Fig. 195). If the four components 
A, bB, C, D, are represented by the four corners of the tetrahedron 
then it is clear that points on one of the edges will represent 
binary systems, points on a triangular face will represent ternary 
systems, and points withinthe tetrahedron will represent quaternary 
systems. Thus, the point a (Fig. 195) represents the composition 
of a solution of the two components A and D in equilibrium with 
one solid phase (A); d represents the composition of the ternary 
solution, containing A, B and D in equilibrium with two solid 
phases (A and B); and g represents the composition of a quater- 
nary solution in equilibrium with three solid phases A, ly and C. 
The composition represented by g can be obtained by drawing from 
g a line, parallel to AC or AB or AD, so as to cut the face BCD 
of the tetrahedron. The length of this line gives the proportional 
(percentage) amount of A in the quaternary solution g. Similarly, 
by drawing lines parallel to BA or BC or BD and to CA or CB or 
CD, so as to cut the faces ADC and ADB respectively, the length 
of the lines so obtained gives the proportional amounts of B and C. 
Lastly, by drawing from g a line parallel to DA, DB, or DC, so as 
to cut the face ABC, the amount of D in the quaternary mixture is 
obtained. 

In Fig. 195, it may be mentioned, the curves dg, eg and fg 


represent quaternary solutions in equilibrium with two solid 
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phases, while the areas adgf, bdge and cegf represent quaternary 
solutions in equilibrium with a single solid phase A, B, or (Hey 
Although a three-dimen- 
sional method of representa- 
tion is necessary in order to 
give a complete picture of 
the isothermal conditions in 
a quaternary system, it is 
very convenient, for practi- 
cal purposes, to make use 
of a plane diagram. Such a 
diagram can be obtained by 
projecting the curves in 
Fig. 195 perpendicularly on 


the base of the tetrahedron. 


The vertex of the tetrahedron 
(D) then comes to lie at the 
centre Dof the triangle ABC 
(Fig. 196), and the edges AD, bD and CD find their projections in 
the three medians AD, BD and CD. 


In order to plot the results of experiment in the plane triangular 


Fig. 195 


diagram it has to be borne in mind that while the composition of 
the quaternary solution is expressed in terms of the four com- 
ponents, namely, x per cent. A, y per cent. B, z per cent. C, w per 
cent. D, the projection of this point in the tetrahedron can repre- 
sent only the relative proportions, x’, y’, and z’ of the three 
components A, B, and C. To obtain the position of this point in 
the triangular diagram, therefore, w/3 is added to the actual per- 
centages x, y, and z, and we fix a point x’, y’, z’ in the tri- 
angle such that x’ = x + w/3, y’ = y + w/3, and z° =z + w/3. 

The same diagram can be obtained without adding w/3 to each 
percentage if x, y and z are plotted directly on axes at 120° to 
each other, that is, by measuring off x along DA, then y from this 
point parallel to DB, then < from this point parallel to DC. 

It should be noted that unless other information is appended to 


the diagram such as the water content at each point, it is impos- 
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sible to “‘read back’? the composition of each point from the dia- 
gram, except for points which are known to be on the surface of the 
tetrahedron (and therefore belong only to a ternary system). 
Instead of projecting the solid model orthogonally it may be 
projected perspectively according to the method of Janecke (cf. 
pp- 341 and 421). To plot compositions by this method means 
finding the percentage of each salt in the dissolved salts. Thus, 


in the above example, the percentage of A actually plotted would 
be 100x/(x + y + z), that of B would be 100y/(x + y + z) andthat 
of C 100z/(x + y + z), these percentages being plotted in the 


A 


Fig. 196 


usual way on an equilateral triangle. It would still be necessary, 
of course, to know the water content foreach point and this may 
be given as data accompanying the diagram or indicated graphi- 
cally on a vertical axis erected on the triangle. 

Instead of using the regular tetrahedron to represent isothermal 
behaviour in such quaternary systems Lodochnikov* has proposed 
a right-angled isosceles triangle, in which quaternary solutions 
are represented by vectors. The method of plotting is illustrated 
in Fig. 197 in which AD equals AB. Any point within the triangle 
ABD represents one or a hundred grams or moles of solution. A 
solution containing, for instance,0.1 moles of the first component, 


0.4 of the second, 0.3 of the third and 0.2 of the fourth is repre- 
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sented by the vector FG where EF = 0.1, FG = 0.4, GH = 0.3 and 
HJ = EA = 0.2. Thusa quaternary solution is denoted by a vector. 
Analogously, a series of solutions, such as would be represented 
in the usual tetrahedron by lines, is denoted by an area enclosing 
a group of these vectors suchas wxyz in thefigure. In like manner 


a surface within the tetrahedron becomes two overlapping areas. 


Fig. 197 


It will be seen that the complete isotherm is a difficult one to 
interpret and this constitutes a major disadvantage of it. The 
method is not in common use for this and other reasons. It has 
been shown® that the Lodochnikov method, modified so that the 
triangle ABD is equilateral, is really equivalent to two simul- 
taneous projections of the usual tetrahedron on one face of the 
latter. 
Lithium Sulphate-Ammonium Sulphate—Ferrous Sulphate— 
Water. The equilibria in quaternary systems in which three salts 
with a common ion together with water are the components have 
been investigated by Schreinemakers,° and the results obtained 
for the system water — lithium sulphate — ammonium sulphate — 
ferrous sulphate at 30° are represented by the orthogonal projec- 
tion method in Fig. 198, and summarised in the table on p. 408. 
The solid phases which occur are (NH,4)2SO4; Li,SO4* H,0; 
FeSO, + 7H,O; LiNH,SO, (= D3); and Fe(NH4)2S0,)9° 6H,O 
(= Dr.). Since the double salt D,,; is anhydrous it is represented 
by a point on the side of the triangle Li~Nli,; but the hydrated 
salts are represented by points within the triangle, as indicated 


408 THE PHASE RULE 


in Fig. 198. 


PERCENTAGE COMPOSITION OF SOLUTIONS AT 30°. 


Per cent. Per cent. Per cent. 
FeSQ,. Li,SO,g. | (NHq)sSO,. 


FeSO, . 7H,0 
Li,SO, . H 


FeSO, 7H,O + Li,SO, . H,O 
LipSOq H 20 + Dui 


H,O + Dre AF *DLi 
7; ih sO Dre + Dii 
F 


DS YwWwRe®MS 2 AH TA 


The different areas adkh, bdke, etc., of the projection figure 
represent the composition of solutions with which the single solid 
phases F'eSO,*7H,O, Li,SO,+H,O, etc., can exist. Since the 


curves separating two areas represent solutions in equilibrium 


Fig. 198 


with the two solid phases belonging to these areas, it follows that 


solid phases belonging to adjacent areas can coexist with solu- 
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tion, but solid phases belonging to areas which are not adjacent 
cannot coexist with solution. Thus FeSO, -*7H,O can coexist with 
Li,SO,°H,O and with Dp,, but it cannot coexist with Dy; or. 
with (NH,4),SO,. From the figure we see that Dp, can coexist 
with all the other solid phases in contact with solution. 


II. Reciprocal Salt-Pairs. 


Choice of Components. When two salts undergo double decom- 


position the interaction can be expressed by an equation such as 
NH,Cl + NaNO,==NaCl + NH,NO3. 


Since one pair of salts —NaCl + NH,NO3;— is formed from the 
other pair—NH,Cl + NaNO,™= by double decomposition, the two 
pairs of salts are known as reciprocal salt-pairs.’ It is with sys- 
tems in which the component salts form reciprocal salt-pairs that 
we have now to deal. 

It must be noted that the four salts formed by two reciprocal 
salt-pairs do not constitute a system of four, but only of three 
components. This will be understood if it is recalled thatonly 
so many constituents are taken as components as are necessary 
to express the composition of all the phases present (p. 11); and 
it willbe seen that the composition of each of the four salts which 
can be present together can be expressed in terms of three of them. 
Thus, for example, with NH,Cl, NaNO,, NH,NO3, NaCl, we can 
express the composition of NH,Cl by NH,NO, + NaCl NaNO,; 
or of NaNO, by NH,NO3 + NaCl—NH,Cl. In all these examples 
+t will be seen that negative quantities of one of the components 
must be employed; but that we have seen to be quite permissible 
(p. 11). The number of components is, therefore, three; and any 
three of the four salts can be chosen. 

Since, then, two reciprocal salt-pairs constitute only three 
components or independently variable constituents, another com- 
ponent is necessary in order to obtain a four-component system. 
As such, we shall choose water. 

Transition Point. In the formation of double salts from two 
single salts we saw that there was a point—the quintuple point— 
at which five phases could coexist. This point we also saw to 


be a transition point, on one side of which the double salt, on the 
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other side the two single salts in contact with solution, were 
found to be the stable system. A similar behaviour is found in 
the case of reciprocal salt-pairs. The four-component system, 
two reciprocal salt-pairs and water, can give rise to an invariant 
system in which the six phases, four salts, solution, vapour, can 
coexist; the temperature at which this is possible constitutes a 
sextuple point. This sextuple point is also a transition point, on 
the one side of which the one salt-pair, on the other sidethe recip- 
rocal salt-pair, is stable in contact with solution. 

The sextuple point is the point of intersection of the curves of 
six univariant systems, viz. four solubility curves with three solid 
phases each, a vapour-pressure curve for the system: two recip- 
rocal salt-pairs—vapour; and a transition curve for the condensed 
system : two reciprocal salt-pairs—solution. If we omit the vapour 
phase and work under atmospheric pressure (in open vessels), we 
find that the transition point is the point of intersection of four 
solubility curves. 

Just as with three-component systems we saw that the presence 
of one of the single salts along with the double salt was neces- 
sary in order to give a univariant system, so in the four-component 
systems the presence of a third salt is necessary as solid phase 
along with one of the salt-pairs. In the reciprocal salt-pairs men- 
tioned above, the transition point would be the point of intersection 
of the solubility curves of the systems with the following groups 
of salts as solid phases. Below the transition point: 


above the transition point: 
NaCl + NH,NO; + NaNO;; NaCl + NH,NO, + NH,Cl, 

and at the transition point the, phase reaction on withdrawal of 
heat from the system would be NaCl + NH,NO,>NH,Cl + NaNO,. 
From this we see that the two salts NH,Cl and NaNO, would be 
able to exist together with solution below the transition point, 
but not above it. This transition point has not been determined. 

Solubility and Transition Point. The transition point, we have 
seen, is the point of intersection of four solubility curves (ab- 
sence of vapour and constant pressure being assumed), and it has 
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been shown by van’t Hoff® that at this point the products of the 
solubility products of the salts of the two salt-pairs are equal. 
At any other temperature the salt-pair with the lower product will 
be the stable salt-pair. Thus, from the solubility values of the 
single salts at a given temperature, it is possible to state which 
of the salt-pairs is stable at that temperature. 

For the reciprocal salt-pairs NaCl + NH,HCO, and NaHCO, + 
NH,Cl, to be discussed later (p. 431), the solubilities of the four 
single salts, in moles per litre, at 0°, are 6.1, 1.5, 0.82 and 5.57 
respectively. We have, therefore, 6.1 X 1.5(= 9.15) > 0.82 X 5.57 
(= 4.57). At 0°, therefore, the stable salt-pair is NaHCO, + 
NH,Cl; and the two salts NaCl and NH,HCO, cannot coexist in 
presence of solution. 

For the reciprocal salt-pairs” Na,Cl, + (NH4),B,0, and 
(NH,)2Cl, + Na,B,07, the salts Na,Cl, and (NH,),Cl, yield, on 
complete ionisation, four ions, while the borates yield only three. 
In calculating the products of concentrations, therefore, the solu- 
bility values (in moles) for the two chlorides must be raised tothe 
fourth power, and those for the borates to the third power. © At 
0°, we have, 

Cyne, X hd Sueiee 3°0354 X 0°2037 = 0-7098 
C*ovny,c, X C*NnagBO) = 2°761* x 0-0549? = 0°00962. 
The stable salt-pair is therefore NH,Cl + Na.B,0z. 

Formation of Double Salts. In many four-component systems 
the transition point is not a point at which one salt-pair passes 
intoits reciprocal, but one at which a double salt is formed. Thus, 
at 4.4°, Glauber’s salt and potassium chloride form glaserite and 
sodium chloride with the absorption of heat,according to the equa- 
tion 

2Na,SO,, 10H,0 + 3KCI%K,Na(SO,). + 3NaCl + 20H, 0, 
the water formed then giving saturated solution. Above the tran- 
sition point, therefore, there could be K, Na(SO,4). and NaCl co- 
existing with KC] and solution; and it may be considered that at a 
higher temperature the double salt would interact with the potas- 


sium chloride according to the equation 
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K,Na(SO,)) + KC] 2K,SO, + NaCl, 


thus giving the reciprocal of the original salt-pair. This point has, 
however, not been experimentally realised, !! 

Transition Interval. A double salt, we learned (p. 351), when 
brought in contact with water at the transition point, undergoes 
partial decomposition with separation of one of the constituent 
salts; and only after a certain range of temperature (transition 
interval) has been passed, can a pure saturated solution of the 
double salt be obtained. A similar behaviour is also found with 
reciprocal salt-pairs. For each salt-pair there will be a certain 
range of temperature, called the transition interval, within which, 
if excess of the salt-pair is brought into contact with water, inter- 
action will occur and one of the salts of the reciprocal salt-pair 
will be deposited. For the salt-pair which is stable below the 
transition point the transition interval will extend down to a cer- 
tain temperature below the transition point, and for the salt-pair 
which is stable above the transition point the transition interval 
will extend up to a certain temperature above the transition point. 
Only when the temperature is below the lower limit or above the 
upper limit of the transition interval will it be possible to prepare 
a solution saturated only for the one salt-pair. For ammonium 
chloride and sodium nitrate the lower limit of the transition inter- 
val is 5.5°, so that above this temperature and up to that of the 
transition point (unknown) ammonium chloride and sodium nitrate 
in contact with water will give rise to a third salt by double de- 
composition, viz., sodium chloride.+2 

Graphic Representation. For the graphic representation of the 
isothermal equilibria in systems formed by two reciprocal salt- 
pairs and water two methods are commonly employed, one due to 
Léwenherz and the other to Janecke.!* In these systems, it may 
be recalled, an isotherm can be represented completely only by a 
three-dimensional model. 

A. According to the (original) method of Léwenherz!* four 
axes are chosen intersecting at a point like the edges of a regular 
tetrahedral pyramid (Fig. 199). Along each of the four edges is 
measured the number of equivalent gram-molecules of the four 
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salts in a fixed amount of water. The salts with a common ion 
must be measured along adjacent axes. Thus, if we consider the 
reciprocal salt-pairs (Na, K)—(NO3, Cl), we may measure moles 
of NaNO, along OA, moles of KNO, along OB, moles of KCl along 
OC and moles of NaCl along OD. If we consider the salt-pairs 
(Na, K)—(SO,, Cl) we may measure moles of Na,SO, along OA, 
moles of K,SO, along OB, moles of KCl, along OC and moles of 
Na,Cl, along OD, tlre formula of the latter two being doubled to 
retain the property of equivalence to the first two. It is in the 
sense of such equivalent gram-molecules that we shall thenceforth 
use the term ‘mole’. 

To represent the composition x moles of B, y of C and z of D 
per 1000 moles of water, say, we measure off along OB and OC 
the lengths Ob and Oc equal to x and y respectively. From the 
points 6 and c lines bu and ca are drawn parallel to OC and OB. 
The point of intersection a (Fig. 199) then represents a solution 
containing xB and yC (ab = y; uc = x). From a aline @P is 
drawn, parallel to OD and equal 
to z. P then represents the solu- 
tion of the above composition. 

It will be understood from the 
general method of construction 
that the same point, P, will be 
reached if one first of all meas- 
ures off on OC and OD lengths 


equal to y and z respectively, 


Fig. 199 


draws from the points so obtained 
lines parallel to OD and OC respectively, and then, from the 
point of intersection draws a line of length x, parallel to the 
edge OB. 

It should be pointed out here that the composition of each of 
the four anhydrous salts is represented by a point an infinite dis- 
tance from O along the corresponding edge of the pyramid so that 
the model extends downwards to infinity. As the model has no 
definite dimensions extrapolation to the composition of the solid 


phases is impossible with this method of plotting. 
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The difficulty just referred to can be avoided by using the 
method of Schreinemakers!* according to which the concentration 
of the salts is plotted in terms of the number of moles of salt in 
100 moles of total mixture (including water.)!® This gives a reg- 
ular tetrahedral pyramid of finite dimensions in which the base is 
a square as in Fig. 200. The altitude is made equal to one half the 
diagonal of the base. Points may be plotted in the manner de- 
scribed for Fig. 199. 

Fig. 200 shows a typical isotherm for a reciprocal salt-pair 


Fig. 200 


(Schreinemakers’ method). It is seen to consist of four surfaces, 
awPz, bxQPw, cyQx and dzPQy, representing solutions saturated 
with A, B, C and D respectively. It may therefore be imagined 
that every point on, say, awPz is joined by a tie line toA and 
similarly for the other surfaces. There is thus a sheaf of tie lines 
for each surface, each sheaf filling an element of volume within 
the pyramid. The triangular faces of the pyramid, it will be seen, 
correspond to the four ternary systems comprising the quaternary 
system (cf. Fig. 156, p. 342). The lines of intersection of adjacent 
surfaces, wP, xQ, yQ, zP and PQ, denote solutions saturated with the 
two corresponding solids and the points P and Qliquids saturated with 
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three solids. The volume above the four surfaces represents un- 
saturated solutions which are trivariant at the temperature and 
pressure of the diagram. Similarly the equilibria represented by 
the surfaces are bivariant, those by the lines univariant and those 
by the points invariant. There are seven more elements of volume 
representing solid-liquid equilibria in addition to the four men- 
tioned above. These are, of course, also situated below the sat- 
uration surfaces, and are all irregularly shaped tetrahedra. Five 
of the seven denote liquids saturated with two solids and two 
denote liquids saturated with three solids. Their location can 
readily be visualised. It is to be noticed that, according to this 
diagram, B and D, but not A and C, can coexist with solution: B 
and D are therefore the stable salt-pair. 

If the data are plotted according to the original Léwenherz 
method the general aspect of the figure is not greatly altered. The 
tie-lines of each sheaf which radiate from A, B, C and D, however, 
are all effectively parallel, for A, B, C and D are at infinity. 

We may briefly refer here to the process of isothermal evapora- 
tion and postpone more detailed discussion of it until a better 
method of graphical representation has been described. Suppose 
a quaternary liquid f is evaporated at the temperature of the iso- 
therm. The total composition of the system will follow the pro- 
longation of Of away from O. When g, on the surface awPz is 
reached, solid A will begin to separate, and as the complex 
passes below this surface the composition of the liquid alters 
along the curved line gh which is the locus of the ends of the 
tie lines (radiating from A) which the complex successively inter- 
sects. When the solution reaches h, solid D, as well as solid A, 
is deposited and the liquid follows AP. At P the solution dries 
up while depositing A, D and B. The curve gh is a‘* 
crystallisation path. Obviously there are an infinite number of 
such paths lying on the surface awPz and radiating from A. Ina 


similar manner it can be shown that the other three surfaces are 


‘one-solid’’ 


crossed by imaginary curves radiating from b, c and d. 
It is more convenient, however, not to employ the three-dimen- 


sional figure, but its vertical or orthogonal projection on the base 
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of the pyramid. This is shown in Fig. 201, the points being 
lettered to correspond with those on the solid model. The relation 
of the projection to the pyramid is shown by including a pictorial 
projection in Fig. 200 which is also lettered to correspond. The 
projection of the edges of the pyramid form two axes at right 
angles and give rise to four quadrants similar to those employed 
for the representation of ternary solutions (p. 340). The signifi- 
cance of each point is obvious. All the lines in this projection, 
including the crystallisation paths such as g’h’ will normally be 
slightly curved, although, for lack of data, they are commonly 
drawn straight. 

Many systems are known which do not follow the simple be- 
haviour portrayed in Figs. 200 and 201. There may be more than 
four surfaces as a result of the formation of additional solid 
phases such as double salts, but the principles discussed are 
readily extended to them. It may be observed that if, on the 


Fig. 201 


orthogonal projection, the point representing the composition of 
the solid phase lies outside of the field for liquids saturated with 
that solid, it does not by any means follow that this solid is 
incongruently saturating. Point A, for example, lies outside of 
the area a’ w’P’z’ but A is not incongruently saturating. This 


is to be contrasted with the perspective projection to be de- 
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scribed later. 

The orthogonal projection of the original Léwenherz solid model 
presents a similar appearance except, of course, that there are no 
limits to the figure. Its interpretation should present no difficulty. 

The method of plotting data on such orthogonal projections is 
a matter which deserves special consideration for it can present 
real difficulties to the student. The Schreinemakers modification 
of the Léwenherz method is not, surprisingly, in common use, so 
we shall suppose that our data are expressed in moles of each of 
the salts in 1000 moles of water, bearing in mind the special 
meaning attributed to ‘mole of salt’ on p.413. Let us again 
represent the salts by A, B, C andD so that A + CS B+ D. 
Consider a solution which contains 10 moles of A, 30 of C and 
40 of D in 1000 moles of water. In order to plot this composition 
we measure 10 moles along OA (Fig. 202), 30 back toward C (.e., 
to m), and finally 40 from m par- 
allel to OD to give n. It will be 
realised that x moles of A corres- 
ponds graphically to -x moles of 
C and vice versa,andthat y moles 
of B corresponds to -y moles of 
D and vice versa. We can express, 
therefore, this same composition 
as 10 moles of B, 20 of C and 50 
of D (per 1000 moles of water). 
Or we can express it either as 
50 moles of A, -40 of B and 70 
of C or as -20 of A, 30 of B and 70 of D. There are thus four 


sets of three independent concentration variables which can ex- 


Fig. 202 


press the composition of this solution, two sets of which will 
involve only positive quantities and two sets of which will involve 
a negative quantity, any of which will give the same point(n) when 
plotted. It is obviously desirable, in tabulating data, to express 
the concentrations in positive quantities. Of the two sets which 
give positive quantities it is generally preferable to use that set 
which includes the salt-pair which is stable at that particular 
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temperature. 

In spite of the ease with which such data can be plotted one 
must not lose sight of the fact that it is not possible to ‘‘read 
back’? the composition of the solution fromthe position of the point 
on the projection. This is because any number of concentrations 
can give the same point, thus emphasising the inadequacy of two 
dimensions for the representation of three independent variables. 
Any of the following sets of data, for instance, will give point n 
on the projection: 20 moles of C, 40 of D and none of A or B; 
20 of A, 40 of C and 40 of D; 30 of B, 20 of C and 70 of D. 
Thus any such projection, in order to be completely informative, 
must be accompanied by additional data, such as the total number 
of moles of salt per 1000 moles of water, from which the correct 
set of data can be found. This is not true, however, for points 
which are on the periphery of the pyramid, such as points w, x, y 
and z of Fig. 200, for these are in the component ternary systems 
and therefore must contain only two salts and water. For example, 
if it were known that n (Fig. 202) were on the periphery of the 
solid modelits composition, as read directly from the diagram, 
viz., 20 moles of C and 40 of D to 1000 moles of water, would 
be unequivocal. 

As an example of the orthogonal projection diagram there 
may be given one representing the equilibria in the system com- 
posed of water and the reciprocal salt-pair sodium sulphate—potas- 
sium chloride for the temperature 0° (Fig. 203)'7 which is just 
below the transition temperature referred to on p.41]l. The 
amounts of the different salts are measured along the four axes 
and the composition of the solution is expressed in moles per 
1000 moles of water. 

The outline of this figure represents four ternary solutions in 
which the component salts have a common acid or basic constit- 
uent; viz. sodium chloride—sodium'sulphate, sodium sulphate 
potassium sulphate, potassium sulphate—— potassium chloride, 
potassium chloride—sodium chloride. These four sets of curves 
are therefore similar to those discussed in Chapter XVII. Under 


particular conditions the ‘‘compound”’ glaserite, K,Na(SO,)., is 
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formed. According to van’t Hoff and Barschall’® glaserite is an 
isomorphous mixture, but Gossner’® considers it to be a definite 
compound having the formula K,Na(SO,).. More recent work” 
however, confirms the opinion that its composition is somewhat 
variable: it should not, therefore, be called a compound. Point 
X gives the composition of the solution saturated for Glauber’s 
salt, potassium sulphate and glaserite; point XI gives the com- 
position of the solution saturated for Glauber’s salt, potassium 
chloride and glaserite, and point XII the composition of the solu- 
tion saturated for potassium sulphate, potassium chloride and 
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The lines which pass inwards from the boundary curves repre- 
sent solutions containing three salts in contact with only two 
solid phases; and the points where three lines meet, or where three 


fields meet, represent solutions in equilibrium with three solid 
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phases, with the phases, namely, belonging to the three concurrent 
fields. 

The numerical data from which Fig. 203 was constructed are 
contained in the table below, which gives the composition of the 


different solutions at 0°. 


Composition of solution in gram- | Total 
mols. per 1000 gram-mols. water. — 
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a,SO,,10H,O 
Cl; Na,SO,,10H,O ; Glaserite 
KCl; K,SO,; Glaserite 
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From the aspect of these diagrams the conditions under which 
the salts can coexist can be read at a glance. Thus, for example, 
Fig. 203 shows that at 0° Glauber’s salt and potassium chloride 
can exist together with solution; namely, in contact with solu- 
tions having'the composition IX-—XI. This temperature must 
therefore be below the transition point of this salt-pair (p. 411). 
On raising the temperature to 4.4° it is found that the curve 
X= XI moves so that the point XI coincides with point IX.2! At 
this point, therefore, there will be four concurrent fields, viz. 
Glauber’s salt, potassium chloride, glaserite and sodium chloride. 
But these four salts can coexist with solution only at the transition 
point; so that 4.4° is the transition temperature of the salt-pair: 
Glauber’s salt—potassium chloride. At higher temperatures the 
lines VIII —X —XI move still further to the left, so that the field 
for Glauber’s salt becomes entirely separated from the field for 
potassium chloride. This shows that at temperatures above the 
transition point the salt-pair Glauber’s salt — potassium chloride 


6 : : Z, 
cannot coexist in presence of solution.” 
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If it is desired to indicate only the mutual relationships of the 
different components andthe conditions for their coexistence (para- 
genesis), a simpler diagram than Fig. 203 can be employed. Thus 
if the boundary curves of Fig. 203 are drawn so that they cut one 
another at right angles, a figure such as Fig. 204 is obtained, the 
Roman numerals here corresponding with those in Fig. 203. 

B. According to the method of Janecke and Le Chatelier?®, 
which possesses certain advantages over the method employed 
by Loéwenherz, the composition of the solutions is expressed not 
in terms of salts, but in terms of ions, or of acid and basic radi- 


cals. Thus the composition of aqueous solutions formed from the 
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salt-pair M,S, + M,)S, and its reciprocal pair, M,S, + M)S,,can 
be represented in accordance with the scheme 
xM,, (1 - ~)My, ySy, (1 - y)S, mH,O 

where x, (1 - x), y, (1 - y) are the number of moles of the ions 
dissolved in m moles of water. The quantity x is thus the mole 
fraction of the ion M, in the total amount of dissolved basic 
radicals, y is the mole fraction of the ion S, in the total amount of 
dissolved acid radicals and m is the number of moles of water per 
mole of dissolved salt. These data are then plotted on a solid 
model (isotherm) consisting of a rectangular column on a square 
base. The four corners of the base represent the pure salts, salts 
with a common ion being placed at adjacent corners of the square 
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(Fig. 205). The sides AD and BC of the square will represent 


solutions cortaining different proportions of M, and M,, and by 
dividing these sides in the ratio of x to (1 - x), and joining the 
points u and b so obtained, the line ab will represent quaternary 
solutions in all of which the ratio of M, to Mp is as x is to (1 - x). 
Similarly, the line cd represents the composition of solutions in 
which the radicals S$, and S, are present in the ratio y to (1 - y)-. 
The point of intersection p will then, obviously, represent the 
solution having the composition xM,, (1 - ¥)Mo, ¥S}, (1 - y)Sp 
dissolved in m moles of water. 

We shall illustrate by plotting the composition of a solution 
containing 10 moles of M,S,, 30 of M.S. and 40 of M.S, per 1000 
moles of water (cf. p. 413). In terms of-ions there are 10 moles of 
M,, 30 + 40 = 70 of Mo, 10 + 40 = 50 of S, and 30 of S, per 1000 
moles of water, giving x = 10/80 = 0.125, y = 50/80 = 0.625 and 
m = 1000/80 = 12.5. This composition, insofar as the relative 
amounts of dissolved salts are concerned is plotted as point p in 
Fig. 205. It will be observed that p must lie within the triangle 
ADC for its composition is expressed in terms of positive amounts 
of the three salts denoted by the corners of that triangle; itis 
also in the triangle BCD so that its composition could also have 
been expressed in terms of positive quantities of B, C and D. It 
may be seen further that the same point p could have been located 
by finding the mole fraction of the salts in the dissolved salts, 
viz.,0.125 for M,S,, 0.375 for M.S, and 0.50 for M,S,, and measur- 
ing off a distance 0.125 from D toward A and a distance 0.375 
downward, parallel to the sides of the square. The distance of p 
thus found, from the diagonal AC, measured parallel to either side 
of the square, is seen to be 0.50, the amount of M.S, in the solu- 
tion. To represent the amount of water a perpendicular is erected 
at O, and a length corresponding with m moles is measured off; 
or better, a length N = 100m/100 +m (see p. 342). The point in 


space so obtained represents the solution of the composition 
“M, + (1 - x)My + yS, + (1 -y)S, + mH,0. 

Generally, however, only the plane quadrangular diagram is em- 

ployed, only the relative proportions of the salts being represented 
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graphically, the amounts of water being indicated, when desired, 
by numerals. 

It will be helpful to indicate the relation of this type of plot 
to the | 6wenherz model described earlier. The Janecke square 
is, in fact, the perspective projection of the Léwenherz tetragonal 
pyramid projected on the base, assuming that, according to the 
Schreinemakers procedure, the concentrations in the pyramid have 
been plotted in moles of each salt per fixed number of moles of 
total mixture. The Janecke square is thus the pyramidal model 
viewed with the eye at the apex. It has certain definite advantages 
over the orthogonal projection which will become apparent later, 
not least among which is the fact that having plotted a point, its 
composition (apart from water content) can be ‘‘read back’’ from 
the diagram. 

With reciprocal salt-pairs the simplest kind of behaviour is 
typified by Fig. 206 which should be compared with the typical 
orthogonal projection of Fig. 201 (p. 416). The metathesis is again, 
of course, represented by A + C SB + D, and lines within the 
square denote liquids saturated with two solids. In Fig. 206 
B and D are obviously the stable salt-pair. The univariant lines 
are drawn straight in such diagrams because, as a rule, only 
their end points are determined experimentally. Sufficient data, 
however, would doubtless show that they are actually curved. 
It is to be observed that P is a congruently saturated solution (cf. 
p- 348) for it lies within the composition triangle formed by join- 
ing the compositions of the three solids with which it is in equi- 
librium. The same applies to Q. The fact that PQ, denoting liq- 
ujds saturated with B and D, intersects the line joining B and 
D means that excess B and D and water can be mixed without a 
third salt separating. Alternatively, the three substances B, D 
and water form a stable ternary system at this temperature. 

The representative behaviour just described may well alter 
with a change in the temperature of the system; it may, for in- 
stance, pass into the type of Fig. 207 where Q has now become an 
incongruently saturated solution and the system B-D-water is no 


longer a stable ternary one. Adding excess B and D to water, even 
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though these are still the stable salt-pair, must now result in the 
formation of another solid, namely C. Further temperature change 


Fig. 206 Fig. 207 


can result in Fig. 208 where P and Qhave moved so as to coincide 
at S. Point S is a solution saturated with the four solids A, B, C 
and D; and, if vapour is present, there are six phases so that S 
is a sextuple point referred to on p.410. Obviously this can 
occur only at a fixed temperature and pressure or, if the vessel is 
open to the atmosphere, only at a fixed temperature. Continued 
change of temperature may now give Fig. 209 where A and C are 
now the stable salt-pair and G is an incongruently saturated solu- 
tion. Still further change in temperature could result in FG inter- 
secting AC making both F and G congruently saturated solutions. 
A study of the changes wrought by altering the temperature and 
shown in Figs. 206 to 209 will now make clear the meaning of 
transition interval defined earlier (p. 412). The transition interval 
for the salt-pair BD, for instance, is seen to be the interval be- 
tween the temperature at which Q in Fig. 206 just crosses the 
diagonal BD and the temperature of Fig. 208 (transition tempera- 
ture). 

As mentioned, the sequence of changes just described is the 
simplest possible kind of behaviour, but, even so, the authors are 
not aware of any salt systems which have been studied over a 


large enough temperature range to bring out all the phenomena 
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referred to. Not infrequently there are complications arising from 
the formation of hydrates or double salts and this will mean addi- 
tional fields in the diagram for liquids saturated with these solids. 
The system Na,SO,— KC1=H,O (see p. 411) is such an example. 
Sometimes a tetragene salt, that is, one containing two different 
basic and two different acid radicals is formed. For example, in 
the system MgSO,— KCl —H,O at 85°* kainite, MgSO, + KCI- 
3H,0,is found as a stable solid.?° In addition there is the possi- 
bility of solid solution formation as in the system NH4Fe(SO4).—™ 
KAI(SO,4) 9-H, at 25°.7° 


Fig. 208 Fig. 209 


isothermal Evaporation. The Janecke projection is especially 
adapted to the study of the isothermal evaporation of solutions. 
Suppose, for instance, that in Fig. 206 the liquid & is evaporated 
at the temperature of the isotherm. As & lies within the field for 
liquids saturated with A, the latter will first be deposited. Loss 
of A from the solution will cause the liquid composition to follow 
the prolongation of Ak to J, On arrival at / the solution is now 
saturated with both A and B and will deposit both of these while 
following /P to P where it will remain constant in composition 
while drying up to a mixture of A, B and D. The evaporation of 
other solutions in the same figure is similarly treated and the 
direction of movement of the solution compositions is indicated 


by arrows. The line kl, it is to be noted, is straight, and herein 


426 THE PHASE RULE 


lies another advantage of the Janecke projection, for crystallisa- 
tion paths, during the separation of a single solid, are straight 
lines on suchaplot whereasthey are curved lines onthe orthogonal 
projection.” ” Each field on the Janecke diagram is therefore 
crossed by straight lines, ‘‘one-solid’’ crystallisation paths, 
radiating from the point representing the composition of the corres- 
ponding solid phase. The latter points, it will be seen, can never 
lie outside of the diagram; on the orthogonal projection, however, 
they frequently radiate from some point outside of the boundaries 
of the areas for liquid. 

Rather different, however, is the evaporation of a solution such 
as k in Fig. 207. Evaporation first deposits D while the solution 
moves to l, The solution then follows /Q and a mixture of D and 
C separates. On arrival at Q the concentration will remain fixed 
while C dissolves and B and more D separate, the composition 
being held constant by the presence of the four phases (constant 
atmospheric pressure). There will still be liquid left when all of 
C has dissolved, otherwise it would mean that the liquid had dried 
up at Q to a mixture to B, C and D, which is impossible because 
k is not within the composition triangle BCD (cf. p. 280). When 
C has dissolved the liquid composition is now free to move along 
Q to P while B and D continue to be thrown down. At P solid A 
is also deposited and the liquid dries up at that point. On the other 
hand, were the solution g evaporated it would dry up at Q, other 
wise the series of changes would not be greatly different.7° 

The reader is reminded that we have assumed in the foregoing 
that any solids deposited in the evaporation have not been removed 
as deposited, but have been left available for re-solution if the 
equilibrium behaviour of the system: at fixed total composition has 
demanded it. We shall describe an example later (p. 440) in which 
the solids, once deposited, are no longer available for re-solution. 

Conversion Saltpetre, I'o illustrate the use of Janecke’s method 
of representation we may consider briefly the equilibria formed 
by the reciprocal salt-pairs (Na,K) —(NO3,Cl) and water, which 
are of importance for the manufacture of conversion saltpetre, 
and which have been studied by Uyeda”® and by Reinders.°° 
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In this system no compounds or salt hydrates are formed. 

In Fig. 210 is shown the projection isothermal for 25°, the 
faint-drawn lines representing isohydrores or lines of equal water 
content. At the four corners of the square are the pure salts, the 
numerals within brackets giving the-number of moles of water in 
which one mole of the salt dissolves. At A we have a solution 


Na NO3 KNO, 


(5-14) (14-65) 


09 


0-8 


NaC] Ol 02 03 04 05 06 O7 08 09 KC| 
Fig. 210 


which is saturated for both NaNO, and NaCl. Its composition is 
given by 1.00Na, 0.624NO;, 0.376Cl, 5.08H,O. At B the solu- 
tion is in equilibrium with NaC] and KCl as solid phases, and 
its composition is given by 0.303K, 0.697Na, 1.00CI, 7.63 H)O. 
At C the solution has the composition represented by 1.00 K, 0.325 
NO;, 0.675Cl, 8.00H,O, and is saturated for KCl] and KNO,; 
while at D the solution is in equilibrium with solid KNO, and 
NaNO,, and has the composition 0.278 K, 0.722 Na, 1.00 NO,, 3.38 


H,0. 
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The curves AP,, DP,, BP,, and CP. represent the composition 
of quaternary solutions in equilibrium with two solid salts, and 
the points P, and P, solutions in equilibrium with three solid 
salts. At P, the solid phases are NaCl, KNO3, NaNO,, and the 
composition of the solution is given by 0.26K, 0.74Na, 0.74NOg, 
0.26Cl, 3.54H,O; and at P, the solid phases are NaCl, KNO,, 
KCl, and the solution has the composition 0.36K, 0.64Na, 0.36 
NOs, 0.64Cl, 5.01H,0. The curve P,P, gives the quaternary 
solutions in equilibrium with NaCl and KNO,. 

It will be observed that the fields for NaC] and KNO, are ad- 
jacent and meet along the curve P,;P,. These two salts are, 
therefore, at 25°, the stable salt-pair. The fields for NaNO; and 
KCI are separated from each other, and the two salts cannot there- 
fore coexist with solution. 

The point P,;, which represents a solution saturated for the 
three solid salts NaNO,, NaCl, KNO3 lies, as is evident, entirely 
within the triangular area all points on which represent solutions 
the composition of which is expressible in terms of these three 
salts. P,, therefore, represents a congruently saturated solution 
(p. 348). Point P,, similarly, lies, as is seen, on the diagonal 
NaCI—KNO,, and has therefore not passed outside the triangular 
area for the three salts NaCl, KCl, KNO3. Py, therefore, also 
represents a congruently saturated solution. 

As the temperature is raised, however, the position of the 
points P; and P, alters, and at temperatures above 50° the point 
P, passes outside the triangular area NaCl, KCl, KNO3 into the 
triangular area NaCl, NaNO,, KNO3. Although the solution, there- 
fore, is in equilibrium with the three salts NaCl, KCl, KNO., its 
composition is not expressible in positive quantities of these 
salts. Thus, at 100°, the solution saturated for NaCl, KCl, KNO, 
has the composition 35.9 grams NaCl, 47.0 grams NaNO,, and 
192.2 grams KNO, in 100 grams of water. The solution is thus 
incongruently saturated (p. 348). The solubilities at 5° and 100° 
are given in the following table, (p. 429). 

From the information yielded by the isothermal diagrams based 
on the solubility data it is possible to decidethe conditions under 
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Composition of the solution. 


«K, (1 — x)Na, y NOx, 
(x — y)CQh , m HO. 


Grams of salt in roo grams 
of water. 


NaNO,; KNO, 
NaNO,; KNO,; NaCl 
NaCl; KCl; KNO, 
NaCl; KCl 


NaNO, ; KNO, 
NaNO,; KNO,; NaCl 
NaCl; KCl; KNO, 
NaCl; KCl 


which potassium nitrate can best be prepared by double decompo- 


sition between potassium chloride and sodium nitrate. Thus 
Reinders has found that the best yield of potassium nitrate, work- 
ing between the temperatures 5° and 100°, is obtained inthe 
following manner: 0.80 mole of sodium nitrate, 0.62 mole of po- 
tassium chloride and 1.8] moles of water are mixed together at 
100°. There is deposited from the solution 0.42 mole of sodium 
chloride and a mother liquor is produced having the composition 
0.38Na, 0.62K, 0.20Cl, 0.80NO,, 1.81H,O. This solution is 
saturated for sodium chloride, and also for potassium nitrate and 
potassium chloride. Its composition corresponds to the point P, 
on the isotherm for 100°, and lies above the dotted line shown in 
Fig. 210.°! 
chloride and cooled down to 5°. Since, however, at this tem- 
perature, the above solution would deposit not only potassium 
nitrate but also sodium chloride and sodium nitrate, 0.371 mole 
of water is added to the solution, so as to give the composition 
0.62K, 0.38Na, 0.80NO3, 0.20Cl, 2.181H,O. From this solu- 
tion there crystallises out at 5°, 0.563 KNO, and a solution is 
left having the composition 0.057K, 0.38 Na, 0.24.NO,, 0.20Cl, 
2.18H,O. The cycle is then repeated by heating this solution to 
100°, adding a mixture of 0.563KCI + 0.563NaNO; and evapo- 
rating off 0.371H,O. During the evaporation there separates out 
0.563NaCl. This is removed, the solution is diluted by addition 


The mother liquor is separated from the solid sodium 


430 THE PHASE RULE 


of 0.371 H,O, and again cooled down to 5°. 

During the first cycle, therefore, 0.563 & 100/0.62 = 90.8 per 
cent. of the potassium chloride is recovered as potassium nitrate 
and, thereafter, 100 per cent. is recovered; from each 100 grams of 
solution at 100° there are obtained 0.461 mole or 46.6 grams of 
potassium nitrate. 

General Description of the Method. Having discussed the 
process which may be employed for the production of potassium 
nitrate from potassium chloride and sodium nitrate, a general 
statement may now be given of the conditions under which one 
pair of salts belonging to a reciprocal salt-pair may be most 
efficiently obtained from the other salt-pair. Calling the salts 
forming the unstable or incompatible salt-pair the reactants, and 
the salts forming the stable or compatible salt-pair the resultants, 
we may state the general conditions for successful and efficient 
working by a multiple temperature cycle as follows. 

To a solution, which is frequently called a nucleus solution, 
and which is used over and over again, equivalent quantities of 
the reactants are added in such amount as will produce a solution 
saturated with respect to one resultant only, at the upper limit of 
temperature used in the process, the other resultant remaining 
in solution. The mother liquor obtained, after separation of the 
solid resultant, is cooled down to such a temperature that the 
quantity of the second resultant deposited is equivalent to the 
amount of the first resultant removed at the higher temperature. 
After separation of the second resultant, the mother liquor will 
have the composition of the original nucleus solution, and the 
cycle of processes can then be repeated. If, at any stage of the 
cycle, water has to be added in order to adjust the composition of 
the solutions, this water is removed at a later stage of the cycle. 

A consideration of the above conditions will show that the 
point in the equilibrium diagram representing saturation with 
respect to the one resultant, at the higher temperature, lies well 
within the saturation field of the second resultant at the lower 
temperature. From this it follows that an infinite number of nucle- 


us solutions are theoretically possible, but since the object of 
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the manufacturer is to obtain, during each operation, as large an 
amount of salt as possible per unit of volume of liquor, it usually 
happens that, for a particular pair of temperatures between which 
the process is carried out, there is a unique nucleus solution which 
gives the best results. This solution has almost always a compo- 
sition such that when the appropriate equivalent amounts?” of the 
reactants have been added to it at the higher temperature, and 
one of the resultants has separated out, a solution is obtained 
which is represented by a characterised point in the diagram, 
that is, by a point representing a solution saturated for three 
solid phases. Thus, in the case of the production of conversion 
saltpetre referred to above, the nucleus solution has the compo- 
sition 0.057K, 0.38 Na, 0.24NO3, 0.20Cl, 2.18H,O. On addition 
to this solution of a mixture of 0.563 KCl] + 0.563 NaNO, at 100°, 
and after the evaporation of 0.371H,O, a mother liquor is ob- 
tained having the composition 0.38 Na, 0.62K, 0.20Cl, 0.80NO;, 
1.81H,O. This solution is, as we have seen, saturated for sodium 
chloride, potassium nitrate and potassium chloride. During the 
evaporation, 0.563 NaCl separates out. 

Ammonia- Soda Process. One of the most important applica- 
tions of the Phase Rule to systems of four components with recip- 
rocal salt-pairs has been made by Fedotieff®*in his investigations 
of the conditions for the formation of sodium carbonate by the so- 
called ammonia-soda (Solvay) process. This process consists, 
as is well known, in passing carbon dioxide through a solution of 
common salt saturated with ammonia. 

Whatever differences of detail there may be in the process as 
carried out in different manufactories, the reaction which forms 
the basis of the process is that represented by the equation?” 

NaCl + NH,HCO,~= NaHCO, + NH,Cl 

We are dealing here, therefore, with reciprocal salt-pairs, the 
behaviour of which has just beendiscussed inthe preceding pages. 
Since the study of the reaction is rendered more difficult on account 
of the fact that ammonium bicarbonate in solution, when under 
atmospheric pressure, undergoes decomposition at temperatures 
above 15°, this temperature was the one chosen for the detailed 
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investigation of the conditions of equilibrium. Since, further, it 
has been shown by Bodlander®® that the bicarbonates possess 
a definite solubility only when the pressure of carbon dioxide 
in the solution has a definite value, the measurements were 
carried out in solutions saturated with this gas. While this 
really constitutes another component, the variance of the sys- 
tem remains unaltered because of the maintenance of the carbon 
dioxide pressure at a constant value. 

In order to obtain the data necessary for a discussion of the 
conditions of soda formation by the ammonia-soda process, solu- 
bility determinations with the four salts, NaCl, NH,Cl, NH,HCO, 
and NaHCO, were made, first with the single salts and then with 
the salts in pairs. The results obtained are represented graph- 
ically in Fig. 211, which is an isotherm similar to that given in 
Fig. 203. The points J, II, III, IV represent the composition of 
solutions in equilibrium with two solid salts. We have, however, 
seen (p. 410) that the transition point, when the experiment is 
carried out under constant pressure (atmospheric pressure), is the 
point of intersection of four solubility curves, each of which rep- 

NaCl é NHC}  tesents the composition of solutions 
in equilibrium with three salts, viz. 
one of the reciprocal salt-pairs along 
with a third salt. Since it was found 
that the stable salt-pair at tempera- 


tures between 0° and 30° is sodium 


bicarbonate and ammonium chloride, 
bs determinations were made of the com- 
NaHCO, "  NH,HCO, position of solutions in equilibrium 
Fig. 213 with NaHCO, + NH,Cl + NH, HCO, and 

with NaHCO; + NH,Cl + NaClas solid 

phases. Under the conditions of experiment (temperature = 15°) 
sodium chloride and ammonium bicarbonate cannot coexist in con- 
tact with solution. These determinations gave the data necessary 
for the construction of the complete isotherm (Fig. 212). For the 
sake of comparison, the results are also represented in the quad- 
rangular diagram of Janecke (Fig. 213). The most important of 
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these data are given in the following table (temperature 15°): 


Composition of the solutionin 
moles to 1000 grams of water. 


NaHCO, 
NaCl 
NH,HCO, 


NH,Cl 
NaHCO, ; NaCl 
; NH,Cl 
; NH es 


° : 
sateen lind 


299 
mon 
COW 


NaHi6, ; NaCl; NH, Cl 


With reference to the solution represented by the point Pj, 
it may be remarked that it is an incongruently saturated solution 
(p. 348); it lies, as we see from Fig. 213, in the triangular area, 
the points on which represent solutions the composition of which 
can be expressed in terms of the three salts NaliCOQ,, NaCl, 
NH,Cl, although the solid phases with which the solution is in 
equilibrium are NaHCO,, NH,HCO,, NH,Cl. If sodium chloride 
is added to this solution the composition of the latter undergoes 
change; and if a sufficient amount of the salt is added the solu- 
tion P, is obtained. 

Turning now to the practical application of the data so ob- 
tained, consider first what is the influence of concentration on 
the yield of soda. Since the reaction consists essentially ofa 
double decomposition between sodium chloride and ammonium 
bicarbonate, then, after the deposition of the sodium bicarbonate, 
we obtain a solution containing sodium chloride, ammonium 
chloride and sodium bicarbonate. In order to ascertain to what 
extent the sodium chloride has been converted into solid sodium 
bicarbonate it is necessary to examine the composition of the 
solution which is obtained with definite amounts of sodium chloride 
and ammonium bicarbonate. 

Consider, in the first place, the solutions represented by the 
curve P,P. With the help of this curve we can state the condi- 
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tions under which a solution, saturated for ammonium chloride, 
is obtained, after deposition of sodium bicarbonate. In the table 
below there is given the composition of the solutions which are 
obtained with different initial amounts of sodium chloride and 
ammonium bicarbonate. The last two columns give the percentage 
amount of the sodium used, which is deposited as solid sodium 
bicarbonate (Uy); and likewise the percentage amount of ammo- 
nium bicarbonate which is usefully converted into sodium bi- 


carbonate, that is to say, the amount of the radical HCO, deposi- 
ted (Unn 4): 


Composition of solutions obtained: 
moles per 1000 grams of water. 


This table shows that the greater the excess of sodium 
chloride, the greater is the percentage utilisation of ammonia 
(Point P,); and the more the amount of sodium chloride decreases, 
the greater is the percentage amount of sodium chloride converted 
into bicarbonate. In the latter case, however, the percentage 
utilisation of the ammonium bicarbonate decreases; that is to 
say, less sodium bicarbonate is deposited, or more of it remains 
in solution. 

Consider, in the same manner, the relations for solutions rep- 
resented by the curve P,IV, which gives the composition of solu- 
tions saturated with respect to sodium bicarbonate and ammonium 
bicarbonate. [In this case we obtain the results given in the 
following table, (p. 436). 

As is evident from this table, diminution in the relative amount 
of sodium chloride exercises only a slightinfluence on the utilisa- 
tion of this salt, but is accompanied by a rapid diminution of the 


effective transformation of the ammonium bicarbonate. So far as 
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the efficient conversion of the sodium is concemed we see that 
+t reaches its maximum at the point P,, and that it decreases both 
with increase and with decrease of the relative amount of sodium 
chloride employed; and faster, indeed, in the former than in the 
latter case. On the other hand, the effective transformation of 
the ammonium bicarbonate reaches its maximum at the point Po, 
and diminishes with increase in the relative amount of ammonium 
bicarbonate employed. Since sodium chloride is, in comparison 
with ammonia—even when this is regenerated— a cheap material, 
it is evidently more advantageous to work with solutions which 
are relatively rich in sodium chloride (solutions represented by 


the curve P,P,). This fact has also been established empirically. 


Initial composition Xe 
of the solutions: | Composition of solutions obtained: 


grams of salt to 1000} j; 
grams of water. in moles per 1000 grams of water. 


Nacl. 


When, as is the case in industrial practice, we are dealing with 
solutions wihch are saturated not for two salts but only for sodium 
bicarbonate, it is evident that we have then to do with solutions 
the composition of which is represented by points in the area 
PyPolL aly. Since, im, the commercial manufacture, the aim must 
be to obtain as complete a utilisation of the materials as possible, 
the solutions employed industrially must lie in the neighbourhood 
of the curves P,P,IV ,as is indicated by the shaded portion in 
Fig. 912.°' The best results, from the manufacturer’s standpoint, 
will be’ obtained, as already stated, when the composition of the 
solutions approaches that given by a point on the curve P,P. 
Considered from the chemical standpoint, the results of the ex- 
periments lead to the conclusion that the Solvay process, t.e. 


passage of carbon dioxide through a solution of sodium chloride 
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saturated with ammonia, is not so good as the newer method of 
Schlésing, which consists in bringing together sodium chloride 
and ammonium bicarbonate with water.°° 

A modification of the ammonia-soda process in which sodium 
nitrate or sodium sulphate is used in place of sodium chloride 
has been suggested and studied from the point of view of the Phase 
Rule by Fedotieff and Koltunoff.39 

Oceanic Salts. The behaviour of reciprocal salt-pairs is of 
especial importance in connection with the study ofthe conditions 
governing the deposition of oceanic salts such as has taken 
place at Stassfurt. In sea water there are present a number of 
ions, e.g. sodium, potassium, magnesium, calcium, chloride and 
sulphate ions, which, on evaporation of the water, can give rise 
to deposits of single salts or double salts in large numbers, the 
nature of the deposit depending on the concentration of the solu- 
tion and the temperature of evaporation. To obtain an insight 
into the conditions under which the different salts can be de- 
posited van’t Hoff and his pupils*° carried out a large number of 
solubility determinations and investigated the conditions under 
which the different salts and mixtures of salts exist in equilibrium 
with solution. 

Leaving out of consideration the calcium salts, the relative 
molecular proportions of the sodium, potassium, and magnesium 
salts in sea water are expressed by the numbers 

100 NaCl, 2.2KCl, 7.8MgCl,, 3.8MgSO,. 

The equilibrium conditions for the two salts with a common 
ion, KCl and MgCl,, have already been discussed (p. 370), and 
we shall consider briefly here the conditions for equilibrium in the 
systems formed by the reciprocal salt-pairs (K, Mg)—~(Cl, SO,). 
Besides the four single salts there exist the double salts car- 
nallite (KMgCl, *6H,O) and schoenite (K.Mg(SO,)2 ° 6H,O). 

The solubility data for these salt-pairs at 25° are as given in 
the table on p. 438. These data are represented in Fig. 214 by 
the graphic method of Léwenherz (p. 412), and in Fig. 215, by 
the method of Janecke (p. 421). These two figures are lettered 
so as to correspond with each other and with the data given in 
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Fig. 214 


Moles of salt to 1000 moles of water. 


KCl 
MgCl, .6H,O 
MgSO, .7H,O 

SO 


-_ 
plate 


KCl + carnallite 
MgCl, . 6H,O + carnallite 
MgCl, .6H,O + MgSO,. 6H,O 
MgSO, .7H,O + MgSO, . 6H,O 
MgSO, .7H,O + schoenite 
K,SO, + schoenite 
K,SO, + KCl 
KCl + K,SO, + schoenite 
KCl + MgSO, .7H,O + schoenite 
KCl + MgSO,.7H,O + MgSO, .6H,O 
KCl + carnallite + MgSO, . 6H,O 
MgCl, .6H,O + carnallite + MgSO, .6H,O 
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the table. In Figs. 214 and 215 the different areas represent solu- 
tions in equilibrium with only one salt, as indicated in the follow- 
ing table: 


ALMNPQE KCl 
EQRF Carnallite 


FRGB 
GHPQR 
PHCJN 
JKMN Schoenite 
LDKM K,SO, 


The curves EQ, FR, GR, HP, JN, KM, LM, MN, NP, PQ, QR 
represent quaternary solutions saturated for two solid salts, name- 


ly, for those belonging to the areas adjacent to the curve (e.g. 


curve MN represents quaternary solutions in equilibrium with 
KCl and schoenite). The dotted curves EQ, HIP, and KM repre- 


sent incongruently saturated solutions. 
(MgS0.) (MgCl) 
(E 


Carn. 


D LA 
(K,S0,) Fig. 215 (K,CI,) 


Attention may be drawn to the fact that although the solutions 
corresponding with the points M and N are in equilibrium with 
three solid salts, of which potassium sulphate or schoenite is 
one, the composition of the solution is expressed in terms only 


of KCl, MgCl,, and MgSO,. This shows that the points M and N 
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represent incongruently saturated solutions (cf. p. 348). This is 
clearly indicated also by the fact that in Fig. 215 the points M and 
N lie above the diagonal AC, and consequently outside the tri- 
angular area for the salts KCl, K,SO,, MgSO, (cf. p. 423). 

This system has also been studied at 100°,*! and it is inter- 
esting to compare the behaviour at this temperature with that 
found at 25°. A comparison with the 25° isotherm of Léwenherz 
shows that: (1) the field of MgSO,-7H,O has altered to that of 
MgSO,°H,O without changing greatly in area; (2) the field of 
MgSO, *6H,O has become that.of MgSO, anhydrous, and decreased 
in area; (3) the field of MgCl, *6H,O has decreased considerably 
in area; (4) the camallite field alters in contour but not much 
in area; (5) the KCl field has shrunk a little; (6) the schoenite 
field has given place to that of langbeinite, K,Mg,(SO,)3 with a 
somewhat increased area; (7) the K,SO, field remains large; 
(8) kainite, KC]* MgSO, *3H,0, is not formed. 

The result of isothermal evaporation of any solution represented 
by a point in Fig. 214 or Fig. 215 can be ascertained from the 
diagram. Suppose a solution represented by the point x. This 
lies in the area for K.SO,. A line is therefore drawn from D to x 
and produced. On isothermal evaporation, the composition of the 
solution will alter along this line until it reaches a composition 
represented by the point of intersection of Dx with KM. At this 
point schoenite begins to be deposited, and as the solution is in- 
congruently saturated, the potassium sulphate which was first 
deposited would disappear on continued evaporation. If this 
potassium sulphate, however, is removed, then schoenite is de- 
posited and the composition of the solution moves across the 
schoenite area along a path radiating from a point representing the 
composition of schoenite. This crystallisation path cuts the curve 
JN, and at this point MgSO,+7H,O begins to separate out. The 
composition of the solution then alters towards N, at which point 
potassium chloride is deposited, then to P, when MgsO, * 7H,0 
passes into MgSO,°6H,O; the crystallisation path then leads to 
Q, where carnallite separates, and so on to R, where MgCl, + 6H,O 
is deposited, and the solution dries up to a mixture of MgsO, ° 
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6H,O, MgCl,:6H,O and camallite. R is the end-point of crys- 
tallisation. 

With the help of the solubility data given on page 438, itis 
also possible to follow the crystallisation process in a quanti- 
tative manner,*” and to calculate the amounts of the salts suc- 
cessively deposited on isothermal evaporation. Thus, when a 
solution containing 1 mole of potassium sulphate (174.3 grams) 
and 1 mole of magnesium chloride hexahydrate (203.4 grams) was 
evaporated at 25°, potassium sulphate was first deposited be- 
cause the above mixture corresponds with a point in the potassium 
sulphate area. The composition of the solution then alters away 
from D until schoenite begins to separate out. The potassium 
sulphate first deposited was nat removed from the solution, and 
so the deposition of schoenite was accompanied by a correspond- 
ing disappearance of potassium sulphate, until the point M was 
reached when potassium chloride just began to be deposited. The 
evaporation was then discontinued and the amounts of potassium 
sulphate and of schoenite determined by analysis. The result was 
25 grams of K,SO,4 and 120 grams of K,Mg(SO,4). °6H,0. The 
calculated amounts of these salts can be obtained as follows: 

The composition of the solution at the point M is given by the 
expression 

1000H,O + 25KyCl, + 11MgSO, + 21 MgCl). 
If, therefore, one starts with a solution K,SO, + MgCl, + eH,0, 
then, on evaporating the solution until point M is reached, a 
certain amount of potassium sulphate, say, xK,SO,, and a certain 
amount of schoenite, say, YK ,Mg(SO,4)2 °6H,O, will have been 
deposited, and a certain amount of solution of the above com- 
position will remain, say, w(1l000H,O, 25 K,Cl,, 11MgsO,, 
21MgCl,). Since 1 mole of chloride (Cl,) was taken to start 
with, and since the whole of the chloride radical remains in the 
residual solution, there must be ] mole of chloride in the solu- 
tion. Since in the expression (1000H,0, 25K,Cl,, 11Mgs0O,, 
21 MgCl.) there are 46 moles Cl,, it follows that w«46=1 or w= 
1/46. Similarly, if we consider the amount of the magnesium 
radical, the original gram-atom of Mg is divided between the solid 
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schoenite and the magnesium salts in the residual solution. We 
have, therefore, for Mg, 1 = y + 32w, and, therefore, y = 7/23. 
Also, for K. we have 1 = x + y + 25w, and, therefore, x = 7/46. 
Consequently, the amount of potassium sulphate deposited is 
equal to xKSO,, or (7/46 X174.3) grams = 26.5 grams; and the 
amount of schoenite deposited will be yK,Mg(SO,).°6H,O = 
7/23 X 402.8 grams, or 122.6 grams. These two amounts, 26.5 
grams and 122.6 grams, agree well with the experimentally deter- 
mined amounts (25 grams and 120 grams respectively), especially 
when one considers the difficulty of freeing the deposited salts 
from the mother liquor. 


NOTES 
1. An exception to this statement will] be found on p. 380. 


2. See, however, the researches ofSchreinemakers, Z. physikal. Chem., 
1907, 59, 641; 1910, 71, 109. Studies of quaternary systems of four 9x- 
ides are also by no means rare. For atable of quaternary liquid systems 


studied see J. C. Smith, /nd. Eng. Chem., 1949, 41, 2936. 


3. The composition of these solid phases can be determined in- 
directly by extrapolation according to Schreinemakers’ method of wet 
residues previously discussed on p. 378. See Schreinemakers, Z. phys- 
ikal. Chem., 1907, 59, 641, and, for a simpler method, Bell, J. Phys. 
Chem., 1907, 11, 394, See also Pozner, J. Phys. Chem. (U.S.S.R.), 
1947, 21, 377, 389 for relationships among the concentrations in these 


systems. 

4. Lodochnikov, Ann. inst. anal. phys.-chim. (U.S.S.R.), 1924, 2, 
255; Z. anorg. allgem. Chem., 1926, 151, 185. For the extension of 
the method to more complex systems see Lodochnikov, Z. anorg. allgem. 
Chem., 1928, 169, 177. For still another method see Sayre, J. Amer. 
Chem. Soc., 1949, 71, 3284. 

5. Randall and Longtin, J. Phys. Chem., 1938, 42, 1157. 

6. Z. physikal. Chem., 1909, 65, 586; 1910, 71, 109. 

7. See especially Meyerhoffer, Sitzungsber. Wien. Akad., 1895, 104, 
II. 6, 840; Meyerhoffer and Saunders, Z. physikal. Chem., 1899, 28, 453; 
31, 370; Uyeda, Mem. Coll. Sci. Eng. Kyoto, 1910, 2, 245. The investi- 
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gation of the equilibria between reciprocal salt-pairs alone (three-com- 
ponent systems) is of great importance for the artificial preparation of 
minerals, as also in analytical chemistry for the proper understanding of 
the methods of conversion of insoluble systems into soluble by fusion 
(see Meyerhoffer, Z. physikal. Chem., 1901, 38, 307; J&necke, ibid., 
1908, 64, 305, 343; 1912, 80, 1; 1913, 82, 1). 

8. Van’t Hoff and Reicher, Z. physikal. Chem., 1889, 3, 482. 

9. The formule for sodium chloride and ammonium chloride are 
doubled in order to express their equivalence with the salts of boric acid. 
(See p. 413 and Sborgi and Franco, Gazzetta, 1921, Gl V0iG5 ake)) 

10. See also Meyerhoffer, Z. physikal. Chem., 1905, 53, 513. 

11. See Meyerhoffer, Z. physikal. Chem., 1899, 28, 459. 

12. Compare the reciprocal salt-pair NaCI—NH,HCO, (p. 431). In 
this case the upper limit of the transition interval was found by extra- 
polation of the solubility curve for NaHCO, + NH,Cl + NH,HCO3 and 
NaHCO, + NH,Cl+ NaCl to be 32° (Fedotieff, Z. physikal. Chem., 1904, 
49, 179). 

13. A convenient two-dimensional method of representation is des- 
cribed by Sayre, J. Amer. Chem. Soc., 1949, 71, 3284. 

14. Z. physikal. Chem., 1894, 13, 459. 

15. Schreinemakers, Z. physikal. Chem., 1909, 69, 557. 

16. An alternative to this method, described by Ricci and Loucks, J. 
Chem. Education, 1938, 15, 329, is to plot moles of salt in 100 grams of 
total mixture. 

17. Blasdale, J. Ind. Eng. Chem., 1918, 10, 344. 

18. Sitz.-Ber. der kgl. preuss. Akad. der Wiss., 1903, p. 359; 
van’t Hoff, Zur Bildung der ozeanischen Salzablagerungen, |., p. 34 
(Brunswick, 1905); van’t Hoff and Barschall, Z. physikal. Chem., 1906, 
56, 212. 

19. Z. Krist., 1904, 39, 155. 

20. Blasdale, J. Ind. Eng. Chem., 1918, 10, 344; Hamid, J. Chem. 
Soc., 1926, 199. 

21. This was determined by Meyerhoffer and Saunders, Z. phystkal. 
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Chem., 1899, 28, 479. The equilibria at 0° determined by these workers, 
however, do not agree with those obtained by Blasdale. Blasdale did 


not determine the equilibria at 4.4°. 

22. For the equilibria at higher temperatures see Blasdale, J. Ind. 
Eng. Chem., 1918, 10, 344. 

23. Janecke, Z. anorgan. Chem., 1906, 51, 132; 1911, 71, 1; Le 
Chatelier, Compt. rend., 1894; 118, 415; 1921, 172, 345. 


24. Meyerhoffer, Z. anorg. Chem., 1902, 34, 147. 


25. For a discussion of tetragene salts see Blasdale, Equilibria in 
Saturated Salt Solutions, Chemical Catalogue Co., New York, 1927, 
Pe 149. 


26. For a partial study of this system see Hill, Smith and Ricci, J. 
Amer. Chem. Soc., 1940, 62, 858. 

27. For other advantages of the Janecke method of plotting see Purdon 
and Slater, Aqueous Solution and the Phase Diagram, Edward Arnold and 
Co., London, 1946, p. 96. 


28. See Purdon and Slater (loc. cit.), p. 102, for a more detailed dis- 


cussion of this topic. 
29. Mem. Coll. Sci. Kyoto, 1909, II., 245. 


30. Proc. K. Akad. Wetensch. Amsterdam, 1914, 16, 1065; Z. anorgan. 
Chem., 1915, 93, 202. 


31. The student should construct the equilibrium diagram from the 


data given above. 


32. These are the amounts of the two salts which are deposited dur- 


ing each cycle of the process. 


33. Z. physikal. Chem., 1904, 49, 162. See also Toporescu, Compt. 
rend., 1922, 174, 870; 1922, 175, 268; Le Chatelier, ibid., 1922, 174, 
836. 


34. Other commercial processes in the study of which good service is 
done by the Phase Rule are: the caustification of the alkali salts (G. 
Bodlander, Z.Elektrochem., 1905, 11, 186; J. Herold, ibid., 418; 
Le Blanc and Novotny, Z. anorgan. Chem., 1906, 51, 181; Fedotieff, 
ibid., 1913, 82, 341), the production of borax by the double decomposi- 


FOUR-COMPONENT SYSTEMS 445 


tion between ammonium borate and sodium chloride (Sborgi and Franco, 
Gazzetta, 1921, 51, Il, 1), and the formation of saltpetre from sodium 
nitrate and potassium carbonate (Kremann and Zitek, Sitzungsber. Wien. 
Akad. math.-naturwiss Klasse, 1909, 118, Il., 6). The production of 
calcium nitrate from calcium chloride and sodium nitrate has been worked 
out by Gilbert (British Patent. 1917, No. 124,780) and the production of 
ammonium nitrate from anmonium sulphate and sodium nitrate by Freeth 
and Cocksedge (British Patent, 1917, No. 126,678; see also Chem. Met. 
Eng., 20, 320). For the preparation of ammonium nitrate from ammonium 
chloride and sodium nitrate, see Mlle. Wurmser, Compt. rend., 1922, 174, 
1466. For the preparation of barium nitrite from barium chloride and 
sodium nitrite see Witt and Ludwig, Ber., 1903, 36, 4384; Meyerhoffer, 
ibid., 1904, 37, 261, 1116; Matuschek, ibid., 1907, 40, 990. The recip- 
rocal salt-pair (Na,Mg) —(CI1,SO,) has been studied by Takegami (Mem. 
Coll. Sci. Kyoto, 1921, 4, 317). 

35. According to W. Mason (Chem., Z., 1914, 38, 513), the reaction 
which takes place in practice is represented by 2NaCl + (NH4)2CO3= 
Na,CO, + 2NH,Cl. 

36. Z. physikal. Chem., 1900, 35, 32. 

37. More recent information on this topic may be found in Hou, Manu- 
facture of Soda, Reinhold Publishing Corp., New York, 1942. 

38. See also Janecke, Z. angew. Chem., 1907, 20, 1559. 

39. Z. anorgan. Chem., 1914, 85, 247; 1923, 103, 39. 

40. Untersuchungen iiber die Bildungsverhdltnisse der ozeanischen 
Salzablagerungen, edited by Precht and Cohen (Akadem. Verlagsgesell- 
schaft, 1912); van’t Hoff, Zur Bildung der ozeanis chen Salzablagerungen, 


Parts I. and II. (Vieweg, 1905 and 1909). A summary of the investiga- 
tions is given by EK. F. Armstrong in the Reports of the British Associa- 


tion for 1901, p. 262. 
41. Campbell, Downes and Samis, J. Amer. Chem. Soc., 1934, 56, 
2507. 


42. See van’t Hoff, Zur Bildung der ozeanischen Salzablagerungen, I., 


p- 26. 


CHAPTER XX 
SYSTEMS OF MORE THAN FOUR COMPONENTS 


The systematic study of systems of five and six components 
has so far been confined to those consisting of salts and water. 
This is readily understandable, for the phase relations are very 
complex and the necessary analyses laborious. Studies have been 
directed, as one would expect, to the soluble salts of common 
occurrence in nature, such as the chlorides, sulphates and nitrates 
of the alkali and alkaline earth metals, and we shall attempt only 
to outline the equilibria and indicate some of the methods avail- 
able for their graphical representation. For a more detailed ac- 
count the reader is referred to other works on the subject! and to 


the original literature. 
I. Five-Component Systems 


Aqueous five-component (quinary) salt systems are of at least 
two kinds: those comprising water and four salts with a common 
ion, and those involving reciprocal salt-pairs (cf. the two kinds 
of quaternary systems of the previous chapter). Even four di- 
mensions are inadequate for the representation of the concentra- 
tion variables in such systems at constant temperature and pres- 
sure, and a variety of methods may be resorted to in order to sur- 
mount the difficulty. For the first-mentionedkind of quinary system 
it is convenient to omit the water variable from the diagram com- 
pletely andto represent the four remaining salt variables by means 
of a regular tetrahedron such as that shown in Fig. 195 (p. 405), 
any point within which represents one or a hundred moles or grams 
of dissolved salts and each corner of which therefore represents 
a saturated solution of one of the component salts. Solutions 
saturated with one solid are denoted by volumes. The latter are 
separated by surfaces denoting liquids saturated with two solids, 
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these surfaces intersect along lines denoting liquids saturated 
with three solids, and the lines intersect at points denoting liq- 
uids saturated with four solids. Such systems are notof sufficient 
importance for further discussion; we turn immediately, therefore, 
to the more important type, namely those involving reciprocal salt- 
pairs. 

Aqueous quinary salt systems with metathesis may consist of 
water, three cations and two anions; or water, two cations and 
three anions; that is, they consist of water and three electrolytes 
which yield only five ions. Thus the systems (A, B, C)—(X, Y)— 
H,O and (A,B)—(X, Y, Z)—H,0O, (where A, B and C are cations 
and X, Y and Z are anions) are typical. In terms of salts the 
first of these may be called the system AX-BX-CY-H,Oor the sys- 
tem AX-BY-CY-H,O, etc., although, of course, being a quinary 
system five quantities (of water and four salts) must be stated in 
defining the composition of the solutions. To represent the equi- 
libria at constant temperature and pressure it is convenient, as 
in the type discussed in the previous paragraph, to disregard the 
water content of the solutions and plot only the concentrations 
of the components in the dissolved salts. For this purpose one 
ean use a regular triangular prism” whose base is an equilateral 
triangle and the three vertical faces of which are squares as 
shown in Fig. 216, which is for a system composed,of water, three 
cations and two anions. Clearly, 
all the edges of the prism are of 
equal length. The corners of the 
prism again denote saturated solu- 
tions of each of the six possible 
component salts from which the 
three salts, chosen along with water 
as components, are selected. The 
six possible salts are assigned to 


the corners of the model in such a 


way that each of the two triangular 


Fig. 216 


faces refers to three salts with a 


common ion andeach of the three square faces refers to reciprocal 
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salt-pairs. In this way each of the nine edges refers at its ends 
to two salts with a common ion. 

Any point within the model represents one (or a hundred) moles 
of dissolved salts, the term ‘mole’ meaning ‘equivalent gram mole- 
cule’ as in the previous chapter. Points for solutions belonging 
to either of the quaternary systems AX-BX-CX-H,O or AY-BY-CY- 
H,O, and therefore expressible in terms of water and three salts 
with a common ion, lie on the triangular faces of the prism, and 
the data, after converting to mole fraction of dissolved salts, are 
plotted thereon by the usual method for triangular coordinates. 
Similarly, points for solutions belonging to any of the quaternary 
reciprocal salt-pair systems AX-CY-H,O, BX-AY-H,O0, CX-BY-H,O 
lie onthe square faces of the prism, and the data are plotted there- 
on according to the Janecke method (p. 421). 

To plot the composition of a quinary solution the procedure is 
slightly more involved. Suppose the composition to be plotted is 
10 moles of AX, 20 of BX,50 of AY and 30 of CYin 1000 of water, 
which, incidentally, could have been equally well expressed as 
30 moles of AX, 20 of BY, 30 of CY and 30 of AY in 1000 of H,O. 
This becomes, on reducing to one mole of dissolved salts, 0.091 
AX, 0.182 BX, 0.455 AY, 0.273 CY and 9.09 H,O, or, in terms of 
ions, 0.546A, 0.182B, 0.273C, 0.273X, 0.728Y and 9.09 H,O. Of 
these six quantities the water must be neglected and two of the 
remaining quantities are reduntant. If the quantities of C and Y 
are chosen as the reduntant quantities we plot the amounts 0,.546A, 
0.182B, 0.273X, and use the CY corner as our starting point. 
Point a is first found by measuring, from CY, 0.546 of the dis- 
tance to AY. Then from a a distance 0.182 towards BY, but par- 
allel to the edge CY-BY is measured thereby reaching b. Finally 
from 6 a distance 0.273 is measured parallel to the edge CY-CX to 
give the required point p. 

In the simplest kind of such a quinary system that one can 
envision, in which no double salts, solid solutions, etc. are found, 
each of the square faces presents the ordinary reciprvcal salt- 
pair type of diagram having four fields, one for each salt, and 
showing a stable and an unstable salt-pair. Each triangular face 
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consists of three lines proceeding inwards from some point on 
each edge to a common point of contactrepresenting a quaternary 
solution saturated with three solids. There is a point on each 
of the nine edges at which two lines, lying in the plane of the 
adjacent surfaces, originate, as shown in the figure. From each 
of the invariant points on the five faces other lines proceed in- 
wards (not shown in the figure) and meet in various points within 
the model; ordinarily only four of such lines meet in any one point. 
The whole model is thus divided into elements of volume by these 
intersecting lines, the volumes denoting quinary liquids saturated 
with one solid. The surfaces separating adjacent volumes denote 
quinary solutions saturated with the two corresponding solids, 
the edges of such volumes (lying within the model) quinary solu- 
tions saturated with three solids, and the points of intersection 
of these edges quinary solutions saturated with four solids. The 
number and shape of the elements of volume will, of course, alter 
as the temperature is altered and, at unique temperatures for a 
given pressure, two (or three )univariant points within the model 
can merge and become the point of contact of five volumes, there- 
by denoting at this point a liquid saturated with five solids. For 
example, in the system (Na, K}—(Cl, SO4, NO3)}—-H,0 (vide infra), 
there has been found, at 55°, a solution saturated with NaNO,, 
NaCl, Na,SO,, KNO, and Na,NO,SO, °H,0. (The latter system 
obviously shows double salt formation but the principles just 
discussed for the simpler type are equally pertinent). 

Examples which may be cited for reference are the oceanic salt 
system (Na, K, Mg)—(Cl, SO,)—-H,O studied by a ’t Hoff (loc. 
cit.)> and the system (Na, K—(Cl, SO,, NO,)—H,0.* 

Oceanic Salts. Sea water, we have seen (p. 437), is really a 
five-component system. The investigation ofthis system, however, 
and the graphic representation of the equilibria are simplified by 
the fact that, owing to the predominance of sodium chloride, dep- 
osition of the other salts has always taken place in presence of 
excess of sodium chloride. In the graphic representation, there- 
fore, we may leave the sodium chloride out of consideration, pro- 


viding we bear in mind that all the equilibria represented are equi- 
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libria in the presence of solid sodium chloride, as a result of 


which there is a loss of one degree of freedom. 


The graphic construction used by van’t Hoff® to describe the 


Fig. 217 


equilibria is shown 
for 25 -sinekic a 20 
The composition of all 
solutions in this sys- 
tem can be expressed 
in terms of H,O, NaCl 
and the salts of the 
reciprocal salt-pair(K, 
Mg)—(Cl, SO,), even 
though negative quan- 
tities may be required. 
Thus point S, the com- 
position of which is 
given in the accom- 
panying table in terms 
of Na,SO, and other 
salts can also be ex- 
pressed as 1000 moles 
of water, 48 of Na,Cl,, 
2of K,Cl,, 16 of MgSO, 
and 6 of K,SO,. As 
the Na,Cl, content is 
not being represented, 
the diagram reduces to 
the orthogonal projec- 
tion of the Léwenherz 
tetragonal pyramid for 
the system (K, Mg}— 
(Cl, SO,}—H,0, as 
seen inthe figure. For 
purposes of conven- 


ience, however, it is 


desirable to tabulate some of the data in terms of Na,SO, (see 
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the table), but the latter is expressible in terms of three other 
salts thus: Na,SO, = Na,Cl. + MgSO, - MgCl,. As the Na,Cl, 
content is being ignored this amounts to measuring a quantity of 
Na,SO, as the same quantity of MgSOy,, t.e., horizontally to the 
left of O, and an equal but negative quantity of MgCl,, i.e. ver- 
tically downward. This will always give a point on the line OC 
which halves the right angle opposite to AOB. This line, there- 
fore, becomes an axis along which Na,SO, may be measured di- 
rectly, and is used whenever concentrations are expressed in terms 
of Na,SO, as one of the quantities. In connection with this model 
it should be mentioned that potassium sulphate does not occur as 
such, but, in presence of excess of sodium chloride, is deposited 


as glaserite, 

K,Nay(SO,)3-° 
The presence of the NaCl in solution also permits the formation of 
other solids containing Na,SO, such as Na,SO, itself and astra- 


canite. 
The solid phases, in addition to sodium chloride, which corres- 


pond to the different areas are as follows: 


Solid phase. 


Bischofite 
Sylvin 
Thenardite 
Carnallite 
Na,K,(SO Glaserite 


Na,Mg(SO,), . 4H,O Astracanite 
gSO,.7H,O Reichardtite 
MgSO, . 6H,O — 
MgSO, . H,O Kieserite 
K,Mg(SO,), . 6H,0 Schoenite 
(K, Na)Mg(SO,), - 4H.O Leonite 
PWXYRQ KCl. MgSO,.3H,O Kainite 


The relations met with here, as can be seen from a glance at 
the diagram, Fig. 217, are considerably more complex than those 
found in the absence of sodium chloride. The discussion of the 
simpler systems, however, will enable us to understand the rela- 
tions shown graphically in Fig. 217 where also the crystallisation 
paths are indicated by arrowheads and the lightly drawn lines 
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radiating from different points in the diagram and crossing the 
fields for the different solid phases. The experimental data on 
which the graphic representation is based, are given in the table 
which follows:? 


Moles of salt to 1000 moles water. 
Solutions saturated with NaC! and 


MgCl, . 6H,O 
KCl 


aa 


wn Bele 
= 
nN 
wm 


Na,SO, 
MgCl, . 6H,O; carnallite 
KCl; carnallite 
KCl; glaserite 
Na,SO,; glaserite 
Na,$0, astracanite 
MgSO, . 7H,O ; astracanite 
MgSO,.7H,O; MgSO,.6H,O 
MgSO, . 6H,O;; kieserite 
Kieserite ; MgCl, . 6H,O 
KCI; glaserite ; schoenite 
KCI; schoenite ; leonite 
KCI; leonite ; kainite 
KCl; kainite ; carnallite 
Carnallite ; kainite ; kieserite 
Na,SO, ; glaserite ; astracanite 
Glaserite ; astracanite ; schoenite 
Leonite ; astracanite ; schoenite 
Leonite ; astracanite ; MgSO, - 7H,O 
Leonite ; kainite; MgSO, .7H,O 
MgSO, . 6H,O; kainite ; 
MgSO, . 7H,O 
MgSO, .6H,O ; kainite; kieserite 
Carnallite ; MgCl, . 6H,O ; kieserite 
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The one-solid crystallisation paths (two solids including NaCl) 
may require a word of explanation. Those crossing the field JXWVI 
for MgSO, + 7H,O, for instance, radiate from the point of intersec- 
tion of JI produced and BO produced; those crossing the field 
FMTSG for glaserite radiate from the point of intersection of FG 
and the line representing 2K,SO, :1Na,SO,, etc. 

The equilibria represented in the diagram, Fig. 217, are the 
stable equilibria. On evaporation of a solution of sea-water, how- 
ever, Super-saturation occurs, in some cases, with great ease, and 
the stable phase may be entirely missed. 

Fig. 217 gives a picture of the relations between the different 
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salts only at25°. As the temperature is alteredthe solubility rela- 
tions also alter; and the areas for the different solid salts change 
and may entirely disappear, while new salts, represented by new 
areas in the diagram, make their appearance. Thus schoenite, 
which at25° is stable, becomes at 26° unstable, and the schoenite 
area entirely disappears from the isotherm. The areas for leonite 
and glaserite then become adjacent, and these two salts can exist 
in contact with solution. From determinations of the solubilities 
at a number of different temperatures a series of paragenetic dia- 
crams (p. 421) can be constructed; and from these and a knowledge 
of the salts occurring together in the salt-deposits, it is possible 
to tell the temperature at which deposition of the salts had taken 


66 


place. The different salt layers, therefore, constitute a ‘‘geolog- 
ical thermometer”’. 

Diagrams similar to that shown in Fig. 217 may also be used in 
order to ascertain the best conditions for obtaining different salts 


from solution by crystallisation.® 
II. Six-Component Systems 


Little need be said here of six-component systems, and, in any 
case, relatively few studies have ever been undertaken. If one 
takes into account, for example, the calcium ion present in sea 
water, thereby considering water and the six ions Na, K, Ca, Mg, 
Cl,SO,, the study of oceanic salts becomes one ofsix components. 
As for five-component systems, certain simplifying assumptions 
are necessary in order to form intelligible phase diagrams, but we 
do not propose to consider these further, although reference to 
them may be found in the literature’ and a discussion of them in 


Blasdale’s monograph (oc. cit.). 


NOTES 
1. See, for example, Blasdale, Equilibria in Saturated Salt Solutions, 
Chemical Catalogue Co., New York, 1927; Purdon and Slater, Aqueous 
Solution and the Phase Diagram, Edward Arnold & Co., London, 1946. 
2. This method of representation was devised by Janecke, Z. anorg. 


allgem. Chem., 1907, 53, 319. 
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3. For the equilibrium diagram at 25° according to the method just 
described, see D’Ans, Kali, 1915, 9, 249, reproduced by Blasdale (loc. 
Cote) pst LO. 

4. Cornec and Krombach, Ann. chim., 1929, [10] , 12, 203;" Cornee,; 
Krombach and Spack, ibid., 1930, 13, 525. 

5. Janecke has re-calculated the data obtained by van’t Hoff and his 
co-workers, and has represented them graphically by the method already 
described. (See Z. anorgan. Chem., 1917, 100, 161, 176; 1918, 102, 41; 
103, 1.) See also F.C. Phillips, Oceanic Salt Deposits, Quarterly Rev., 
1947, I, p. 91. 


6. With regard to the nature of glaserite, see p. 419. 


7. More recent investigations of this system (D’Ans, Kali, 1915, 9, 
148, 161, 177, 193, 217, 229) yield a somewhat different diagram from 
the one shown here, particularly in the shape of the astracanite and 
MgSO, * 7H.O fields. 

8. See, for example, the discussion of the conditions for obtaining 
potash and other constituents from sea-water bittern, by Hildebrand, J. 
Ind. Eng. Chem., 1918, 10, 96. 


9. See, for example, D’Ans, Kali, 1915, 9, 261. 
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SOME TKEERMODYNAMIC DEDUCTIONS 


It is customary in text-books on Phase Rule to give typical 
equilibrium diagrams, and particular experimental studies of these, 
without showing how these typical diagrams are obtained, beyond, 
perhaps, the statement that they rest on thermodynamics and the 
treatment of equilibrium proposed by Willard Gibbs. This leaves 
the student with the impression that the deduction of the diagrams 
is a matter of difficulty, but this is not so. In this chapter a few 
of the simpler (graphical) derivations are given. The treatment 
+s that of Roozeboom!, although a graphical method of treating 
the problem was introduced by van Alkemade.” 


I. Solid Solutions are Not Formed. 
(a) Two-Component Systems. 


Since, at constant pressure and temperature, the molar free 
energy (F) of a solution of two given components is a function 
of concentration only, it is possible to represent its molar free 
energy by means of a system of plane rectangular coordinates. 
Fig. 218 shows that the graph is convex toward the concentration 
axis, a being the molar free energy of molten A and 6 that for 
molten B. The absolute values of the free energy are not, of 
course, known, but this is immaterial. The curve could not be 
concave for molten A and molten B are assumed to dissolve each 
other spontaneously. For any given concentration ¢, Say, itis 
well known that the partial molar free energy or chemical poten- 
tial (u) of each component® is given by the intercepts, on the 
A and B axes respectively, of the tangent to the curve at that 
concentration.’ Thus the point /1, gives the chemical potential 
of A in the solution of concentration c. Only one such tangent 
can be drawn since the curve must always be convex downwards 
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and non-reentrant unless the liquid forms two layers. 

It was shown by Gibbs 
that a heterogeneous sys- 
tem is in equilibrium, at 
constant temperature and 
pressure, when the chemi- 
cal potential of each com- 


ponent is the same in all 


Mole fraction 


the phases that contain 
Pig. 218 that component. Solution 
c, therefore, will be in equi- 
librium with solidA only if the molar free energy of solid A equals 
the ordinate 44,4. Conversely, if i, represents the molar free 
energy of solid A at the temperature and pressure of the diagram, 
the composition of the solution with which it is in equilibrium is 
found by drawing the tangent to the curve which passes through 
Un* 

If a third temperature axis is addedto the above plane diagram, 
there is obtained, instead of the F-curve for solutions of different 
composition at fixed temperature, a F-surface for different tem- 
peratures (but at constant pressure.) This F-surface will be 
lower at higher temperatures, as will also be the molar free ener- 
gies of solid A and B, for, according to a well-known thermody- 
namic relation, the temperature coefficient of free energy at con- 
stant pressure equals the negative of the entropy, and the entropy 
is a positive quantity. The molar free energies of the solid com- 
ponents will, however, in general, decrease more slowly than that 
of the solution for the latter has the greater entropy. For each 
of these temperatures, we can determine the point of contact of 
the tangent drawn from the points which give the F-values of one 
or the other solid phases. The projection of these points of con- 
tact on the horizontal plane will then give the compositions of 
the solutions coexisting with these phases at different tempera- 
tures, t.e. they form the curves of saturated solution. Concentra- 
tion is best represented as mole fraction or mole per cent, since, 
in this way, one hundred per cent of both components can be rep- 
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resented on a finite diagram. 

The solid model is represented in Fig. 219. 

In the solid model, the free 
energy curve of the solutions now 
extends for each temperature be- 
tween the axes AZ, and BZ,, 
whose distance apart equals one 
(or one hundred). The curve 
touches the axes at points Z, 
and Z., whose heights equal the 


free energy for a mole of each 
Fig. 219 substance, respectively, in the 
liquid state. 

In the simplest possible case, the only solid phases are the 
two components, and for every temperature the vertical Aa and 
Bb must be taken equal to the free energy values of the solid 
phases and tangents drawn to the solution curve from a and b. 
The projections on the t-x plane of the points of contact will 
then form the two solubility curves, as shown. 

In the direction of increasing temperature the curves will ex- 
tend to the melting-points of A and B, viz. t, and tg. At these 
points, a and Z, or b and Z, coincide. In the direction of fall- 
ing temperature the curves will extend to t,, where the tangents 
from a and b coincide and hence only one point of contact, r, 
and one solution, E, exist. This is the eutectic temperature. 
At still lower temperatures, the line ab will run below the solu- 
tion curve, which means that the stable system is the mixture of 
the two solid components. The two solubility curves must al- 
ways meet, since it is an experimental fact that in any two-com- 
ponent system complete solidification will eventually occur, if 
the temperature be lowered sufficiently. Fig. 219, with two 
curves, expresses the simplest type of the solubility relations of 
two substances, (cf. Fig. 38, p- 135). 

If the two components are capable of forming a solid com- 
pound, A,B,, the simple plane free energy diagram (constant 
temperature and pressure) must be modified to include representa- 
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tion of the free energy of the compound. This is done by erect- 
ing a vertical on the axis of composition, whose height represents 
the free energy of the compound A,B, as shown in Fig. 220. 
It is apparent that two tangents 
can now be drawn to the curve, 
corresponding to the fact that 
the compound can be in equi- 
librium with two different solu- 


tions (one containing more and 


the other less than the pure com- 


pound, of component B), at con- 


Mole fraction stant temperature and pressure. 
Fig. 220 When to the above plane diagram 
an axis of temperature is added 
and a solid model produced, the projection of such points as x4 
and x» on the plane of temperature-composition gives rise toa 
(double) solubility curve of the compound. Hence, the solubility 
curves of A and B cannot meet directly, but each meets the solu- 
bility curve of the compound, giving rise to the well-known dia- 
gram of Fig. 40 (p. 145). We then have two eutectic points, where 
the solution solidifies to a mixture of the two solid substances, 
whose curves meet in these points. If several compounds, such 
as A,B y» exist, several curves such as CDE occur between the 
curves for the two components. 

InFig. 40 itis assumed that the compoundis congruently melt- 
ing. It may happen, however, that the compound melts incongru- 
ently. In terms of chemical potential, this is represented graph- 
ically in Fig. 221. Here the tangent from ., intersects one of 
the tangents from #4 By. This means that all total compositions 
lying to the right of A,B, represent entirely solid systems con- 
sisting of A,B, and B. This behaviour persists up to a tempera- 
ture at which a common tangent can be drawn from /Ma_p_ and 
tg to the curve for liquid, the point of contact lying to the left 
of A,B,, so that the series of solutions represented by d never 
has a stable existence. Above this temperature, the transition 
temperature, solid A,B, cannot be in equilibrium with liquid, but 
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solid B can. This is the familiar phenomenon of incongruent 
melting or transition point, and gives rise to the tx diagram of 


Fig. 42 (p. 149). 


Fig. 221 


Fig. 222 


(b) Three-Component Systems. 


In a three-component system, as previously described (Chap. 
XIII), composition is represented by means of an equilateral tri- 
angle. Molar free energy is then measured along an axis at 
right-angles to this plane, giving rise to a solid model. Such 
a model, however, refers only to one temperature and pressure 
and in order to represent the variation of free energy with tem- 
perature, a number of such models is necessary. ['or components 
which are completely miscible in the liquid state, the free energy 
surface is continuous and convex downwards. In Fig. 222 A, B 
and C represent the three pure components and we erect from A, 
B and C three perpendicular axes, on which the free energy of 
pure liquid A, B and C are measured off, as the vertical distances 
Az,, Bz, and Cz3. Then the free energy surface of the solution 
is entirely contained by the planes ABZ, ACZ and BCZ. 

The solution coexisting with a solid phase will be found, 
as before, by the point of contact of a tangent with the free 
energy surface of the solutions drawn from the point which ex- 
presses the free energy value of the solid phase. If the solid 
phase is a pure component the point will lie on one of the verti- 
cal axes, if the solid phase is a binary compoundit will lie in one 
of the side planes, and finally if the solid phase is a ternary com- 
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pound the point expressing its chemical potential will lie in the 
space above ABC. The projections on the ABC plane of the 
points of contact for the solid phases existing at a given tem- 
perature will represent the solubility isotherms for this tempera- 
ture and these will consist of a number of curves equal to the 
number of solid phases. These curves must all lie within the 
triangle ABC. 

With temperature change (the pressure remaining constant) 
all free energy values change. For every temperature, therefore, 
we obtain another figure similar to Fig. 222, but the new isotherms 
are all contained in the triangle ABC. For many purposes, how- 
ever, it is sufficient to project a number of solubility isotherms 
on a common base. 

(i) The Components are the only Solid Phases. 

The simplest possible case is that in which only the com- 
ponents occur as solid phases. 

Turning again to Fig. 222, we erect the molar free energies 
of the solid components Aa, Bb and Cc on the vertical axes (a, d, 
c are notshown in the Figure). Let C be the highest melting com- 
ponent. At the melting point of C, the free energy of 1 mole of 
solid and 1 mole of liquid C are equal. On lowering the tempera- 
ture, Cc will become smaller than Cz,,and tangents can then be 
drawn to the potential surface of solutions. Their points of con- 
tact will form a curve, which begins at the point of contact of the 
tangent from c with the curve z;z, and ends in the point of con- 
tact with the curve z)z3. The projection of the curve of contact 
will represent all solutions which can be in equilibrium with C; 
italso forms a curve (1, Fig. 223), which,in the triangle ABC, runs 
from CA to CB and hence comprehends the solutions which con- 
tain both C and A, and C and B, that is, solutions containing all 
three components C, A and B. 

In general, with progressive fall of temperature, the curve of 
contact will move away from the CZ axis and hence its projection 
will move away from C. When the temperature has been lowered 
below the melting-point of B, curves will arise in the same way 
which represent saturated solutions of B, and which will ex- 


APPENDIX 461 


tend between AB and CB. At such temperatures therefore, the 
isotherm will consist of two separate curves (2, 2). The lower 
the temperature, the more these will approach until finally they 
touch (3, 3). This happens at that temperature at which, in Fig. 
222, the straight line bc touches the curve Zo23. This point is 
a temperature minimum for solutions containing B and C only, 
because the solubility curves for this binary system cut there. 

On lowering the temperature still further two of the three 
curves (4, 4, 4 of Fig. 223) of the isotherm will cut, before they 
have reached BC. Such points of intersection will therefore rep- 
resent solutions which coexist with both B and C as solid phases 
(at different temperatures). They form the curve DG. 

At temperatures below the melting-point of A solutions with 
A as solid phase can also occur. A curve for this will extend be- 
tween AB and AC. These curves also will in general depart from 
A as the temperature is lowered. With continued fall of tempera- 
ture these curves will meet analogous curves relating to B and C. 
It is assumed in Fig. 223 that this meeting first takes place with 
curves from C, in E, and then with curves from B, in F. From 
these two points space curves then proceed towards lower tempera- 
tures, EG for solutions coexisting with A and C, FG for solutions 
coexisting with A and B. Finally, these curves also meet in the 


point G, which represents the solution which is simultaneously 
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in equilibrium with the three solid phases, at a temperature which 
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is also the minimum temperature for the region of solutions 
(ternary eutectic temperature, cf. Fig. 135 p. 315). 
(ii) Binary Compounds as Solid Phases. 

Consider a compound whose composition is expressed by the 
point P (Fig. 224) on the side AB. If now we imagine, in Fig. 
224, a perpendicular erected from such a point, on which the free 
energy value PP’ is measured for a mole of the compound, a 
series of tangents can be drawn from P’ to the free energy 
surface of the solutions. The projection of the curve of contact 
on ABC will form a curve, surrounding the point P, such as rpq 
(Fig. 224), and representing all solutions, which can coexist at 
the given temperature and pressure with the solid phase P. The 
points q and r in this figure are the projections of the points of 
contact of tangents from P’ to z% z, and hence represent the two 
solutions which can coexist with P, if the solutions contain no 
other component. The line CP cuts the isotherm rpg inp, which 
point, therefore, gives the solution with the same ratio A/B as in 
the solid phase. Solutions rp have a greater, solutions pg a 
smaller, ratio A/B than P. 

The change in the form of the curves with temperature can 
be predicted to some extent. In general, on lowering the tempera- 
ture the points g andr are displaced further from one another and 
from P. The same applies to p. Solution p can be considered 
as produced by adding component C to the compound P: we are 
really dealing with a binary system. We can, therefore, consider 
the temperature at which the solution p can coexist with P, as 
the lowered melting-point of P. Hence in general with lowered 
temperature the C content of the solution and, therefore, the dis- 
tance of the point p from P will become greater. The whole solu- 
bility curve will thus achieve a greater extent the more the tem- 
perature is lowered below the melting-point of P. The succes- 
sive isotherms, at least at first, will partially surround one an- 
other as in Fig. 224. Obviously, however, as the temperature is 
lowered the isotherms spreading from P will meet with similar 
curves coming either from the components or from other com- 


pounds, in a manner similar to that described in the previous sec- 
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tion. Just as in the domain of two-component systems the curve 
for P,in a t-x diagram, meets on both sides the curves for the com- 
ponents A and B or for other compounds of these, the isotherms 
of solutions of three components in equilibrium with solid P will 
also meet on the right and left sides with similar isotherms for 
other components or compounds. 

The further working out of the temperature-composition models 
can now be left to the reader, since the detailed description of 
such models has already been given under three-component sys- 
tems, but a few more points should be made clear. If a binary 
compound of the same two components exists, two cases must be 
discriminated. In one case, the isotherms spreading out from the 
melting-point of the compound may intersect on opposite sides 
those from the two components or other compounds giving rise, 
first to a binary eutectic and then to a eutectic trough cf. Fig. 
139 (p. 323). On the other hand, it may happen that the isotherm 
from a component has already spread beyond the composition of 
the compound before the melting temperature of the compound is 
reached. This is equivalent to saying that the compound cannot 
exist stably in equilibrium with a solution of its own composi- 
tion, i.e. the compound has no true melting-point. In this case 
intersection of the isotherms is only possible on corresponding 
sides, and in the binary system we have a peritectic or transi- 
tion point, and in the ternary system a transition curve (cf. Fig. 
142, p. 326). 

The case also occurs where the isotherms of a binary com- 
pound meet the isotherms of the third component or of a com- 
pound in which it occurs. In this way curves now arise for two 
solid phases (which are different from curves like RS, Fig. 224, 
for two phases neither of which contains the third component). 
Let us consider the meeting of the isotherms from a compound 
of A and B, represented by P (Fig. 226) with the isotherms 
from Q, a compound of C and A. At temperatures such as Tj, a 
little below their melting-points Tp and Tg, the solution curves 
are still independent. Hence the two binary compounds cannot yet 
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coexist with solution. At T, the two solution curves touch, and 
P and Q can now exist in contact with the single solution R. At 
still lower temperatures such as T., 
the solution isotherms will cut one 
another and we obtain two points of 
intersection, S and S’. The curve 
SRS’ will hence represent the solu- 
tions coexisting with P and Q, at 


different temperatures. The point 
Fig. 225 of contact R of the isotherms must 

lie on the line PQ. This is proved 

as follows: In the solid model (Fig. 222), representing free energy 
as a function of composition at constant temperature and pressure, 
the straight line joining the free energies of solid P and solid 
Q will cut the convex surface representing free energy of solu- 
tions at all temperatures above that of R. As the temperature 
falls, since the free energy of solids rises more slowly than that 
of solutions the straight line joining P and Q eventually emerges 
entirely from the convex surface. As it emerges from the surface, 
this straight line forms a common tangent from P and Q to the 
surface of free energy. This means that the temperature of this 
isotherm is the highest temperature at which both solid P and 
solid Q can be in equilibrium with the same solution, and there 
is only one such solution whose composition is represented by R, 
the point of contact of the straight line joining P and Q with 
the surface of free energy. Hence R lies on PQ. At tempera- 
tures lower than this, PQ lies entirely below the surface,thatis, 
all solutions whose compositions are represented by points on 
this line are metastable with respect to a mixture of solid P and 
Q. Nevertheless, separate tangents can be drawn from P and from 
Q to the curved surface, but the curves representing the projec- 
tions of the points of contact will now intersect in two points 
(at a given temperature). These two points of intersection give 
the compositions of the two solutions each of whichcan coexist 
with both solid P and Q (at constant temperature). Hence the 
curve SRS’ (Fig. 225), which is the locus of these points, has its 
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maximum temperature at R, where the solution can be formed from 
the two solid phases P and Q (only), in suitable proportions. For 
the solutions of the two branches RS and RS’ this is no longer 
true; the former contain an excess of A, the latter less A. 

(iti) Congruently Melting Ternary Compounds as Solid Phases. 

In the triangle ABC (Fig. 226), A, BandC represent, as usual, 
the three pure components, and S the composition of a ternary 
compound. We now imagine this triangle to be the base of Fig. 
222, and erect from S a perpendicular SS”, the height of which is 
chosen equal to the free energy of one mole of the solid phase S. 
At the melting-point T of this phase the point S’ will be in the 
free energy surface of the solutions. At a lower temperature T, 
the point S’ will lie below this surface, and hence a series of 
tangents can be drawn to the surface, whose points of contact, on 
account of its convex form, will together form a closed curve. 
Their projection on the plane ABC will also form a curve around 
the point S_ This curve will represent all solutions which can 
exist at T, with the solid 
phase S. 


Cc 


On lowering the tempera- 
ture still further below the 
melting-point T, this curve 
will,in general, attain great- 


er extent. Hence success- 


Fig. 226 therms coming from other 


ive isotherms will be ringed 
around S. These isotherms 


will, of course, meet iso- 


solid phases and thus the region of stable existence of the ternary 
compound will be limited in the manner which has been described 


in the discussionof three-component systems (cf. Fig. 141, p.326). 
II. Formation of Solid Solutions. 
(a) Two-Component Systems.” 


(i) The Solid Components form Solid Solutions tn all Proportions. 
In this case, the curve of free energy as a function of composi- 
tion will also be a continuous curve for the solid phase, and, like 
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that of the liquid phase, it will be convex downwards. Even with 
the above limitation, however, three types must be discriminated. 

Type |. The freezing-points of all mixtures lie between those 
of the two components. 

Consider an entirely liquid mixture above the melting-point of 
the higher melting component B. At temperatures 
above this melting-point, since only the liquid 
phase can exist, the molar free energy (F')-compo- 
sition curve of the solid phase, hereinafter called 
the S-curve mustlie entirely above the correspond- 
ing curve of the liquid (L-curve). At the melting- 
point of B both curves have a common point of con- 
tact on the right hand vertical axis. [In Fig. 227, 
I, S represents the curve for the mix-crystals, L 
that for the liquid phase. The whole S-curve, 
except at the extreme right, still lies above the L- 


curve, so that only pure B can exist in contact 


with melt. 

At a somewhat lower temperature, mix-crystals 
can deposit from the melt. For this it is necessary 
that a portion of the L-curve must have risen a- 
bove the S-curve. The coexisting phases will now 
be found as the points of contact of the double 
tangent which can be drawn to the two curves. 


A composition B 


Let the corresponding values of the abscissae be 
a and b, Fig. 227, Il. This means that, at this 
temperature, a homogeneous liquid of composition a canbe in equi- 
librium with a homogeneous solid of composition b. 

At still lower temperatures the L-curve rises still higher 
above the S-curve, Fig. 227, III. There is always one liquid 
phase existing in equilibrium with a solid phase of different com- 
position. Finally, at the melting-point of A, Fig. 227, IV, only 
the last point of the L-curve is stable. Plotting the abscissae of 
the points of contact as abscissae, against the corresponding tem- 
peratures as ordinates, Fig. 227, V, the well-known equilibrium 
curve, is obtained (cf. Fig. 45, I, p. 159). This type of equilib- 


Fig. 227 
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rium diagram has already been discussed. 

Type Il. The freezing-point curve shows a maximum. 

In the previous case it was assumed that the 
liquid was always completely stable above the 
melting-point of B, and entirely metastable below 
the melting-point of A. But this can only be true 
for a certain curvature of the two curves, andwith 
a different curvature contact will occur somewhere 
between the end-points before contact at the melt- 
ing-point of the higher melting component is 
reached. This case is shown in Fig. 228, I. 
At a somewhat lower temperature, but still above 
the melting-point of B, a part of the S-curve has 
become stable (Fig. 228, II). The two curves then 
cut in two points and two double tangents can be 
drawn; these determine the concentrations of co- 
existing liquid and solid phases a, and 6, and of 
a second seta and b. The following Figure 228, 
III, is drawn for the temperature of the melting- 
point of B; the next again, 228, IV, for the tem- 
perature of the melting-point of A. From now on, 
Acpwtm 8 the solid state is entirely stable. Ifthe abscissae 


Fig. 228 of the points of contact are plotted against the 
corresponding temperatures, Fig. 228, V, which has previously 
been discussed, is obtained (cf. Fig. 45, II, p. 159). 

Type Ill. The continuous curve of free zing-points exhibits 
a minimum. 

This case occurs if the L-curve has a sufficiently greater cur- 
vature than the S-curve, so that the L-curve has not risen entirely 
above the S-curve by the time contact at the two ends has taken 
place. The stages of the deduction, leading to the Type III of 
Roozeboom, can now be left to the reader. 


fii) The Solid Components form Solid Solutions to a Limited 


Extent. 
In this case the S-curve is re-entrant and shows two 
minima, as indicated in Fig. 229. The points of contact, a and b, 
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of the double tangent then determine the limits a’ and b’ of misci- 
bility at the temperature of the isothermal diagram. This means 
that homogeneous mix-crystals can 


= exist from A to a’, and from 6’ to B. 
5 All points between a’ and 6’ repre- 
af sent equilibrium mixtures of the satu- 
Ss rated solid solutions a’ and b . 
x ; : Proceeding as before, that is, al- 
iim Sadicog ane lowing the temperature to fall and ex- 
A Composition 8 


amining the changes inthe free energy- 
eee: concentration diagram, we find that 
two principal types result: 
Type IV. The freezing curve shows a transition point. 
Here, at the melting temperature of the high melting substance 
B, the whole L-curve still lies completely below the S-curve for 
the solid, but at the melting temperature of the lower melting com- 
ponent (A) it has moved entirely above it. The assumption is also 
made that, as the two curves change shape continuously with fall- 
ing temperature, curve S is displaced continuously through L in 
such a manner that the freezing temperatures of the mixtures fall 
in the direction B to A. This assumption makes type IV identical 
with type I in many respects. Fig. 230,I and II, agrees, therefore, 
with Fig. 227, [ and II, all of which represent the state of affairs 
at the melting-point of B and at a somewhat lower temperature. 
This continues as long as the double tangent to the S-curve lies 
above the double tangent to the L- and S-curves. As, however, the 
displacement of the L- and S-curves upwards continues, there must 
come a time when these two tangents coincide. In Fig. 230, III, 
this is represented in such a manner that both points of contact 
with the S-curve lie on the same side of the point of contact with 
the L-curve. Only in this way can the freezing curve fall progress- 
ively from B to A. At this temperature, therefore, the liquid mix- 
ture ais in equilibrium with both solid 6 and solid 6,. At a still 
lower temperature, the double tangent to S no longer coincides with 
that which can be drawn from [, to the stable part of the S-curve 
towards B. The possibility, however, now arises of drawing a 
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double tangent to L and the part of the stable S-curve towards A, 
as in Fig. 230, IV, so that at this temperature we have liquid mix- 
ture a coexisting with solidsolution 4,’. There has been, however, 
a discontinuous change in composition from 
solid solutions of the b type to the 5, series. 
This state of affairs lasts down to the freez- 
ing temperature of component A, where the 
last liquid mixture is able to exist. When, 
as usual, the abscissae of the points of con- 
tact of the tangents are plotted against tem- 
perature, the usual ¢-x diagram, in this case 
Roozeboom’s TypeIV previously discussed, 
arises (cf. Fig. 51, p. 167). 

Type V. The freezing curve has a eutec- 
tic point. 

This type (Fig. 231) arises when the L- 
curve passes through the S-curve with falling 
temperature, in a manner different from that 
given in Fig. 230, viz., at the temperature 
t (Fig. 231,1V), at which the two double 


tangents coincide, the two points of con- 


tact of the S-curve fall on opposite sides of 
Fig. 230 the points of contact of the L-curve. This 
means that already at temperatures higher 
than t, the left-hand portion of the S-curve is below the L-curve, 
so that a double tangent on the left-hand side to L andS is already 
possible (Fig. 231, III), and therefore a second pair of phases can 
coexist. This behaviour commences at the melting-point of sub- 
stance A, so that Fig. 231, III, is the type for all temperatures 
between this melting-point and ¢. 

Above this melting-point, therefore, only one pair of phases, 
on the B side, coexist. Figs. 231i, I and II, are therefore not 
essentially different from Fig. 230, I and II. Below the tempera- 
ture t, the more stable portions of the S-curve, and their tangents, 
lie below the L-curve, Fig. 231, V. No liquid mixture is any 
longer stable; only solid solutions can now exist. Plotting in the 
usual way, the equilibrium diagram of Fig. 231, VI results (cf. 
Fig. 53, p- 169). 
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(b) Three-Component Systems. 


The method of treatment here is essentially the same as in 
two-component systems, except that both solid and liquid solu- 
tions have free energy values represented by surfaces, which 
touch the vertical sides of the solid model. If both liquid and 
solid components are miscible in all proportions both these 
surfaces will be convex downwards. At high temperatures the 
free energy surface of the solid solutions will lie entirely above 
that of liquid solutions and only liquid solu- 
tions will be stable, while at low tempera- 
tures the converse will be true and only 
solid solutions will be stable. At inter 
mediate temperatures, one surface will inter- 
sect the other and common tangent planes 
can be drawn to the two surfaces. The pro- 
jection of the points of contact of these 
tangents gives an isotherm in the form of 
two continuous curves, representing equi- 
librium liquid and solid solutions. If the 
solid components are not miscible in all 
proportions the surface of chemical potential 
for the solid state is re-entrant (both convex 
and concave downwards), and two sets of 
common planes can be drawn, separated 
by a gap, that is, two solubility curves, 
separated by a gap, are produced onthe 
concentration isotherm. Since, however, 
numerous examples of the graphical method 


have now been given, it is unnecessary to 
go further into detail. The five types of Roozeboom (three- 
component systems) were arrived at on the basis of an osmotic 
analogy® and, therefore, do not merit consideration here. 
NOTES 
1, Z. physikal, Chem., 1893, 12, 359. 
2. ibid., 11, 289. 


3. For a pure substance the molar free energy and the chemical po- 
tential are identical. 
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4. For a proof of this see Lewis and Randall, Thermodynamics and 
the Free Energy of Chemical Substances, McGraw-Hill, N. Y., 1923, p. 38. 

5. Roozeboom, Z. physikal. Chem., 1899, 30, 387 et seq. 

6. Roozeboom, Z. physikal, Chem., 1891, 8, 521. 
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DETERMINATION OF BINARY SOLID-LIQUID EQUILIBRIA 


Chapter VIII has dealt with the interpretation of the equilibrium 
curves for binary systems when solids and liquids are present. 
The present chapter discusses the establishment of those curves 
for a previously uninvestigated system. The oldest, and still 
perhaps the most powerful, method is that of thermal analysis. 


Thermal Analysis. 


The principle of this method consists in the fact that a phase 
change must necessarily produce an energy transformation, which 
usually manifests itself as an evolution or absorption of heat. 

When a pure substance cools without change of state, the 
curve connecting its temperature with time is continuous and ex- 
ponential in form, when the surroundings are at a constant tem- 
perature, in accordance with Newton’s law of cooling. If, however, 
the cooling substance is a pure molten solid it will commence to 
freeze at a characteristic temperature. In the process of freez- 
ing heat is evolved, and usually the rate of freezing is conditioned 
by the rate of loss of heat by radiation, so that the temperature 
remains constant. This behaviour manifests itself on the cooling 
curve as a horizontal straight line at the temperature of freezing. 
If the rate of crystallisation is low or the rate of cooling large, 
crystallisation may not take place fast enough to supply the heat 
lost by radiation and the horizontal then becomes a point of in- 
flection or an S-shaped curve. The rate of cooling should, how- 
ever, be kept sufficiently small, by controlling the temperature of 
the environment, so that crystallisation evolves heat fast enough 
to keep the temperature constant. 

We now consider the cooling of a liquid mixture of two sub- 


stances which are completely miscible in the liquid state, com- 
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pletely immiscible in the solid state, and do not form a compound, 
that is, a system of the simple eutectic type. This will cool un- 
til primary crystallisation of A or B occurs. Since, however, a 
solution does not freeze at a constant temperature, the tempera- 
ture continues to fall, but not so rapidly, until the eutectic tem- 
perature is reached, when separation of the other component com- 
mences, and the temperature remains constant at the eutectic 
temperature until all is solid. Hence the appearance of the cool- 
ing curve is that of Fig. 232. 
In the Figure, ab represents 
free cooling of the liquid (the 
temperature corresponding to b 
is the freezing temperature of 


the solution, that is, the tem- 


perature at which A (or B) first 5 

separates), bc represents de- & 

layed cooling due to continuous FE 

separation of pure solid A (or 

B), the temperature of the hori- Time 


zontal cd is the eutectic tem- ; 

perature, while de represents eee 
cooling of the completely solidified system. For a fixed weight 
of system the length of bc will depend on the amount of excess 
B or A over the eutectic composition. Thus, as the eutectic com- 
position is approached (with successive mixtures) the primary 
crystallisation will be less and the eutectic crystallisation greater. 
With a mixture exactly of the eutectic composition there will be 
no primary crystallisation, and the eutectic halt willbe a maximum. 
This is the principle of Tammann’s method’ of finding the eutec- 
tic composition. According to this method, the duration of eutec- 
tic halt is plotted as ordinate against the composition of the mix- 
ture as abscissa, as shown in Fig. 233. The intersection of the 
two curves representing eutectic halt times gives the maximum 
eutectic halt time and hence the eutectic composition. Tammann’s 
method is rarely employed nowadays, because of many possible 


sources of error in the experimental determination of the halt 
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time. 
The method of thermal analysis is applicable to all systems, 
however complicated, for in- 


stance, to those systems in 4 

which congruently or incongru-  & 

ently melting compounds are S 

formed. In everycase,the cool- | 

ing curve gives the freezing : 

temperature, thatis, a pointon & 

the liquidus curve for the given . = 

total composition, and the tem- : sale 5 
perature of eutectic freezing. Five das 


In addition, if an incongruently 

melting compound is formed, there will be a peritectic halt for all 
mixtures richer in the higher melting component thanthe peritectic 
composition. 

It is not always easyto obtain from the freezing-point curve the 
exact composition of a congruently or incongruently melting com- 
pound, due in the first case to dissociation in the molten state, 
which flattens the maximum, and in the second to dissociation 
of the compound at the transition or peritectic point. In these 
cases, Tammann’s method may sometimes be employed with ad- 
vantage. If the eutectic halt time is plotted, it will be zero for 
the pure components, but it will also be zero for a composition 
corresponding to that of the compound. Thus the composition of 
a congruently melting compound may be obtained as shown in Fig. 
234. 

If the compound is incongruently melting and the eutectic and 
peritectic halts are plotted, as in Fig. 235, the hidden maximum 
corresponding to the composition of the compound may be obtained 
through the same process of reasoning since the peritectic halt 
will be a maximum and the eutectic halt zero for the exact compo- 
sition of the compound. 

Types of Cooling Curves Employed. 

(a) Free Cooling. 


As previously indicated, free cooling, t.e. allowing the sys- 
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tem to cool naturally by radiation from a higher temperature to a 
lower one, yields an exponential curve. The disadvantage of this 
type of curve is that a small change in slope can easily be missed 
because of the curvature. Moreover, if the temperature is high, the 
cooling will be very rapid, and the heat effect may be missed. 


(b) Graduated Cooling. 


To overcome the difficulty mentioned above Plato” suggested 
a method of gradual cooling, 
so as to obtain a rectilinear 
curve, on which changes in 


slope would show up very 


Temperature 


easily. Since heating is now 
usually electrical, the cool- IN 
ing can be carried out pro- 
gressively and regularly by 
reducing the current. Plato 


Time of halt 


did this by means of a resist- 
ance wire wound on a porce- tes an 


A Composition B 


lain cylinder and rotated slow- 
ly by a motor. Many methods Fig. 234 

have been employed for this 

purpose, ranging from very complicated machinery to simple 
rheostats. 

Formation of Solid Solutions. The problem here is that of de- 
termining the temperature at which a cooling system of given com- 
position passes the liquidus and solidus lines. These two tem- 
peratures, determined for each of several mixtures, permit of the 
complete plot of liquidus and solidus. For experimental work of 
this kind the method of graduated cooling is indispensible. In 
the absence of transformation in the melt, the plot of temperature 
against time has the appearance of Fig. 236 (a), namely, a straight 
line. For a pure substance in which a transformation occurs at a 
temperature 1, linear cooling produces the cooling curve shown 
in Fig. 236 (6). The temperature of the melt follows that of the 
furnace linearly to f (the freezing point), where the first appear- 


ance of solid phase produces a change in the cooling rate of the melt. 
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During the time interval represented by the straight horizontal 
portion fm, solid deposits continuously, until at m (the melting- 
point), where the material is completely solid, the rate of cool- 
ing increases abruptly. Cooling of the solid is very rapid along 
mb, since during the time of freezing (fm) the furnace has cooled 
along fb, while the temperature of transformation has remained 
constant at T,. At the time instant m, therefore, the difference in 
temperature between the solid and the furnace is considerable. At 
point b, the solid once more resumes the cooling rate of the furnace 
and cooling proceeds linearly along the original path. 

During the liquid-solid 


transformation of a system abc: eulectic halt 
def : perilectic halt 


whichforms solid solutions, 
the temperature does not 


remain invariable, but grad- 


Temperature 


ually decreases as the solid 
solution deposits. The i- 
deal linear cooling curve 
for such a system is shown 


in Fig. 236 (c). The cool- y 

ing gradient remains con- :: 

stant along f’m’ from the az ; 
freezing point (T,) to the A Composition ¢ “ B 


melting-point (T)), where Fie. 238 

a sharp break in the cool- 

ing curve marks the disappearance of the liquid phase. The solid 
solution cools rapidly from m’ , finally assuming the cooling rate 
of the fumace at b’. In actual experience, the curve obtained 
usually shows a pronounced curvature as the freezing approaches 
completion; the last portion of freezing liquid does not release 
enough heat to maintain a constant temperature gradient. Fig. 236 
(d) represents an experimentally determined curve where the melt- 
ing point is not defined by a sharp break in the cooling curve. 
Tammann® has shown that the extensions of portions of the curve 


’ and mb” intersect at the true melting-point. Therefore, as 


MW t 
m 
long as f”m" and m"b" have a reasonably linear portion, it is 
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possible to arrive at melting-points with accuracy. The experi- 
mental technique necessary for accurate results has been devel- 


oped recently.” 


NY 
£ 
8 
& 
wr 
Time 
Fig. 236 


The Thaw-Point—Melting-Point Method. This method is due to 
Rheinboldt.” [t consists in heating a small quantity of solidified 
material, of known composition, in a capillary melting-point tube, 
preferably heated in an electrical apparatus provided with a mag- 
nifying lens. Formation of liquid occurs either at a eutectic tem- 
perature or on crossing a solidus line. This is known as ‘‘thaw- 
ing’’ and is readily detectible in the magnified image. This tem- 
perature is noted and the temperature slowly raised, the amount of 
liquid increasing continuously. The temperature at which the 
last crystal skeleton disappears (melting-point) is observed. It 
is shown by Rheinboldt and Kircheisen® that every type of equi- 
librium diagram can be investigated by this method. The method 
is not capable of the highest accuracy but it is to be recommended 
for a rapid survey of the nature of a system, and for investigation 
of rare, expensive or explosive substances. 

The Quenching Method. This method was devised for the in- 
vestigation of systems which supercool obstinately, for instance, 


the naturally occurring silicates. Many molten silicates when 
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cooled cannot be caused to crystallise: they become more and 
more viscous and are finally described as glasses: such sub- 
stances have no melting-point. It is, however, possible to ob- 
tain these silicates in the crystalline condition, either by pro- 
longed heating at a temperature below the melting-point (devitri- 
fication) or by treatment with a catalyst, or as naturally occur- 
ring substances. If a mixture of such substances is heated it will 
commence to liquefy on passing a eutectic temperature or a solidus 
line. If this mixture is kept at a temperature a little above the 
temperature at which liquid forms, it will come into equilibrium 
as a heterogeneous mixture of liquid and solid. If the temperature 
is still further raised and kept constant, the mixture will become 
homogeneous liquid. It should be noticed that while liquids readily 
enter the metastable state, i.e. remain supercooled, there is no 
well-authenticated instance of a solid being heated, metastably, 
above its melting-point. In practice the method is as follows: the 
completely solidified and crystalline mass is heated to a tempera- 
ture below that at which liquefaction is expected to occur, andkept 
at that temperature for a sufficient length of time for equilibrium 
to be established. The mass is then quenched, that is, cooled 
rapidly to room temperature, and a thin section examined in the 
polarising microscope. The complete absence of isotropic mater- 
ial will show that no melting has occurred. The experiment is 
then repeated at a slightly higher temperature. As soon as a thin 
section reveals the presence of isotropic material (glass), it is 
evident that a solidus line has been passed. From here on, as 
the experiment is repeated at successively higher temperatures, 
the amount of isotropic material visible in the thin section in- 
creases until finally a completely isotropic mass is obtained. The 
temperature of this last observation will be slightly above the 
freezing-point. The method is laborious but it is the only one 
which can be used with systems which will not crystallise fast 
enough to permit of the application of thermal analysis. 

The Isothermal Method. If the temperature is not very far re- 
moved from room temperature and the composition of the liquid 
phase is such that the amount of one component considerably ex- 
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ceeds the other, it is customary to describe the curve of the equi- 
librium liquid-solid as a solubility curve, although, as stated 
earlier, there is no theoretical difference whatever between a 
freezing curve andasolubility curve (in the absence of solid solu- 
tion). There is, however, some practical difference if freezing 
curves are considered to run to high temperatures and high con- 
centrations. In the former case, the course of the equilibrium curve 
can be defined readily and accurately by the methods of solu- 
bility determination, i.e. the temperature is held constant, excess 
of solid phase added, and, after equilibrium has been attained, 
a sample of the solution removed and analysed. By altering the 
temperature of experiment by small amounts and repeating the de- 
termination, a curve is obtained when the results are plotted as 
a function of temperature. If the solid phase does not change its 
nature abruptly the curve will be smooth, exhibiting no breaks. 
Conversely, a break or sharp change in the slope of the curve 
indicates that the nature of the solid phase has changed. The 
question of the nature of the solid phase is one by no means easy 
to answer when the system is binary. The obvious method of re- 
moving a sample of the solid phase and analysing it is very crude, 
because of the difficulty of freeing the solid phase entirely from 
adhering mother liquor: the solid phase cannot be washed 
because of the danger of changing its nature, neither can it 
be dried, for the same reason, although some success has 
been attained by centrifuging. This method of working has led to 
numerous errors in the older literature. Strangely enough, this 
ambiguity is lacking inthree-component systems, studied isotherm- 
ally, where the Schreinemakers method of the ‘‘wet residue’? can 
be applied (see p. 378). When there is any doubt as to the nature 
of the solid phase it is advisable to convert the two-component 
system into a three-component one by addition of an inert solute, 
and apply the Schreinemakers method. 

It has occasionally been suggested that the isothermal 
method could be advantageously applied to high temperature sys- 
tems and curves of high concentration, for instance in the study 
of alloys, where the method hitherto has been almost exclusively 


APPENDIX 479 


that of thermal analysis. The difficulties are two in number, viz., 
that of maintaining a constant high temperature, and that of sep- 
arating the solid phase from the liquid phase at high temperature. 
The former difficulty has now been overcome since there are many 
designs of thermostatic control of high temperature furnaces.” The 
difficulty of filtering at high temperature is more serious. When 
the solid phase is much heavier than the liquid gravitational sep- 
aration is possible. A sample of the liquid phase can then be with- 
drawn for analysis, but the nature of the solid phase must still 
be determined by other means. When, however, the nature of the 
solid phase is known, this method may be applied with advantage 


to determine the exact form of the liquidus. ° 


NOTES 
1. Tammann, Z. anorg. Chem., 1903, 37, 303. 
Plato, Z. physik. Chem., 1906, 55, 721. 
G. Tammann, Z. anorg. Chem., 1905, 43, 218; 47, 290. 
Campbell and Prodan, J. Am. Chem. Soc., 1948, 70, 553. 
Rheinboldt, J. pr. Chem., 1925, (2), 111, 242. 
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Rheinboldt and Kircheisen, J. pr. Chem., 1926 (2), 112, 187; 113, 
199, 348. 

7. Cf. for example Lutz and Wood, Can. J. Res., 1948, 26A, 145. 

8. Cf. for example, the system iron— tin: Campbell, Wood and 


Skinner, J. Amer. Chem. Soc., 1949, 71, 1729. 
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Mercury, alloys of, 197. 
Meritectic point, 166. 
Mesomorphous state, 77. 
Metallurgy, 194. 

Metals, phase diagrams for, 194. 
Metastability, 43. 

— and solubility, 153. 

Metastable state, persistence of, 53. 

— systems, vapour pressure of, 240. 

— — velocity of transformation of, 

48. 

Metathesis, 314, 409. 
Methylethylketone - water, 97. 
“Middle soap,’’ 384, 

Minerals, 206. 

Miscibility, complete and partial, 90. 

— partial or limited, 91. 
Mix-crystal, pseudo-racemic, 192. 
Mixed melting-points, method of, 142. 
Monotropy, 39. 

— enantiotropy combined with, 42. 
Multiple proportions, law of, 199. 
Multi-variant, 14. 

Muntz metal, 197. 


Naphthalene-tetrachlorethane, 180. 
‘‘Natural’’ freezing-point, 264. 
Neat soap, 384. 

Nematic, 182. 

Newton’s law of cooling, 472. 
Nickel iodate - water, 155. 
Nigre, 384. 

Nitrobenzene - water, 129. 
Nitrogen - manganese, 229. 
Nuclear number, 45. 

Nuclei, 44. 

Nucleus solution, 430. 


Oceanic salts, 437, 449. 
One-component systems, 20, 61. 
Optically active substances, 189. 
Orthogonal projection, 319. 
Oxy-carbonates, formation of, 219. 


Paragenesis, 421. 
Paragenetic diagram, 453. 
Paraldehyde, 270. 
Parkes process, 287. 
Partial liquefaction, purification by, 
143. 
— miscibility, 91, 282. 
— pressures of components and com- 
position of vapour phase, 248. 
— solid solubility, 164. 
Partially miscible liquids, 283, 290, 
293. 
— — — in equilibrium with vapour, 
125. 
Particle size, effect on solubility of, 
46. 
Pearlite, 204, 
Peritectic point, 150, 166, 323. 
— ternary, 323. 
Perspective projection, 319. 
Phase reaction, 33. 
— — at dystectic, 146. 
— — at eutectic, binary, 136. 
— — — — ternary, 315. 
— — — eutectoid, 172. 
— — — peritectic point, 151,166. 
Phase Rule, 7, 15. 
— — classification of systems ac- 
cording to, 15. 


— — deduction of, 17. 
Phases, 7. 

— calculation of quantities of, 96. 

— number of, 8. 

Phenol and water, solubility of, 94, 

95. 

Phenol - water, 93, 95, 173. 

— — metastability in the system, 

L75s 
Phosphorus, 70. 

— black, 75. 

— critical point of, 73. 

— equilibrium diagram of, 73. 

— liquid, vapour pressure of, 72. 

- red, 70. 

— ruby-violet, 70. 

— transition curve of, 74. 

— triple points of, 73, 74. 

— vapour pressure of, 71, 72. 

— white, 70. 

Plait point, 285. 
— — curve, 289. 
Plato, method of, 475. 
Polarising microscope, 478. 
Polymerism, 262. 
Polymorphism, 35. 
Polythermal diagram, 319. 
Portland cement, 334. 
Potassium chloride - potassium sul- 

phate - water, 395. 

— — - silver chloride, 138. 

—— -sodium chloride - water, 390. 
Potassium, fusion pressure of, 28. 
Potassiumiodide - sulphur dioxide, 243. 
Potassium - sodium, 151. 

Pressure - temperature - composi- 

tion, model, 233, 254. 

— — plane diagram, 234, 246. 
Primary phase, 319. 

Proeutectic, 205. 

n-Propyl alcohol - water, 119. 
Pseudo-binary systems, 261, 274. 
Pseudo-components, 24. 
Pseudomonotropy, 41. 
Pseudo-racemic mix-crystal, 192. 
Pseudo-ternary systems, 271. 

pt, x model, generalised, 250. 
Purification by partial liquefaction, 
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— — recrystallisation, 344. 


Quadruple point, 153, 233. 

— — changes at, 234. 

— — metastable, 241. 
Quaternary systems, 403. 
Quenching method, 477. 

Quinary systems, 446. 
Quintuple point, 277, 316, 362, 409. 


Racemate, 189, 191. 
— partial, 191. 
— transition interval of, 355. 

Racemic mixture, 189. 

Raoult’s law, 91, 109, 113, 114, 131. 
— — positive and negative devia- 
tions from, 113, 114. 

Reciprocal salt-pairs, 409. 

Recrystallisation, 344. 

— formation of two liquid layers in, 
WS 

Rectilinear diameter, law of, 95. 

Recurrent crystallisation, 328. 

Reflection of light, 194. 

Reflux, 123. 

Residue lines, 300, 303, 304, 307, 
312. 

Retrograde solubility, 180, 288. 

Ricci and Loucks, graphical method 
of, 443. 

Roozeboom, rule of, 327, 329. 


Salt effect, 385. 

— separation of, on evaporation, 238 
Salting-out, 382. 

Saturated solution, 177, 178. 

— — nature of solid phase, 178. 

— — vapour pressure of, 235. 
Saturation, time of approach to, 178. 
Schlésung, method of, for production 

of sodium bicarbonate, 437. 
Schoenite, 451. 

Schreinemakers’ method, 479. 
Sections, isobaric, 253. 

— isoplethal, 253. 

— isothermal, 253. 
Seeding, 44. 
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Separation of salts by a temperature- 
cycle process, 394. 

Sextuple point, 410. 

Silicates, 477. 

Silver chloride - potassium chloride, 
138. 
—— - sodium chloride, 158. 

Silver nitrate - sodium nitrate, 167. 
— — - water, critical phenomena in 
the system, 258. 

Six-component systems, 453. 

Smectic, 82. 

Soap, 383. 

Sodium bicarbonate, manyfacture of, 
431. 

Sodium chloride — potassium chloride 
— water, 390. 
—— - silver chloride, 158. 
—— - water, 139. 

Sodium nitrate — silver nitrate, 167. 

Sodium — potassium, 151. 

Sodium sulphate — water, 151, 239. 
— — — critical phenomena in the 
system, 258. 
—— - ammonium sulphate - water, 
398. 
— — dehydration by means of an- 
hydrous, 154. 

Solid and liquid, equilibrium between, 
26. 
—— vapour, equilibrium between, 25. 
— liquid and vapour, equilibrium be- 
tween, 29. 
— phase, determination of, 381, 
382, 474, 479. 
— solution, 227. 

Solid solutions, binary, in binary sys- 
tems, 156, 465. 
— ——-— ternary systems, 329, 372. 
— — changes in, with temperature, 
170. 
— — formation of, 465, 475. 
— — fractional crystallisation of, 
162. 
— — freezing-point of, 157. 
— — in quaternary systems, 425. 
— — melting-point curve of, 157. 


— — Roozeboom’s classification of, 
in binary systems, 157, 166, 167, 
465. 
— — Roozeboom’s classification of, 
in ternary systems, 374, 376. 
—-—ternary, in ternary systems, 
333, 470. 
— — theoretical considerations of, 
160, 388. 
Solidus, 157. 
Solubility, 178. 
— and transition point, 152, 154, 
356, 410. 
— coefficient, 107, 132. 
curve, 93, 135, 180. 
— completely closed, 98. 
— — determination of, 472. 
— — isothermal, 342, 345. 
— upper Jimit of, 243. 
— curves, typical, 181. 
— effect of temperature on, 135, 177, 
180. 
— — — pressure on, 177, 179. 
— of metastable form, 183. 
Solute, 88. 
Solution, definition of, 88. 
— saturated, 178. 
Solutions, 87. 
Solutions, inevaporable, 148. 
— with two boiling-points, 238. 
Solvay process, 431. 
Solvent, 88. 
Space curve, 233. 
— representation in, 85, 86. 
Specific volume, 194. 
Spontaneous crystallisation, 44, 45, 
188. 
Stable and metastable forms, pressure 
- temperature relations between, 46. 
Stassfurt deposits, 370, 403, 437. 
Stereoisomerism, 262. 
Sully 122: 
Strontium sulphate - 
phate, 171. 
Structure isomerism, 262. 
Sublimation curve, 25. 
— pressure, 25. 


calcium sul- 


Sub-system, 321. 
Successive reactions, ‘“‘law’’ of, 54. 
Sulphur, 64, 271. 
= 212704 
SN PHOS 
SE ie POX 
— bivariant systems, 68. 
- dioxide, 243, 254. 
— equilibrium diagram of, 66. 
— melting-points of, 272. 
— metastability of, 43. 
— metastable systems, 68. 
— monoclinic, 274. 
— mother-of-pearl, 68, 69, 274. 
— nacreous, 68, 69, 274. 
— rhombic, 274. 
— transition curve of, 67. 
— vapour pressure of, 67. 
Supercooling, 43. 
Superheating, 43. 
Supersaturated solution, 178. 
Supersaturation, 45, 153, 183. 
Surface, 233. 
Suspended transformation, 42, 43, 153, 
176 
— — and supersaturation, 183. 
System, variance of, 13. 
Systems of two liquid phases, 90. 
— bivariant, 32. 
— two-component, 84. 


Tammann’s method of halt time, 473. 
Tautomerism, 262. 
Temperature - concentration diagram 
263. 
— - cycle process, separation of 
salts by, 394. 
Ternary compound, congruently melt- 
ing, 325, 465. 
— — incongruently melting, 529. 
— systems, 277, 459, 470. 
Tetragene salt, 425. 
Thallous sulphate — water, 180. 
Thaw-point — melting-point method, 
A477. 
Thermal analysis, 194, 472. 
Thermodynamics, 9, 455. 
Thin section, 478. 
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Three-component systems, 277, 459, 
470. 
Tie-line, 94, 284. 
Tin, 69. 
— effect of impurities on rate of 
transformation of, 70. 
— — — low temperature on, 69. 
grey, 69, 70. 
— white, 69, 70. 
— tetragonal, 69, 70. 
— rhombic, 70. 
— transition point of, 69. 
Toluene - water - acetic acid, 283. 
Transformation 
systems, 193. 
Transformation, suspended, 42, 153, 
176, 226. 
Transition curve, 38. 
— interval, 354, 367, 412. 
— point, 143, 150, 154, 166, 409, 410. 
— — effect of pressure on, 363. 
— — — — solid solution on, 170. 
— — phase reaction at, 151, 353, 355. 
— points, table of in thermometry, 
38. 
— — use of, in unary systems, 155. 
— temperature, 38, 154,424, 
Triangular diagram, 278. 
Triethylamine - water, 98. 
Triple point, 29. 
— — changes at, 32. 
eS ieee WE elie 
Trivariant, 85. 
Two-component systems, 84, 455, 465. 
— — classification of, 87. 


in optically active 


Unary melting-point, 269. 
— systems, 20, 61. 
Univariant, 14. 
.— systems, 236. 
Unsaturated solution, 178. 
Unstable, 43. 
— and stable forms, transformation 
of, 267. 
Upper critical solution temperature, 


94, 98, 99. 


Vaporisation curve, 2]. 
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— — upper limit of, 21. 
Vapour pressure, 21, 47, 91, 109, 
212, 233, 282, 296, 410. 
— — constancy of, and formation of 
compounds, 227. 
— — effect of pressure on, 92. 
— — of a hydrate, indefiniteness of, 
224. 
— — — solid-solution-vapour, 235. 
— — — supercooled liquid, 47. 
Velocity of crystallisation, 48. 
— — transformation, effect’ of solvent 
One D2. 
----- temperature on, 53. 
— — — in metastable systems, in- 
fluence of impurities on, 52. 
Viscosity, effect of, on crystallisa- 
tion velocity, 49. 
Vitreous state, 208. 
Volatile solids, 212. 


Water, 61. 
— critical point of, 61. 
— equilibrium diagram of, 61, 62, 
64. 
— melting-point of, 32. 
— of crystallisation, salts with, 
220, 345, 351, 355, 374. 
— other phases of, 61. 
— supercooled, 47. 
— vapour pressure of supercooled, 
47. 
“Wet rest’’, method of, 378. 


X-ray analysis, 170, 194, 229. 
— — application of, to Phase Rule 
problems, 229. 


Zeolites, 228. 
Zoning, 208. 
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160pp. 5% x 8. T10 Paperbound $1.25 


THE PSYCHOLOGY OF INVENTION IN THE MATHEMATICAL FIELD, J. Hadamard. Where do ideas 
come from? What role does the unconscious play? Are ideas best developed by mathematical 
reasoning, word reasoning, visualization? What are the methods used by Einstein, Poincaré, 
Galton, Riemann? How can these techniques be applied by others? One of the world’s 
leading mathematicians discusses these and other questions. xiii + 145pp. 53% x 8. 
T107 Paperbound $1.25 


GUIDE TO PHILOSOPHY, C. E. M. Joad. By one of the ablest expositors of all time, this is 
not simply a history or a typological survey, but an examination of central problems in 
terms of answers afforded by the greatest thinkers: Plato, Aristotle, Scholastics, Leibniz, 
Kant, Whitehead, Russell, and many others. Especially valuable to persons in the physical 
sciences; over 100 pages devoted to Jeans, Eddington, and others, the philosophy of 
modern physics, scientific materialism, pragmatism, etc. Classified bibliography. 592pp. 
5¥e8 x 8. T50 Paperbound $2.00 


SUBSTANCE AND FUNCTION, and EINSTEIN’S THEORY OF RELATIVITY, Ernst Cassirer. Two 
books bound as one. Cassirer establishes a philosophy of the exact sciences that takes into 
consideration new developments in mathematics, shows historical connections. Partial 
contents: Aristotelian logic, Mill’s analysis, Helmholtz and Kronecker, Russell and cardinal 
numbers, Euclidean vs. non-Euclidean geometry, Einstein’s relativity. Bibliography. Index. 
xxi + 464pp. 53% x 8. T50 Paperbound $2.00 


FOUNDATIONS OF GEOMETRY, Bertrand Russell. Nobel laureate analyzes basic problems in 
the overlap area between mathematics and philosophy: the nature of geometrical knowledge, 
the nature of geometry, and the applications of geometry to space. Covers history of non- 
Euclidean geometry, philosophic interpretations of geometry, especially Kant, projective 
and metrical geometry. Most interesting as the solution offered in 1897 by a great mind 
to a problem still current. New introduction by Prof. Morris Kline, N.Y. University. ‘‘Ad- 
mirably clear, precise, and elegantly reasoned analysis,’’ International Math. News. xii + 


201pp. 5% x 8. $233 Paperbound $1.60 


THE NATURE OF PHYSICAL THEORY, P. W. Bridgman. How modern physics looks to a highly 
unorthodox physicist—a Nobel laureate. Pointing out many absurdities of science, demon- 
strating inadequacies of various physical theories, weighs and analyzes contributions of 
Einstein, Bohr, Heisenberg, many others. A non-technical consideration of correlation of 
science and reality. xi + 138pp. 53% x 8. $33 Paperbound $1.25 


EXPERIMENT AND THEORY IN PHYSICS, Max Born. A Nobel laureate examines the nature 
and value of the counterclaims of experiment and theory in physics. Synthetic versus 
analytical scientific advances are analyzed in works of Einstein, Bohr, Heisenberg, Planck, 
Eddington, Milne, others, by a fellow scientist. 44pp. 536 x 8. $308 Paperbound 60¢ 


A SHORT HISTORY OF ANATOMY AND PHYSIOLOGY FROM THE GREEKS TO HARVEY, Charles 
Singer. Corrected edition of ‘The Evolution of Anatomy.” Classic traces anatomy, phys- 
iology from prescientific times through Greek, Roman periods, dark ages, Renaissance, to 
beginning of modern concepts. Centers on individuals, movements, that definitely advanced 
anatomical knowledge. Plato, Diocles, Erasistratus, Galen, da Vinci, etc. Special section 
on Vesalius. 20 plates. 270 extremely interesting illustrations of ancient, Medieval, enais- 
sance, Oriental origin. xii + 209pp. 538 x 8. T1389 Paperbound $1.75 


SPACE-TIME-MATTER, Hermann Weyl. “The standard treatise on the general theory of 
relativity,” (Nature), by world renowned scientist. Deep, clear discussion of logical coher- 
ence of general theory, introducing all needed tools: Maxwell, analytical geometry, non- 
Euclidean geometry, tensor calculus, etc. Basis is classical space-time, before absorption 
of relativity. Contents: Euclidean space, mathematical form, metrical continuum, general 
theory, etc. 15 diagrams. xviii + 330pp. 5% x 8. $267 Paperbound $1.75 
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MATTER AND MOTION, James Clerk Maxwell. Excellent exposition begins with simple par- 
ticles, proceeds gradually to physical systems beyond complete analysis; motion, force, 
Properties of centre of mass of material system; work, energy, gravitation, etc. Written 
with all Maxwell’s original insights and clarity. Notes by E. Larmor. 17 diagrams. 178pp. 
538 x 8. $188 Paperbound $1.25 


PRINCIPLES OF MECHANICS, Heinrich Hertz. Last work by the great 19th century physicist 
is not only a classic, but of great interest in the logic of science. Creating a new system 
of mechanics based upon space, time, and mass, it returns to axiomatic analysis, under- 
standing of the formal or structural aspects of science, taking into account logic, observa- 
tion, a priori elements. Of great historical importance to Poincaré, Carnap, Einstein, Milne. 
A 20 page introduction by R. S. Cohen, Wesleyan University, analyzes the implications of 
Hertz’s thought and the logic of science. 13 Page introduction by Helmholtz. xlii + 274pp. 
53% x 8. $316 Clothbound $3.50 

S317 Paperbound $1.75 


FROM MAGIC TO SCIENCE, Charles Singer. A great historian examines aspects of science 
from Roman Empire through Renaissance. Includes perhaps best discussion of early herbals, 
penetrating physiological interpretation of ‘The Visions of Hildegarde of Bingen.”’ Also 
examines Arabian, Galenic influences; Pythagoras’ sphere, Paracelsus; reawakening of 
science under Leonardo da Vinci, Vesalius; Lorica of Gildas the Briton; etc. Frequent 
quotations with translations from contemporary manuscripts. Unabridged, corrected edi- 
tion. 158 unusual illustrations from Classical, Medieval sources. xxvii + 365pp. 53% x 8. 

7390 Paperbound $2.00 


A HISTORY OF THE CALCULUS, AND ITS CONCEPTUAL DEVELOPMENT, Carl B. Boyer. Provides 
laymen, mathematicians a detailed history of the development of the calculus, from begin- 
nings in antiquity to final elaboration as mathematical abstraction. Gives a sense of 
mathematics not as technique, but as habit of mind, in progression of ideas of Zeno, Plato, 
Pythagoras, Eudoxus, Arabic and Scholastic mathematicians, Newton, Leibniz, Taylor, Des- 
cartes, Euler, Lagrange, Cantor, Weierstrass, and others. This first comprehensive, critical 
history of the calculus was originally entitled ‘‘The Concepts of the Calculus.’ Foreword 
by R. Courant. 22 figures. 25 page bibliography. v + 364pp. 536 x 8. 

$509 Paperbound $2.00 


A DIDEROT PICTORIAL ENCYCLOPEDIA OF TRADES AND INDUSTRY, Manufacturing and the 
Technical Arts in Plates Selected from “L’Encyclopédie ou Dictionnaire Raisonné des 
Sciences, des Arts, et des Métiers’’ of Denis Diderot. Edited with text by C. Gillispie. First 
modern selection of plates from high-point of 18th century French engraving. Storehouse 
of technological information to historian of arts and science. Over 2,000 illustrations on 
485 full page plates, most of them original size, show trades, industries of fascinating 
era in such great detail that modern reconstructions might be made of them. Plates teem 
with men, women, children performing thousands of operations; show sequence, general 
operations, closeups, details of machinery. Illustrates such important, interesting trades, 
industries as sowing, harvesting, beekeeping, tobacco processing, fishing, arts of war, 
mining, smelting, casting iron, extracting mercury, making gunpowder, cannons, bells, 
shoeing horses, tanning, papermaking, printing, dying, over 45 more categories. Professor 
Gillispie of Princeton supplies full commentary on all plates, identifies operations, tools, 
processes, etc. Material is presented in lively, lucid fashion. Of great interest to all 
studying history of science, technology. Heavy library cloth. 920pp. 9 x : 

T7421 2 volume set $18.50 


DE MAGNETE, William Gilbert. Classic work on magnetism, founded new science. Gilbert 
was first to use word ‘‘electricity,” to recognize mass as distinct from weight, to discover 
effect of heat on magnetic bodies; invented an electroscope, differentiated between static 
electricity and magnetism, conceived of earth as magnet. This lively work, by first great 
experimental scientist, is not only a valuable historical landmark, but a delightfully easy 
to follow record of a searching, ingenious mind. Translated by P. F. Mottelay. 25 page 
biographical memoir. 90 figures. lix + 368pp. 536 x 8. S470 Paperbound $2.00 


HISTORY OF MATHEMATICS, D. E. Smith. Most comprehensive, non-technical history of math 
in English. Discusses lives and works of over a thousand major, minor figures, with foot- 
notes giving technical information outside book’s scheme, and indicating disputed matters. 


Vol. I: A chronological examination, from primitive concepts through Egypt, Babylonia, 
Greece, the Orient, Rome, the Middle Ages, The Renaissance, and to 1900. Vol. JI: The 
development of ideas in specific fields and problems, up through elementary calculus. 
“Marks an epoch ... will modify the entire teaching of the history of science,”’ George 
Sarton. 2 volumes, total of 510 illustrations, 1355pp. 53% x 8. Set boxed in attractive 
container. T429, 430 Paperbound, the set $5.00 


THE PHILOSOPHY OF SPACE AND TIME, H. Reichenbach. An important landmark in develop- 
ment of empiricist conception of geometry, covering foundations of geometry, time theory, 
consequences of Einstein’s relativity, including: relations between theory and observations; 
coordinate definitions; relations between topological and metrical properties of space; 
psychological problem of visual intuition of non-Euclidean structures; many more topics 
important to modern science and philosophy. Majority of ideas require only knowledge of 
intermediate math. ‘‘Still the best book in the field,’’ Rudolf Carnap. Introduction by 
R. Carnap. 49 figures. xviii + 296pp. 5% x 8. $443 Paperbound $2.00 
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FOUNDATIONS OF SCIENCE: THE PHILOSOPHY OF THEORY AND EXPERIMENT, N. Campbell. 
A-critique of the most fundamental concepts of science, particularly physics. Examines why 
certain propositions are accepted without question, demarcates science from philosophy, 
etc. Part | analyzes presuppositions of scientific thought: existence of material | world, 
nature of laws, probability, etc; part 2 covers nature of experiment and applications of 
mathematics: conditions for measurement, relations between numerical laws and theories, 
error, etc. An appendix covers problems arising from relativity, force, motion, space, 
time. A classic in its field. “A real grasp of what science is,’’ Higher Educational Journal. 
xiii + 565pp. 556 xX 8%. $372 Paperbound $2.95 


THE STUDY OF THE HISTORY OF MATHEMATICS and THE STUDY OF THE HISTORY OF SCIENCE, 
G. Sarton. Excellent introductions, orientation, for beginning or mature worker. Describes 
duty of mathematical historian, incessant efforts and genius of previous generations. Ex- 
plains how today’s discipline differs from previous methods. 200 item bibliography with 
critical evaluations, best available biographies of modern mathematicians, best treatises 
on historical methods i$ especially valuable. 10 illustrations. 2 volumes bound as one. 
113pp. + 75pp. 5% x 8. T7240 Paperbound $1.25 


MATHEMATICAL PUZZLES 


MATHEMATICAL PUZZLES OF SAM LOYD, selected and edited by Martin Gardner. 117 choice 
puzzles by greatest American puzzle creator and innovator, from his famous ‘‘Cyclopedia 
of Puzzles.’ All unique style, historical flavor of originals. Based on arithmetic, algebra, 
probability, game theory, route tracing, topology, sliding block, operations research, geo- 
metrical dissection. Includes famous ‘‘14-15’’ puzzle which was national craze, “Horse of 
a Different Color’? which sold millions of copies. 120 line drawings, diagrams. Solutions. 
xx + 167pp. 5% x 8. T498 Paperbound $1.00 


SYMBOLIC LOGIC and THE GAME OF LOGIC, Lewis Carroll. ‘‘Symbolic Logic’ is not concerned 
with modern symbolic logic, but is instead a collection of over 380 problems posed with 
charm and imagination, using the syllogism, and a fascinating diagrammatic method of 
drawing conclusions. In “The Game of Logic’’ Carroll’s whimsical imagination devises a 
logical game played with 2 diagrams and counters (included) to manipulate hundreds of 
tricky syllogisms. The final section, ‘‘Hit or Miss’? is a lagniappe of 101 additional puzzles 
in the delightful Carroll manner. Until this reprint edition, both of these books were rarities 
costing up to $15 each. Symbolic Logic: Index. xxxi + 199pp. The Game of Logic: 96pp. 
2 vols. bound as one. 5% x 8. T492 Paperbound $1.50 


PILLOW PROBLEMS and A TANGLED TALE, Lewis Carroll. One of the rarest of all Carroll’s 
works, ‘‘Pillow Problems’ contains 72 original math puzzles, all typically ingenious. Particu- 
larly fascinating are Carroll’s answers which remain exactly as_he thought them out, 
reflecting his actual mental process. The problems in ‘‘A Tangled Tale’ are in story form, 
originally appearing as a monthly magazine serial. Carroll not only gives the solutions, but 
uses answers sent in by readers to discuss wrong approaches and misleading paths, and 
grades them for insight. Both of these books were rarities until this edition, ‘‘Pillow 
Problems” costing up to $25, and ‘‘A Tangled Tale’’ $15. Pillow Problems: Preface and 
Introduction by Lewis Carroll. xx + 109pp. A Tangled Tale: 6 illustrations. 152pp. Two vols. 
bound as one. 53% xX 8. T493 Paperbound $1.50 


NEW WORD PUZZLES, G. L. Kaufman. 100 brand new challenging puzzles on words, com- 
binations, never before published. Most are new types invented by author, for beginners 
and experts both. Squares of letters follow chess moves to build words; symmetrical 
designs made of synonyms; rhymed crostics; double word squares; syllable puzzles where 
you fill in missing syllables instead of missing letter; many other types, all new. Solutions. 
“Excellent,’’ Recreation. 100 puzzles. 196 figures. vi + 122pp. 538 x 8. 

7344 Paperbound $1.00 


MATHEMATICAL EXCURSIONS, H. A. Merrill. Fun, recreation, insights into elementary prob- 
lem solving. Math expert guides you on by-paths not generally travelled in elementary math 
courses—divide by inspection, Russian peasant multiplication; memory systems for pi; odd, 
even magic squares; dyadic systems; square roots by geometry; Tchebichev’s machine; 
dozens more. Solutions to more difficult ones. ‘‘Brain stirring stuff . . . a classic,’’ Genie. 
50 illustrations. 145pp. 53% x 8. 7350 Paperbound $1.00 


THE BOOK OF MODERN PUZZLES, G. L. Kaufman. Over 150 puzzles, absolutely all new mate- 
rial based on same appeal as crosswords, deduction puzzles, but with different principles, 
techniques. 2-minute teasers, word labyrinths, design, pattern, logic, observation puzzles, 
puzzles testing ability to apply general knowledge to peculiar situations, many others. 
Solutions. 116 illustrations. 192pp. 536 x 8. T7143 Paperbound $1.60 


MATHEMAGIC, MAGIC PUZZLES, AND GAMES WITH NUMBERS, R. V. Heath. Over 60 puzzles, 
stunts, on properties of numbers. Easy techniques for multiplying large numbers mentally, 
identifying unknown numbers, finding date of any day in any year. Includes The Lost Digit, 
3 Acrobats, Psychic Bridge, magic squares, trjangles, cubes, others not easily found else- 
where. Edited by J. S. Meyer. 76 illustrations. 128pp. 536 °x 8. T110 Paperbound $1.00 
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PUZZLE QUIZ AND STUNT FUN, J. Meyer. 238 high-priority puzzles, stunts, tricks—math 
puzzles like The Clever Carpenter, Atom Bomb, Please Help Alice; mysteries, deductions 
like The Bridge of Sighs, Secret Code; observation puzzlers like The American Flag, Playing 
Cards, Telephone Dial; over 200 others with magic squares, tongue twisters, puns, ana- 
grams. Solutions. Revised, enlarged edition of ‘‘Fun-To-Do.”’ Over 100 illustrations. 238 
puzzles, stunts, tricks. 256pp. 536 x 8. 1337 Paperbound $1.00 


101 PUZZLES IN THOUGHT AND LOGIC, C. R. Wylie, Jr. For readers who enjoy challenge, 
stimulation of logical puzzles without specialized math or scientific knowledge. Problems 
entirely new, range from relatively easy to brainteasers for hours of subtle entertainment. 
Detective puzzles, find the lying fisherman, how a blind man identifies color by logic, many 
more. Easy-to-understand introduction to logic of puzzle solving and general scientific 
method. 128pp. 53% x 8. 7367 Paperbound $1.00 


CRYPTANALYSIS, H. F. Gaines. Standard elementary, intermediate text for serious students. 
Not just old material, but much not generally known, except to experts. Concealment, 
Transposition, Substitution ciphers; Vigenere, Kasiski, Playfair, multafid, dozens of other 
techniques. Formerly ‘‘Elementary Cryptanalysis.’’ Appendix with sequence charts, letter 
frequencies in English, 5 other languages, English word frequencies. Bibliography. 167 
codes. New to this edition: solutions to codes. vi + 230pp. 53% x 8%. 

T97 Paperbound $1.95 


CRYPTOGRAPY, L. D. Smith. Excellent elementary introduction to enciphering, deciphering 
secret writing. Explains transposition, substitution ciphers; codes; solutions; geometrical 
patterns, route transcription, columnar transposition, other methods. Mixed cipher systems; 
single, polyalphabetical substitutions; mechanical devices; Vigenere; etc. Enciphering Jap- 
anese; explanation of Baconian biliteral cipher; frequency tables. Over 150 problems. Bib- 
liography. Index. 164pp. 53% x 8. T7247 Paperbound $1.00 


MATHEMATICS, MAGIC AND MYSTERY, M. Gardner. Card tricks, metal mathematics, stage 
mind-reading, other ‘‘magic’’ explained as applications of probability, sets, number theory, 
etc. Creative examination of laws, applications. Scores of new tricks, insights. 115 sections 
on cards, dice, coins; vanishing tricks, many others. No sleight of hand—math guarantees 
success. ‘‘Could hardly get more entertainment . . . easy to follow,’’ Mathematics Teacher. 
115 illustrations. xii + 174pp. 5% x 8. 7335 Paperbound $1.00 


AMUSEMENTS IN MATHEMATICS, H. E. Dudeney. Foremost British originator of math puzzles, 
always witty, intriguing, paradoxical in this classic. One of largest collections. More than 
430 puzzles, problems, paradoxes. Mazes, games, problems on number manipulations, 
unicursal, other route problems, puzzles on measuring, weighing, packing, age, kinship, 
chessboards, joiners’, crossing river, plane figure dissection, many others. Solutions. More 
than 450 illustrations. viii + 258pp. 53% x 8. T7473 Paperbound $1.25 


THE CANTERBURY PUZZLES H. E. Dudeney. Chaucer’s pilgrims set one another problems in 
story form. Also Adventures of the Puzzle Club, the Strange Escape of the King’s Jester, 
the Monks of Riddlewell, the Squire’s Christmas Puzzle Party, others. All puzzles are 
original, based on dissecting plane figures, arithmetic, algebra, elementary calculus, other 
branches of mathematics, and purely logical ingenuity. ‘The limit of ingenuity and in- 
tricacy,’’ The Observer. Over 110 puzzles, full solutions. 150 illustrations. vili + 225 pp. 
5% x 8. 1474 Paperbound $1.25 


MATHEMATICAL PUZZLES FOR BEGINNERS AND ENTHUSIASTS, G. Mott-Smith. 188 puzzles to 
test mental agility. Inference, interpretation, algebra, dissection of plane figures, geometry, 
properties of numbers, decimation, permutations, probability, all are in these delightful 
problems. Includes the Odic Force, How to Draw an Ellipse, Spider’s Cousin, more than 180 
others. Detailed solutions. Appendix with square roots, triangular numbers, primes, etc. 
135 illustrations. 2nd revised edition. 248pp. 5% x 8. T7198 Paperbound $1.00 


MATHEMATICAL RECREATIONS, M. Kraitchik. Some 250 puzzles, problems, demonstrations of 
recreation mathematics on relatively advanced level. Unusual historical problems trom 
Greek, Medieval, Arabic, Hindu sources; modern problems on ‘‘mathematics without num- 
bers,”’ geometry, topology, arithmetic, etc. Pastimes derived from figurative, Mersenne, 
Fermat numbers: fairy chess; latruncles: reversi; etc. Full solutions. Excellent insights 
into special fields of math. ‘Strongly recommended to all who are interested in the 


i i thematics,’’ Mathematical Gaz. 181 illustrations. 330pp. 5% x 8. 
wees T7163 Paperbound $1.75 


FICTION 


FLATLAND, E. A. Abbott. A perennially popular science-fiction classic about life in a 2- 
dimensional world, and the impingement of higher dimensions. Political, satiric, humorous, 
moral overtones. This land where women are straight lines and the lowest and most dan- 
gerous classes are isosceles triangles with 3° vertices conveys brilliantly a feeling for 


science. 7th edition. New introduction by Banesh Hoffmann. 128pp. 
B56 x aan a. Tl Paperbound $1.00 
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SEVEN SCIENCE FICTION NOVELS OF H. G. WELLS. Complete texts, unabridged, of seven of 
Wells’ greatest novels: The War of the Worlds, The Invisible Man, The Island of Dr. Moreau, 
The Food of the Gods, First Men in the Moon, In the Days of the Comet, The Time Machine. 
Still considered by many experts to be the best science-fiction ever written, they will offer 
amusements and instruction to the scientific minded reader. ‘‘The great master,’’ Sky and 
Telescope. 1051pp. 5% x 8. T7264 Clothbound $3.95 


28 SCIENCE FICTION STORIES OF H. G. WELLS. Unabridged! This enormous omnibus contains 
2 full length novels—Men Like Gods, Star Begotten—plus 26 short stories of space, time, 
invention, biology, etc. The Crystal Egg, The Country of the Blind, Empire of the Ants, 
The Man Who Could Work Miracles, Aepyornis Island, A Story of the Days to Come, and 
20 others ‘“‘A master . .. not surpassed by . .. writers of today,’’ The English Journal. 
915pp. 53% x 8. T265 Clothbound $3.95 


FIVE ADVENTURE NOVELS OF H. RIDER HAGGARD. All the mystery and adventure of darkest 
Africa captured accurately by a man who lived among Zulus for years, who knew African 
ethnology, folkways as did few of his contemporaries. They have been regarded as examples 
of the very best high adventure by such critics as Orwell, Andrew Lang, Kipling. Contents: 
She, King Solomon’s Mines, Allan Quatermain, Allan’s Wife, Maiwa’s Revenge. ‘‘Could spin 
a yarn so full of suspense and color that you couldn’t put the story down,’’ Sat. Review. 
821pp. 53% x 8. T7108 Clothbound $3.95 


CHESS AND CHECKERS 


LEARN CHESS FROM THE MASTERS, Fred Reinfeld. Easiest, most instructive way to im- 
prove your game—play 10 games against such masters as Marshall, Znosko-Borovsky, Bron- 
stein, Najdorf, etc., with each move graded by easy system. Includes ratings for alternate 
moves possible. Games selected for interest, clarity, easily isolated principles. Covers 
Ruy Lopez, Dutch Defense, Vienna Game openings; subtle, intricate middle game variations; 
all-important end game. Full annotations. Formerly ‘‘Chess by Yourself.’’ 91 diagrams. viii 
+ 144pp. 5% x 8. T362 Paperbound $1.00 


REINFELD ON THE END GAME IN CHESS, Fred Reinfeld. Analyzes 62 end games by Alekhine, 
Flohr, Tarrasch, Morphy, Capablanca, Rubinstein, Lasker, Reshevsky, other masters. Only 
1st rate book with extensive coverage of error—tell exactly what is wrong with each move 
you might have made. Centers around transitions from middle play to end play. King and 
pawn, minor pieces, queen endings; blockage, weak, passed pawns, etc. ‘“‘Excellent . .. a 
boon,’’ Chess Life. Formerly ‘‘Practical End Play.’’ 62 figures. vi + 177pp. 53% x 8. 
T7417 Paperbound $1.25 


HYPERMODERN CHESS as developed in the games of its greatest exponent, ARON NIMZO- 
VICH, edited by Fred Reinfeld. An intensely original player, analyst, Nimzovich’s approaches 
startled, often angered the chess world. This volume, designed for the average player, 
shows how his iconoclastic methods won him victories over Alekhine, Lasker, Marshall, 
Rubinstein, Spielmann, others, and infused new life into the game. Use his methods to 
startle opponents, invigorate play. ‘‘Annotations and introductions to each game .. . are 
excellent,’’ Times (London). 180 diagrams. viii + 220pp. 536 x 8. T7448 Paperbound $1.35 


THE ADVENTURE OF CHESS, Edward Lasker. Lively reader, by one of America’s finest chess 
masters, including: history of chess, from ancient Indian 4-handed game of Chaturanga 
to great players of today; such delights and oddities as Maelzel’s chess-playing automaton 
that beat Napoleon 3 times; etc. One of most valuable features is author’s personal recollec- 
tions of men he has played against—Nimzovich, Emanuel Lasker, Capablanca, Alekhine, 
etc. Discussion of chess-playing machines (newly revised). 5 page chess primer. 11 illus- 
trations. 53 diagrams. 296pp. 536 x 8. $510 Paperbound $1.45 


THE ART OF CHESS, James Mason. Unabridged reprinting of latest revised edition of most 
famous general study ever written. Mason, early 20th century master, teaches beginning, 
intermediate player over 90 openings; middle game, end game, to see more moves ahead, 
to plan purposefully, attack, sacrifice, defend, exchange, govern general strategy. ‘‘Classic 
. - . one of the clearest and best developed studies,’’ Publishers Weekly. Also included, a 
complete supplement by F. Reinfeld, ‘‘How Do You Play Chess?’’, invaluable to beginners 
for its lively question-and-answer method. 448 diagrams. 1947 Reinfeld-Bernstein text. 
Bibliography. xvi + 340pp. 536 x 8. T1463 Paperbound $1.85 


MORPHY’S GAMES OF CHESS, edited by P. W. Sergeant. Put boldness into your game by 
flowing brilliant, forceful moves of the greatest chess player of all time. 300 of Morphy’s 
best games, carefully annotated to reveal principles. 54 classics against masters like 
Anderssen, Harrwitz, Bird, Paulsen, and others. 52 games at odds; 54 blindfold games; plus 
over 100 others. Follow his interpretation of Dutch Defense, Evans Gambit, Giuoco Piano, 
Ruy Lopez, many more. Unabridged reissue of latest revised edition. New introduction by 
F. Reinfeld. Annotations, introduction by Sergeant. 235 diagrams. x + 352pp. 5% x 8. 


T7386 Paperbound $1.75 
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WIN AT CHECKERS, M. Hopper. (Formerly ‘‘Checkers.’’) Former World’s Unrestricted Checker 
Champion discusses principles of game, expert's shots, traps, problems for beginner, stand- 
ard openings, locating best move, end game, opening ‘“‘blitzkrieg’’ moves to draw when 
behind, etc. Over 100 detailed questions, answers anticipate problems. Appendix. 75 prob- 
lems with solutions, diagrams. 79 figures. xi + l107pp. 53% x 8. 1363 Paperbound $1.00 


HOW TO FORCE CHECKMATE, Fred Reinfeld. If you have trouble finishing off your opponent, 
here is a collection of lightning strokes and combinations from actual tournament play. 
Starts with 1-move checkmates, works up to 3-move mates. Develops ability to lock ahead, 
gain new insights into combinations, complex or deceptive positions; ways to estimate weak- 
nesses, strengths of you and your opponent. ‘‘A good deal of amusement and _ instruction,’’ 
Times, (London). 300 diagrams. Solutions to all positions. Formerly ‘Challenge to Chess 
Players.’’ lllpp. 536 x 8. T417 Paperbound $1.25 


A TREASURY OF CHESS LORE, edited by Fred Reinfeld. Delightful collection of anecdotes, 
short stories, aphorisms by, about masters; poems, accounts of games. tournaments, photo- 
graphs; hundreds of humorous, pithy, satirical, wise, historical episodes, comments, word 
portraits. Fascinating ‘‘must’’ for chess players; revealing and perhaps seductive to those 
who wonder what their friends see in game. 49 photographs (14 full page plates). 12 
diagrams. xi + 306pp. 5% x 8. T458 Paperbound $1.75 


WIN AT CHESS, Fred Reinfeld. 300 practical chess situations, to sharpen your eye, test skill 
against masters. Start with simple examples, progress at own pace to complexities. This 
selected series of crucial moments in chess will stimulate imagination, develop stronger, 
more versatile game. Simple grading system enables you to judge progress. ‘‘Extensive use 
of diagrams is a great attraction,’’ Chess. 300 diagrams. Notes, solutions to every situation. 
Formerly ‘‘Chess Quiz.’’ vi + 120pp. 5% x 8. T433 Paperbound $1.00 


MATHEMATICS: 
ELEMENTARY TO INTERMEDIATE 


HOW TO CALCULATE QUICKLY, H. Sticker. Tried and true method to help mathematics of 
everyday life. Awakens ‘‘number sense’’—ability to see relationships between numbers as 
whole quantities. A serious course of over 9000 problems and their solutions through 
techniques not taught in schools: left-to-right multiplications, new fast division, etc. 10 
minutes a day will double or triple calculation speed. Excellent for scientist at home in 
higher math, but dissatisfied with speed and accuracy in lower math. 256pp. 5 x 7%. 
Paperbound $1.00 


FAMOUS PROBLEMS OF ELEMENTARY GEOMETRY, Felix Klein. Expanded version of 1894 
Easter lectures at Géttingen. 3 problems of classical geometry: squaring the circle, trisect- 
ing angle, doubling cube, considered with full modern implications: transcendental num- 
bers, pi, etc. ‘“‘A modern classic . . . no knowledge of higher mathematics is required,” 
Scientia. Notes by R. Archibald. 16 figures. xi + 92pp. 5% x 8. 7298 Paperbound $1.00 


HIGHER MATHEMATICS FOR STUDENTS OF CHEMISTRY AND PHYSICS, J. W. Mellor. Practical, 
not abstract, building problems out of familiar laboratory material. Covers differential cal- 
culus, coordinate, analytical geometry, functions, integral calculus, infinite series, numerical 
equations, differential equations, Fourier’s theorem probability, theory of errors, calculus 
of variations, determinants. ‘‘If the reader is not familiar with this book, it will repay 
him to examine it,’ Chem. and Engineering News. 800 problems. 189 figures. xxi + 641pp. 
5¥% x 8. $193 Paperbound $2.25 


TRIGONOMETRY REFRESHER FOR TECHNICAL MEN, A. A. Klaf. 913 detailed questions, answers 
cover most important aspects of plane, spherical trigonometry—particularly useful in clearing 
up difficulties in special areas. Part |: plane trig, angles, quadrants, functions, graphical repre- 
sentation, interpolation, equations, logs, solution of triangle, use of slide rule, etc. Next 
188 pages discuss applications to navigation, surveying, elasticity, architecture, other 
special fields. Part 3: spherical trig, applications to terrestrial, astronomical problems. 
Methods of time-saving, simplification of principal angles, make book most useful. 913 
questions answered. 1738 problems, answers to odd numbers. 494 figures. 24 pages of for- 


mulas, functions. x + 629pp. 538 x 8. 1371 Paperbound $2.00 
CALCULUS REFRESHER FOR TECHNICAL MEN, A. A. Klaf. 756 questions examine most im- 
portant aspects of integral, differential calculus. Part |: simple differential calculus, con- 


stants, variables, functions, increments, logs, curves, etc. Part 2: fundamental ideas of 
integrations, inspection, substitution, areas, volumes, mean value, double, triple integration, 
etc. Practical aspects stressed. 50 pages illustrate applications to specific problems of civil, 
nautical engineering, electricity, stress, strain, elasticity, similar fields. 756 questions 
answered. 566 problems, mostly answered. 36pp. of useful constants, formulas. v + 431pp. 
5% x 8. T370 Paperbound $2.00 


CATALOGUE OF 


MONOGRAPHS ON TOPICS OF MODERN MATHEMATICS, edited by J. W. A. Young. Advanced 
mathematics for persons who have forgotten, or not gone beyond, high school algebra. 
9 monographs on foundation of geometry, modern pure geometry, non-Euclidean geometry, 
fundamental propositions of algebra, algebraic equations, functions, calculus, theory of 
numbers, etc. Each monograph gives proofs of important results, and descriptions of lead- 
ing methods, to provide wide coverage. ‘‘Of high merit,’’ Scientific American. New intro- 
duction by Prof. M. Kline, N.Y. Univ. 100 diagrams. xvi + 416pp. 6% x 91%. 

$289 Paperbound $2.00 


MATHEMATICS IN ACTION, 0. G. Sutton. Excellent middle level application of mathematics 
to study of universe, demonstrates how math is applied to ballistics, theory of computing 
machines, waves, wave-like phenomena, theory of fluid flow, meteorological problems, 
statistics, flight, similar phenomena. No knowledge of advanced math required. Differential 
equations, Fourier series, group concepts, Eigenfunctions, Planck’s constant, airfoil theory, 
and similar topics explained so clearly in everyday language that almost anyone can derive 
benefit from reading this even if much of high-school math is forgotten. 2nd edition. 88 
figures. viii + 236pp. 5% x 8. T450 Clothbound $3.50 


ELEMENTARY MATHEMATICS FROM AN ADVANCED STANDPOINT, Felix Klein. Classic text, 
an outgrowth of Klein’s famous integration and survey course at Gottingen. Using one field 
to interpret, adjust another, it covers basic topics in each area, with extensive analysis. 
Especially valuable in areas of modern mathematics. ‘‘A great mathematician, inspiring 
teacher, . . . deep insight,’’ Bul., Amer. Math Soc. 


Vol. I. ARITHMETIC, ALGEBRA, ANALYSIS. Introduces concept of function immediately, en- 
livens discussion with graphical, geometric methods. Partial contents: natural numbers, 
special properties, complex numbers. Real equations with real unknowns, complex quan- 
tities. Logarithmic, exponential functions, infinitesimal calculus. Transcendence of e and pi, 
theory of assemblages. Index. 125 figures. ix + 274pp. 53% x 8. $151 Paperbound $1.75 


Vol. Il. GEOMETRY. Comprehensive view, accompanies space perception inherent in geom- 
etry with analytic formulas which facilitate precise formulation. Partial contents: Simplest 
geometric manifold; line segments, Grassman determinant principles, classication of con- 
tigurations of space. Geometric transformations: affine, projective, higher point transforma- 
tions, theory of the imaginary. Systematic discussion of geometry and its foundations. 141 
illustrations. ix + 214pp. 5% x 8. $151 Paperbound $1.75 


A TREATISE ON PLANE AND ADVANCED TRIGONOMETRY, E. W. Hobson. Extraordinarily wide 
coverage, going beyond usual college level, one of few works covering advanced trig in 
full detail. By a great expositor with unerring anticipation of potentially difficult points. 
Includes circular functions; expansion of functions of multiple angle; trig tables; relations 
between sides, angles of triangles; complex numbers; etc. Many problems tully solved. 
“The best work on the subject,’’ Nature. Formerly entitled ‘‘A Treatise on Plane Trigonom- 
etry.’’ 689 examples. 66 figures. xvi + 383pp. 536 x 8. $353 Paperbound $1.95 


NON-EUCLIDEAN GEOMETRY, Roberto Bonola. The standard coverage of non-Euclidean geom- 
etry. Examines from both a historical and mathematical point of view geometries which 
have arisen from a study of Euclid’s 5th postulate on parallel lines. Aliso included are 
complete texts, translated, of Bolyai’s ‘‘Theory of Absolute Space,’’ Lobachevsky’s ‘Theory 
of Parallels.’’ 180 diagrams. 43lpp. 536 x 8. S27 Paperbound $1.95 


GEOMETRY OF FOUR DIMENSIONS, H. P. Manning. Unique in English as a clear, concise intro- 
duction. Treatment is synthetic, mostly Euclidean, though in hyperplanes and hyperspheres 
at infinity, non-Euclidean geometry is used. Historical introduction. Foundations of 4-dimen- 
sional geometry. Perpendicularity, simple angles. Angles of planes, higher order. Symmetry, 
order, motion; hyperpyramids, hypercones, hyperspheres; figures with parallel elements; 
volume, hypervolume in space; regular polyhedroids. Glossary. 78 figures. ix + 348pp. 


5% x 8. $182 Paperbound $1.95 


MATHEMATICS: INTERMEDIATE TO ADVANCED 


GEOMETRY (EUCLIDEAN AND NON-EUCLIDEAN) 


THE GEOMETRY OF RENE DESCARTES. With this book, Descartes founded analytical geometry. 
Original French text, with Descartes’s own diagrams, and excellent Smith-Latham.§ transla- 
tion. Contains: Problems the Construction of Which Requires only Straight Lines and Circles: 
On the Nature of Curved Lines; On the Construction of Solid or Supersolid Problems. Dia- 
grams. 258pp. 5% x 8. S68 Paperbound $1.50 
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THE WORKS OF ARCHIMEDES, edited by T. L. Heath. All the known works of the great Greek 
mathematician, including the recently discovered Method of Archimedes. Contains: On 
Sphere and Cylinder, Measurement of a Circle, Spirals, Conoids, Spheroids, etc. Definitive 
edition of greatest mathematical intellect of ancient world. 186 page study by Heath dis- 
cusses Archimedes and history of Greek mathematics. 563pp. 536 x 8. S9 Paperbound $2.00 


COLLECTED WORKS OF BERNARD RIEMANN. Important sourcebook, first to contain complete 
text of 1892 ‘‘Werke’’ and the 1902 supplement, unabridged. 31 monographs, 3 complete 
lecture courses, 15 miscellaneous papers which have been of enormous importance in 
relativity, topology, theory of complex variables, other areas of mathematics. Edited by 
R. Dedekind, H. Weber, M. Noether, W. Wirtinger. German text; English introduction by 
Hans Lewy. 690pp. 53% x 8. $226 Paperbound $2.85 


THE THIRTEEN BOOKS OF EUCLID’S ELEMENTS, edited by Sir Thomas Heath. Definitive edition 
of one of very greatest classics of Western world. Complete translation of Heiberg text, 
plus spurious Book XIV. 150 page introduction on Greek, Medieval mathematics, Euclid, 
texts, commentators, etc. Elaborate critical apparatus parallels text, analyzing each defini- 
tion, postulate, proposition, covering textual matters, refutations, supports, extrapolations, 
etc. This is the full Euclid. Unabridged reproduction of Cambridge U. 2nd edition. 3 vol- 
umes. 995 figures. 1426pp. 536 x 8. $88, 89, 90, 3 volume set, paperbound $6.00 


AN INTRODUCTION TO GEOMETRY OF N DIMENSIONS, D. M. Y. Sommerville. Presupposes no 
previous knowledge of field. Only book in English devoted exclusively to higher dimensional 
geometry. Discusses fundamental ideas of incidence, parallelism, perpendicularity, angles 
between linear space, enumerative geometry, analytical geometry from projective and metric 
views, polytopes, elementary ideas in analysis situs, content of hyperspacial figures. 60 
diagrams. 196pp. 5% x 8. $494 Paperbound $1.50 


ELEMENTS OF NON-EUCLIDEAN GEOMETRY, D.M. Y. Sommerville. Unique in proceeding step- 
by-step. Requires only good knowledge of high-school geometry and algebra, to grasp ele- 
mentary hyperbolic, elliptic, analytic non-Euclidean Geometries; space curvature and_ its 
implications; radical axes; homopethic centres and systems of circles; parataxy and parallel- 
ism; Gauss’ proof of defect area theorem; much more, with exceptional clarity. 126 prob- 
lems at chapter ends. 133 figures. xvi + 274pp. 5% x 8. S460 Paperbound $1.50 


THE FOUNDATIONS OF EUCLIDEAN GEOMETRY, H. G. Forder. First connected, rigorous ac- 
count in light of modern analysis, establishing propositions without recourse to empiricism, 
without multiplying hypotheses. Based on tools of 19th and 20th century mathematicians, 
who made it possible to remedy gaps and complexities, recognize problems not earlier 
discerned. Begins with important relationship of number systems in geometrical figures. 
Considers classes, relations, linear order, natural numbers, axioms for magnitudes, groups, 
quasi-fields, fields, non-Archimedian systems, the axiom system (at length), particular axioms 
(two chapters on the Parallel Axioms), constructions, congruence, similarity, etc. Lists: 
axioms employed, constructions, symbols in frequent use. 295pp. 5% x 8. 

S481 Paperbound $2.00 


CALCULUS, FUNCTION THEORY (REAL AND COMPLEX), 
FOURIER THEORY 


FIVE VOLUME “THEORY OF FUNCTIONS’ SET BY KONRAD KNOPP. Provides complete, readily 
followed account of theory of functions. Proofs given concisely, yet without sacrifice of 
completeness or rigor. These volumes used as texts by such universities as M.1.T., Chicago, 
N.Y. City College, many others. ‘‘Excellent introduction . . . remarkably readable, concise, 
clear, rigorous,” J. of the American Statistical Association. 


ELEMENTS OF THE THEORY OF FUNCTIONS, Konrad Knopp. Provides background for further 
volumes in this set, or texts on similar level. Partial contents: Foundations, system of com- 
plex numbers and Gaussian plane of numbers, Riemann sphere of numbers, mapping by 
linear functions, normal forms, the logarithm, cyclometric functions, binomial series. “Not 
only for the young student, but also for the student who knows all about what is in it, 
Mathematical Journal. 140pp. 5% x 8. $154 Paperbound $1.35 


THEORY OF FUNCTIONS, PART I, Konrad Knopp. With volume Il, provides coverage of basic 
concepts and theorems. Partial contents: numbers and points, functions of a complex 
variable, integral of a continuous function, Cauchy’s intergral theorem, Cauchy’s integral 
formulae, series with variable terms, expansion and analytic function in a power series, 
analytic continuation and complete definition of analytic ‘'nctions, Laurent expansion, types 
of singularities. vii + 146pp. 5% x 8. $156 Paperbound $1.35 


THEORY OF FUNCTIONS, PART II, Konrad Knopp. Application and further development of 
general theory, special topics. Single valued functions, entire, Weierstrass. Meromorphic 
functions: Mittag-Leffler. Periodic functions. Multiple valued functions. Riemann surfaces. 


i ions. lytical configurations, Riemann surface. x + 150pp. 5% x 8. 
Algebraic functions. Analytica g Stet Peueieeund #188 
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PROBLEM BOOK IN THE THEORY OF FUNCTIONS, VOLUME 1, Konrad Knopp. Problems in ele- 
mentary theory, for use with Knopp’s ‘“‘Theory of Functions,’’ or any other text. Arranged 
according to increasing difficulty. Fundamental concepts, sequences of numbers and infinite 
series, complex variable, integral theorems, development in series, conformal mapping. 
Answers. viii + 126pp. 538 x 8. S 158 Paperbound $1.35 


PROBLEM BOOK IN THE THEORY OF FUNCTIONS, VOLUME II, Konrad Knopp. Advanced theory 
of functions, to be used with Knopp’s ‘‘Theory of Functions,’’ or comparable text. Singular- 
ities, entire and meromorphic functions, periodic, analytic, continuation, multiple-valued 
functions, Riemann surfaces, conformal mapping. Includes section of elementary problems. 
“The difficult task of selecting . . . problems just within the reach of the beginner is 
here masterfully accomplished,’’ AM. MATH. SOC. Answers. 138pp. 5% x 8. 

$159 Paperbound $1.35 


ADVANCED CALCULUS, E. B. Wilson. Still recognized as one of most comprehensive, useful 
texts. Immense amount of well-represented, fundamental material, including chapters on 
vector functions, ordinary differential equations, special functions, calculus of variations, 
etc., which are excellent introductions to these areas. Requires only one year of calculus. 
Over 1300 exercises cover both pure math and applications to engineering and physical 
problems. Ideal reference, refresher. 54 page introductory review. ix + 566pp. 536 x 8. 

$504 Paperbound $2.45 


LECTURES ON THE THEORY OF ELLIPTIC FUNCTIONS, H. Hancock. Reissue of only book in 
English with so extensive a coverage, especially of Abel, Jacobi, Legendre, Weierstrass, 
Hermite, Liouville, and Riemann. Unusual fullness of treatment, plus applications as well as 
theory in discussing universe of elliptic integrals, Originating in works of Abel and 
Jacobi. Use is made of Riemann to provide most general theory. 40-page table of formulas. 
76 figures. xxiii + 498pp. 53% x 8. S483 Paperbound $2.55 


THEORY OF FUNCTIONALS AND OF INTEGRAL AND INTEGRO-DIFFERENTIAL EQUATIONS, Vito 
Volterra. Unabridged republication of only English translation, General theory of functions 
depending on continuous set of values of another function. Based on author’s concept of 
transition from finite number of variables to a continually infinite number. Includes much 
material on calculus of variations. Begins with fundamentals, examines generalization of 
analytic functions, functional derivative equations, applications, other directions of theory, 
etc. New introduction by G. C. Evans. Biography, criticism of Volterra’s work by E. Whit- 
taker. xxxx + 226pp. 538 x 8. $502 Paperbound $1.75 


AN INTRODUCTION TO FOURIER METHODS AND THE LAPLACE TRANSFORMATION, Philip 
Franklin. Concentrates on essentials, gives broad view, suitable for most applications. Re- 
quires only knowledge of calculus. Covers complex qualities with methods of computing ele- 
mentary functions for complex values of argument and finding approximations by charts; 
Fourier series; harmonic anaylsis; much more. Methods are related to physical problems 
of heat flow, vibrations, electrical transmission, electromagnetic radiation, etc. 828 prob- 
lems, answers. Formerly entitled ‘Fourier Methods.” x + 289pp. 538 x 8. 


S452 Paperbound $1.75 


THE ANALYTICAL THEORY OF HEAT, Joseph Fourier. This book, which revolutionized mathe- 
matical physics, has been used by generations of mathematicians and physicists interested 
in heat or application of Fourier integral. Covers cause and reflection of rays of heat, 
radiant heating, heating of closed spaces, use of trigonometric series in theory of heat, 
Fourier integral, etc. Translated by Alexander Freeman. 20 figures. xxii + 466pp. 536 x 8. 


S93 Paperbound $2.00 


ELLIPTIC INTEGRALS, H. Hancock. Invaluable in work involving differential equations with 
cubics, quatrics under root sign, where elementary calculus methods are inadequate. Prac- 
tical solutions to problems in mathematics, engineering, physics; differential equations re- 
quiring integration of Lamé’s, Briot’s, or Bouquet’s equations; determination of anc” Or 
ellipse, hyperbola, lemiscate; solutions of problems in elastics; motion of a projectile under 
resistance varying as the cube of the velocity; pendulums; more. Exposition in accordance 
with Legendre-Jacobi theory. Rigorous discussion of Legendre transformations. 20 figures. 
5 place table. 104pp. 536 x 8. S484 Paperbound $1.25 


THE TAYLOR SERIES, AN INTRODUCTION TO THE THEORY OF FUNCTIONS OF A COMPLEX 
VARIABLE, P. Dienes. Uses Taylor series to approach theory of functions, using ordinary 
calculus only, except in last 2 chapters. Starts with introduction to real variable and com- 
plex algebra, derives properties of infinite series, complex differentiation, integration, etc. 
Covers biuniform mapping, overconvergence and gap theorems, Taylor series on its circle 
of convergence, etc. Unabridged corrected reissue of first edition. 186 examples, many 
fully worked out. 67 figures. xii + 555pp. 536 x 8. $391 Paperbound $2.75 


LINEAR INTEGRAL EQUATIONS, W. V. Lovitt. Systematic survey of general theory, with some 
application to differential equations, calculus of variations, problems of math, physics. 
Includes: integral equation of 2nd kind by successive substitutions; Fredholm’s equation 
as ratio of 2 integral series in lambda, applications of the Fredholm theory, Hilbert-Schmidt 
theory of symmetric kernels, application, etc. Neumann, Dirichlet, vibratory problems. 
ix + 253pp. 53% x 8. $175 Clothbound $3.50 

S176 Paperbound $1.60 
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DICTIONARY OF CONFORMAL REPRESENTATIONS, H. Kober. Developed by British Admiralty to 
solve Laplace’s equation in 2 dimensions. Scores of geometrical forms and transformations 
for electrical engineers, Joukowski aerofoil for aerodynamics, Schwartz-Christoffel trans- 
formations for hydro-dynamics, transcendental functions. Contents classified according to 
analytical functions describing transformations with corresponding regions. Glossary. Topo- 
logical index. 447 diagrams. 6% x 914. ‘$160 Paperbound $2.00 


ELEMENTS OF THE THEORY OF REAL FUNCTIONS, J. E. Littlewood. Based on lectures at 
Trinity College, Cambridge, this book has proved extremely successful in introducing graduate 
students to modern theory of functions. Offers full and concise coverage of classes and 
cardinal numbers, well ordered series, other types of series, and elements of the theory 
of sets of points. 3rd revised edition. vii + 71lpp. 53% x 8. $171 Clothbound $2.85 

$172 Paperbound $1.25 


INFINITE SEQUENCES AND SERIES, Konrad Knopp. 1st publication in any language. Excellent 
introduction to 2 topics of modern mathematics, designed to give student background to 
penetrate further alone. Sequences and sets, real and complex numbers, etc. Functions of 
a real and complex variable. Sequences and series. Infinite series. Convergent power series. 
Expansion of elementary functions. Numerical evaluation of series. v + 186pp. 53% x 8. 

$152 Clothbound $3.50 

$153 Paperbound $1.75 


THE THEORY AND FUNCTIONS OF A REAL VARIABLE AND THE THEORY OF FOURIER’S SERIES, 
E. W .Hobson. One of the best introductions to set theory and various aspects of functions 
and Fourier’s series. Requires only a good background in calculus. Exhaustive coverage of: 
metric and descriptive properties of sets of points; transfinite numbers and order types; 
functions of a real variable; the Riemann and Lebesgue integrals; sequences and series 
of numbers; power-series; functions representable by series sequences of continuous func- 
tions; trigonometrical series; representation of functions by Fourier’s series; and much 


more. ‘‘The best possible guide,’’ Nature. Vol. I: 88 detailed examples, 10 figures. Index. 
xv + 736pp. Vol. Il: 117 detailed examples, 13 figures. x + 780pp. 61% x 914. 
Vol. I: S387 Paperbound $3.00 
Vol. Il: S388 Paperbound $3.00 


ALMOST PERIODIC FUNCTIONS, A. S. Besicovitch. Unique and important summary by a well 
known mathematician covers in detail the two stages of development in Bohr’s theory 
of almost periodic functions: (1) as a generalization of pure periodicity, with results and 
proofs; (2) the work done by Stepanof, Wiener, Weyl, and Bohr in generalizing the theory. 
xi + 180pp. 5% x 8. $18 Paperbound $1.75 


INTRODUCTION TO THE THEORY OF FOURIER’S SERIES AND INTEGRALS, H. S. Carslaw. 3rd 
revised edition, an outgrowth of author’s courses at Cambridge. Historical introduction, 
rational, irrational numbers, infinite sequences and series, functions of a single variable, 
definite integral, Fourier series, and similar topics. Appendices discuss practical harmonic 
analysis, periodogram analysis, Lebesgue’s theory. 84 examples. xiii + 368pp. 53% x 8. 
S48 Paperbound $2.00 


SYMBOLIC LOGIC 


THE ELEMENTS OF MATHEMATICAL LOGIC, Paul Rosenbloom. First publication in any lan- 
guage. For mathematically mature readers with no training in symbolic logic. Development 
of lectures given at Lund Univ., Sweden, 1948. Partial contents: Logic of classes, funda- 
mental theorems, Boolean algebra, logic of propositions, of propositional functions, expres- 
sive languages, combinatory logics, development of math within an object language, para- 
doxes, theorems of Post, Goedel, Church, and similar topics. iv + 214pp. 538 x 8. 
$227 Paperbound $1.45 


INTRODUCTION TO SYMBOLIC LOGIC AND ITS APPLICATION, R. Carnap. Clear, comprehensive, 
rigorous, by perhaps greatest living master. Symbolic languages analyzed, one constructed. 
Applications to math (axiom systems for set theory, real, natural numbers), topology 
(Dedekind, Cantor continuity explanations), physics (general analysis of determination, cau- 
sality, space-time topology), biology (axiom system for basic concepts). ‘‘A masterpiece,” 
Zentralblatt fiir Mathematik und Ihre Grenzgebiete. Over 300 exercises. 5 figures. xvi + 
241pp. 5% x 8. S453 Paperbound $1.85 


AN INTRODUCTION TO SYMBOLIC LOGIC, Susanne K. Langer. Probably clearest book for the 
philosopher, scientist, layman—no special knowledge of math required. Starts with simplest 
symbols, goes on to give remarkable grasp of Boole-Schroeder, Russell-Whitehead systems, 
clearly, quickly. Partial Contents: Forms, Generalization, Classes, Deductive System of 
Classes, Algebra of Logic, Assumptions of Principia Mathematica, Logistics, Proofs of 


Theorems, etc. ‘‘Clearest . . . simplest introduction . . . the intelligent non-mathematician 
should have no difficulty,’ MATHEMATICS GAZETTE. Revised, expanded 2nd edition. Truth- 
value tables. 368pp. 5% 8. $164 Paperbound $1.75 
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TRIGONOMETRICAL SERIES, Antoni Zygmund. On modern advanced level. Contains carefully 
organized analyses of trigonometric, orthogonal, Fourier systems of functions, with clear 
adequate descriptions of summability of Fourier series, proximation theory, conjugate series, 
convergence, divergence of Fourier series. Especially valuable for Russian, Eastern Euro- 
pean coverage. 329pp. 538 x 8. $290 Paperbound $1.50 


THE LAWS OF THOUGHT, George Boole. This book founded symbolic logic some 100 years 
ago. It is the 1st significant attempt to apply logic to all aspects of human endeavour. 
Partial contents: derivation of laws, signs and laws, interpretations, eliminations, condi- 
tions of a perfect method, analysis, Aristotelian logic, probability, and similar topics. 
xvii + 424pp. 5% x 8. $28 Paperbound $2.00 


SYMBOLIC LOGIC, C. I. Lewis, C. H. Langford. 2nd revised edition of probably most cited 
book in symbolic logic. Wide coverage of entire field; one of fullest treatments of paradoxes; 
plus much material not available elsewhere. Basic to volume is distinction between logic 
of extensions and intensions. Considerable emphasis on converse substitution, while matrix 
system presents supposition of variety of non-Aristotelian logics. Especially valuable sec- 
tions on strict limitations, existence theorems. Partial contents: Boole-Schroeder algebra; 
truth value systems, the matrix method; implication and deductibility; general theory of 
propositions; etc. ‘‘Most valuable,” Times, London. 506pp. 5% x 8. S170 Paperbound $2.00 


GROUP THEORY AND LINEAR ALGEBRA, SETS, ETC. 


LECTURES ON THE ICOSAHEDRON AND THE SOLUTION OF EQUATIONS OF THE FIFTH DEGREE, 
Felix Klein. Solution of quintics in terms of rotations of regular icosahedron around its 
axes of symmetry. A classic, indispensable source for those interested in higher algebra, 
geometry, crystallography. Considerable explanatory material included. 230 footnotes, mostly 
bibliography. ‘‘Classical monograph . . . detailed, readable book,’’ Math. Gazette. 2nd edi- 
tion. xvi + 289pp. 5% x 8. S314 Paperbound $1.85 


INTRODUCTION TO THE THEORY OF GROUPS OF FINITE ORDER, R. Carmichael. Examines 
fundamental theorems and their applications. Beginning with sets, systems, permutations, 
etc., progresses in easy stages through important types of groups: Abelian, prime power, 
permutation, etc. Except 1 chapter where matrices are desirable, no higher math is needed. 
783 exercises, problems. xvi + 447pp. 5% x 8. $299 Clothbound $3.95 

$300 Paperbound $2.00 


THEORY OF GROUPS OF FINITE ORDER, W. Burnside. First published some 40 years ago, 
still one of clearest introductions. Partial contents: permutations, groups independent of 
representation, composition series of a group, isomorphism of a group with itself, Abelian 
groups, prime power groups, permutation groups, invariants of groups of linear substitu- 
tion, graphical representation, etc. ‘‘Clear and detailed discussion . . . numerous problems 
which are instructive,’’ Design News. xxiv + 512pp. 5% x 8. $38 Paperbound $2.45 


COMPUTATIONAL METHODS OF LINEAR ALGEBRA, V. N. Faddeeva, translated by C. D. Benster. 
1st English translation of unique, valuable work, only one in English presenting systematic 
exposition of most important methods of linear algebra—classical, contemporary. Details 
of deriving numerical solutions of problems in mathematical physics. Theory and practice. 
Includes survey of necessary background, most important methods of solution, for exact, 
iterative groups. One of most valuable features is 23 tables, triple checked for accuracy, 
unavailable elsewhere. Translator’s note. x + 252pp. 5% x 8. $424 Paperbound $1.95 


THE CONTINUUM AND OTHER TYPES OF SERIAL ORDER, E. V. Huntington. This famous book 
gives a systematic elementary account of the modern theory of the continuum as a type 
of serial order. Based on the Cantor-Dedekind ordinal theory, which requires no technical 
knowledge of higher mathematics, it offers an easily followed analysis of ordered classes, 
discrete and dense series, continuous series, Cantor’s transfinite numbers. ‘‘Admirable 
introduction to the rigorous theory of the continuum . . . reading easy,’’ Science Progress. 
2nd edition. viii + 82pp. 5% x 8. $129 Clothbound $2.75 

$130 Paperbound $1.00 


THEORY OF SETS, E. Kamke. Clearest, amplest introduction in English, well suited for inde- 
pendent study. Subdivisions of main theory, such as theory of sets of points, are discussed, 
but emphasis is on general theory. Partial contents: rudiments of set theory, arbitrary sets, 
their cardinal numbers, ordered sets, their order types, well-ordered sets, their cardinal 
numbers. vii + 144pp. 5% x 8, $141 Paperbound $1.35 


CONTRIBUTIONS TO THE FOUNDING OF THE THEORY OF TRANSFINITE NUMBERS, Georg Cantor. 
These papers. founded a new branch of mathematics. The famous articles of 1895-7 are 
translated, with an 82-page introduction by P. E. B. Jourdain dealing with Cantor, the 
background of his discoveries, their results, futuré possibiilties. ix + 21lpp. 5% x 8. 


S45 Paperbound $1.25 
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NUMERICAL AND GRAPHICAL METHODS, TABLES 


JACOBIAN ELLIPTIC FUNCTION TABLES, L. M. Milne-Thomson. Easy-to-follow, practical, not 
only useful numerical tables, but complete elementary sketch of application of elliptic 
functions. Covers description of principle properties; complete elliptic integrals; Fourier 
series, expansions; periods, zeros, poles, residues, formulas for special values of argument; 
cubic, quartic polynomials; pendulum problem; etc. Tables, graphs form body of book: 
Graph, 5 figure table of elliptic function sn (u m); cn (u m); dn (u m). 8 figure table of 
complete elliptic integrals K, K’, E, E’, nome q. 7 figure table of Jacobian zeta-function 
Z(u). 3 figures. xi + 123pp. 53% x 8. $194 Paperbound $1.35 


TABLES OF FUNCTIONS WITH FORMULAE AND CURVES, E. Jahnke, F. Emde. Most comprehensive 
l-volume English text collection of tables, formulae, curves of transcendent functions. 4th 
corrected edition, new 76-page section giving tables, formulae for elementary functions not 
in other English editions. Partial contents: sine, cosine, logarithmic integral; error integral; 
elliptic integrals; theta functions; Legendre, Bessel, Riemann, Mathieu, hypergeometric 
functions; etc. ‘‘Out-of-the-way functions for which we know no other source.” Scientific 
Computing Service, Ltd. 212 figures. 400pp. 556 x 83. $133 Paperbound $2.00 


MATHEMATICAL TABLES, H. B. Dwight. Covers in one volume almost every function of im- 
portance in applied mathematics, engineering, physical sciences. Three extremely fine 
tables of the three trig functions, inverses, to 1000th of radian; natural, common logs; 
squares, cubes; hyperbolic functions, inverses; (a2 + b2) exp: 1a; complete elliptical in- 
tegrals of 1st, 2nd kind; sine, cosine integrals; exponential integrals; Ei(x) and Ei(—x); 
binomial coefficients; factorials to 250; surface zonal harmonics, first derivatives; Bernoulli, 
Euler numbers, their logs to base of 10; Gamma function; normal probability integral; over 
60pp. Bessel functions; Riemann zeta function. Each table with formulae generally used, 
sources of more extensive tables, interpolation data, etc. Over half have columns of 
differences, to facilitate interpolation. viii + 231pp. 5% x 8. S445 Paperbound $1.75 


PRACTICAL ANALYSIS, GRAPHICAL AND NUMERICAL METHODS, F. A. Willers. Immensely prac- 
tical hand-book for engineers. How to interpolate, use various methods of numerical differ- 
entiation and integration, determine roots of a single algebraic equation, system of linear 
equations, use empirical formulas, integrate differential equations, etc. Hundreds of short- 
cuts for arriving at numerical solutions. Special section on American calculating machines, 
by T. W. Simpson. Translation by R. T. Beyer. 132 illustrations. 422pp. 53% x 8. 

$273 Paperbound $2.00 


NUMERICAL SOLUTIONS OF DIFFERENTIAL EQUATIONS, H. Levy, E. A. Baggott. Comprehensive 
collection of methods for solving ordinary differential equations of first and higher order. 
2 requirements: practical, easy to grasp; more rapid than school methods. Partial contents: 
graphical integration of differential equations, graphical methods for detailed solution. 
Numerical solution. Simultaneous equations and equations of 2nd and higher orders. 
“Should be in the hands of all in research and applied mathematics, teaching,’’ Nature. 
21 figures. viii + 238pp. 538 x 8. $168 Paperbound $1.75 


NUMERICAL INTEGRATION OF DIFFERENTIAL EQUATIONS, Bennet, Milne, Bateman. Unabridged 
republication of original prepared for National Research Council. New methods of integration 
by 3 leading mathematicians: ‘‘The Interpolational Polynomial,’’ ‘‘Successive Approximation,” 
A. A. Bennett, ‘‘Step-by-step Methods of Integration,’’ W. W. Milne. ‘‘Methods for Partial 
Differential Equations,’’ H. Bateman. Methods for partial differential equations, solution 
of differential equations to non-integral values of a parameter will interest mathematicians, 
physicists. 288 footnotes, mostly bibliographical. 235 item classified bibliography. 108pp. 
5% x 8. S305 Paperbound $1.35 


Write for free catalogs! 
Indicate your field of interest. Dover publishes books on physics, earth 
sciences, mathematics, engineering, chemistry, astronomy, anthropol- 
ogy, biology, psychology, philosophy, religion, history, literature, math- 
ematical recreations, languages, crafts, art, graphic arts, ete. 


Write to Dept. catr 


Dover Publications, Inc. 
Science A 180 Varick St., N. Y. 14, N. Y. 
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THE PHASE RULE 


by Alexander Findlay, A. N. Campbell 
& N. O. Smith 


Chemical phenomena of one, two, three, four, and multiple com- 
ponent systems are covered in this completely revised standard 
text. Clearly written and well diagrammed, THE PHASE RULE will 
prove especially useful to graduate students in the field. 


Brought up to date by Professors A. N. Campbell and N. O. Smith, 
this volume contains brand new material on such important topics 
as the treatment of binary and tertiary liquid vapor equilibria, solid 
solutions in ternary systems, phase changes in cooling of ternary 
salts, quinary systems of salts and water, salting out, soap systems, 
and fuming liquids. The revisers have followed modern trends in. 
changing the emphasis in ternary systems from rectangular to 
triangular coordinates. They have clarified the graphic representa- 
tion of quarternary reciprocal salt systems;and placed emphasis on 
the solid model as a means of coordinating p-t, t-x and p-x sections, 
and on the distinction between sections and projections. 


“Recommended with confidence,” SCIENCE PROGRESS. “Of particu- 
lar interest to students of metallurgy, geology, and ceramics, and 
to the chemist and chemical engineer concerned with phase equi- 
libria,”” CHEMICAL AND ENGINEERING NEWS. “Should rank as the 
standard work in English on the subject,” NATURE [London]. 
9th edition. Author, subject indices. 2 appendices. 236 figures, in- 
cluding 14 solid models. 505 footnotes, most bibliographical. xii + 
A94pp. 5% x 8. 

S92 Paperbound $2.45 


THIS DOVER EDITION IS DESIGNED FOR YEARS OF USE 


THE PAPER is chemically the same quality as you would find in books priced 
$5.00 or more. It does not discolor or become brittle with age. Not artificially 
bulked, either; this edition is an unabridged full-length book, but is. still easy 
to handle. 

THE BINDING: The pages in this book are SEWN in signatures, in the metho 
traditionally used for the best books. These books open flat for easy readin 
and reference. Pages do not drop out, the binding does not crack and spli 
(as is the case with many paperbacks held together with glue). 


THE TYPE IS LEGIBLE: Margins are ample and allow for cloth rebinding. 
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